
15-251: Great Theoretical Ideas In Computer Science

Recitation 2 Solutions

Regular Announcements

• Homework solution sessions: Saturday and Sunday, 1:30 – 2:30. Check course calendar for rooms.

• Homework resubmissions next Friday; check course policy for details.

• Come talk to us if you had difficulties on Homework 1!

Definitions For All

• Deterministic Finite Automaton (DFA): A DFA M is a machine that reads a finite input one
character at a time in one pass, transition from state to state, and ultimately accepts or rejects.
Formally, M is a 5-tuple M = (Q,Σ, δ, q0, F ), where

– Q is a finite, non-empty set of states

– Σ is the finite, non-empty alphabet

– δ : Q× Σ→ Q is the transition function

– q0 ∈ Q is the starting state

– F ⊆ Q is the set of accepting states

• Regular language: A language L is regular if L = L(M) for some DFA M (M decides L).

• We have shown that if L1 and L2 are both regular languages over Σ∗, for some fixed Σ, then the
following are all regular.

– L1

– L1 ∪ L2

– L1 ∩ L2

– L1L2 (the concatenation of two regular languages)

Odd Ones Out

Draw a DFA that decides the language

L = {x : x has an even number of 1s and an odd number of 0s}

over the alphabet Σ = {0, 1}.
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We have 4 states, each representing having seen an even/even 0/1s, even/odd 0/1s, odd/even 0/1s,
and odd/odd 0/1s, and transition accordingly.

Adam, I’m Ada!

Show that, if |Σ| > 1, then
L = {x | x ∈ Σ∗ and x = xr}

is an irregular language.
Assume for sake of contradiction that there exists a DFA with k states that decides L. Consider two
symbols a, b ∈ Σ (since we assumed |Σ| > 1). Take the strings bna for n ∈ {0, . . . , k}. Since there are
only k states, by the Pigeonhole Principle, there must exist some i, j, 0 ≤ i < j ≤ k such that bia and
bja end in the same state. Thus, biabi and bjabi must end in the same state.

However, since the first string is a palindrome while the latter is not, the two strings must end in different
states. This is a contradiction.

Suffering with Suffixes

Given a word w, we say that u is a proper suffix of w if there is v 6= ε such that w = vu. For a language
L, define

SUFF(L) = {w ∈ L : no proper suffix of w is in L}.

Show that if L is regular, then so is SUFF(L), as follows. Give an exact description of a DFA recognizing
SUFF(L), explicitly stating how Q, δ, q0 and F are defined. Furthermore, briefly explain the reasoning
behind your construction. A formal proof of correctness is not needed.
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Since L is regular, we know that there is some DFA M = (Q,Σ, δ, q0, F ) that recognizes L. Now, we
define M ′ = (Q′,Σ, δ′, q′0, F

′) that recognizes SUFF(L) as follows:

• Q′ = Q× P(Q)

• δ′((q, S), a) = (δ(q, a), δP(S, a) ∪ {q0}), where δP(S, a) := {δ(s, a) | s ∈ S}

• q′0 = (q0,∅)

• F ′ = {(q, S) | q ∈ F, S ∩ F = ∅}

Intuitively, the first component of of the state tuple (in M ′) keeps track of ‘the main thread’ (i.e.
the computation of the DFA on the whole string), while the second component keeps track of all the
‘suffix threads’ (i.e. the computation of the DFA on proper suffixes of the whole string). The transition
function is defined with this design in mind. At each character, the main thread and each of the suffix
threads takes one step; additionally, a new suffix thread is started. In the end, we accept iff the main
thread has accepted and all the suffix threads have rejected.

Multiple Multiples (Extra Problem)

Let Σ = {0, 1}. For each n ≥ 1, define

Cn = {x ∈ Σ∗ | x is a binary number that is a multiple of n}.

Show that Cn is regular for all n.
At a high level, we wish to have states corresponding to different remainders modulo n,
and for a string corresponding to binary number w to end on state qi if w ≡ i (mod n).
To this end, let Qn = {qinit, q0, q1, . . . , qn−1}, and set F = {q0}. Define δn such that
δ(qinit, 0) = q0, δ(qinit, 1) = q1, δ(qi, 0) = q2i, and δ(qi, 1) = q2i+1, where indices are taken
modulo n. We claim that δ transitions us accordingly, i.e. Mn = (Qn,Σ, δn, qinit, F ) decides Cn.

We can show this via induction on the length k of an input word (ignoring k = 0, which is
clear). The base case k = 1 follows from the fact that the input 0 ends in q0 and the input 1 ends in
q1. For induction, assume that for all strings w of length k, running Mn on w will end on the state
qi, where i ≡ w (mod n). Let w = a1a2 . . . ak+1 be a string of length k + 1, and let u = a1a2 . . . ak.
Treating these as binary numbers, we have w ≡ 2u + ak+1 (mod n). By induction, running Mn on
u ends on state qi, where i ≡ u (mod n). Hence, running Mn on u0 ends on state q2i and running
Mn on u1 ends on state q2i+1; we conclude that running Mn on uak ends on state q2i+ak . Since
2i+ ak ≡ 2u+ ak (mod n), this proves the inductive claim, and so Mn decides Cn, as desired.

States For Days (Extra Problem)

For any n ≥ 1, let

Rn = {x | x ∈ {0, 1}∗ and the n-th symbol from the right is a 1} .

Show that any DFA that accepts Rn must have at least 2n states.
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Consider 2n strings of size n. Assume for the sake of contradiction that there are fewer then 2n states
in the DFA which decides Rn. By the Pigeonhole Principle, we must have that at least two strings,
denoted x and y, terminate in the same state. Since these are different strings, x and y must have
some bit, say xi and yi, which is different.

Consider the effect of appending 0i to both x and y. This results in xi and yi being the n-th character
from the right. Since x and y end in the same state, and we append the same string, x0i and y0i

will both accept or reject. However, since xi 6= yi, only one of x0i and y0i should accept. This is a
contradiction.
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