
CMU 15-251 Fall 2018

Homework 8
Writing session on Wednesday November 14

1. (SOLO) Let f : Σ∗ → {0, 1} be a decision problem and let k be a constant. Show that there
is a Las Vegas algorithm with expected running time O(nk) computing f if and only if there
is a randomized algorithm A with the following properties:

• for all x ∈ Σ∗, the running time of A(x) is always (with probability 1) O(nk);

• for all x ∈ Σ∗, Pr[A(x) = f(x) or A(x) = “DK”] = 1 (where the meaning of “DK” is
“don’t know”);

• for all x ∈ Σ∗, Pr[A(x) = “DK”] ≤ 1
2 .

2. (SOLO) In this question, approximation meets randomization. Consider the following prob-
lem. As input you are given a set of n elements a1, a2, . . . , an, together with m rules of the
form

ai should be between aj and ak

for distinct i, j, k ∈ {1, 2, . . . , n}. The goal is to output an ordering of the elements that
satisfies as many of the rules as possible. We say that an ordering satisfies the rule “ai should
be between aj and ak” if the ordering is of the form

........aj ......ai.............ak....

or of the form
.....ak....ai........aj ..............

As an example, if a1, a2, a3, a4, a5 are the elements, and we are given the rules

a2 should be between a1 and a4
a4 should be between a3 and a5
a1 should be between a2 and a3

then the ordering a3, a1, a2, a4, a5 satisfies all the rules.

Give a polynomial time randomized algorithm with the property that the expected number
of rules satisfied by the output of the algorithm is at least 1

3 · OPT, where OPT denotes
the maximum number of rules that can be satisfied by any ordering. So in expectation, the
algorithm is a 1

3 -approximation algorithm.

3. (SOLO) Consider a variant of the minimum cut problem where each edge has a cost (positive
number), and our goal is to output a cut with minimum total cost (the cost of a cut is the
sum of the costs of the cut edges). The usual minimum cut problem corresponds to the case
where each edge has equal cost.

Suppose we modify the randomized algorithm seen in class so that in each iteration, the
probability of picking an edge to contract is proportional to its weight. (We are not giving a
full description here, but we would like you to figure out exactly what this means.) Show that
the success probability of this algorithm is at least 1/n2. Apply boosting to get an algorithm
with error probability at most 1/2300.

Hint: Can the analysis done in class be adapted to this setting?
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4. (GROUP) Suppose an object can have n possible states. Let’s denote these states by
|1〉, |2〉, . . . , |n〉. At each time step, the state can change probabilistically, and how the state
changes is specified by a directed graph with probabilities on each edge. Here is an example
with 4 states.

As you can see, we have a node for each possible state. And the edges with weights/probabilities
specify how we transition from one state to another. For example, if we are in state |1〉 cur-
rently, in the next step, we will be in state |2〉 with probability 1/2 and in state |4〉 with
probability 1/2. If we are in state |2〉 currently, then in one step, we are guaranteed to be in
state |3〉. Note that given any state/node, if we look at the probabilities of the edges leaving
that node, they must sum to 1.

A probabilistic system like this can equivalently be described using an n by n transition
matrix K. In this matrix, K[i, j] contains the probability associated with the directed edge
(|j〉, |i〉).1 For the example above, the corresponding transition matrix is

K =


0 0 0 0
1
2 0 0 1

4
0 1 0 3

4
1
2 0 1 0

 .
A probabilistic state is a probability distribution over the states, and is represented by a
column vector (i.e. an n by 1 matrix) π. The entry π[i] contains the probability that we are
in state |i〉 (so it must be a value between 0 and 1), and

∑n
i=1 π[i] = 1 (any vector having

these properties is called a probabilistic state).

(a) Show that if at a certain time, the probabilistic state is π, then in the next step, the
probabilistic state becomes K ·π, where the product is done using matrix multiplication.2

Conclude that if π0 represents some initial probabilistic state (i.e. the state at time 0),
and for t ≥ 0, πt represents the probabilistic state after t steps, then πt = Kt · π0.

(b) Let K be any n by n matrix such that every entry is a value between 0 and 1, and for
each column of K, the sum of the entries is 1. We call any such matrix a transition
matrix. Show that K is an n by n transition matrix if and only if K always maps a
probabilistic state into another probabilistic state, i.e., for all probabilistic states π (with
n rows), K · π is also a probabilistic state.

1Think about how this matrix is related to the adjacency matrix of the graph.
2For example, if π is such that π[1] = π[2] = 1/2 and π[3] = π[4] = 0, then K · π is the new probabilistic state

π′ such that π′[1] = 0, π′[2] = 1/4, π′[3] = 1/2, and π′[4] = 1/4. Convince yourself that this is the correct new
probabilistic state by inspecting the graph above.
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Note: This problem should give you some clue on how probability theory can interact with
linear algebra / matrix analysis. In fact, the interaction goes very deep and is extremely
fruitful. We will revisit this view of probabilistic evolution of an n-state system when we talk
about quantum computation.

5. (GROUP) On an m by n grid of squares, color each square black or white independently
with 1/2 probability. Create a graph by creating a vertex for each square, and putting an
edge between two adjacent squares if they are of the same color (adjacent in the directions
up, down, left or right).

(a) Consider the special case of m = 1. Show that the expected number of connected
components in the graph is exactly (n+ 1)/2.

(b) Prove that in the general case, the expected number of connected components in the
graph is at least max{m+n

2 , mn
16 }.
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