
CMU 15-251 Fall 2018

Homework 7
Writing session on Wednesday October 31

1. (SOLO-OPEN) Read the following article.
http://www.math.ias.edu/~avi/PUBLICATIONS/MYPAPERS/AW09/AW09.pdf

This problem is “OPEN” in the sense that you can talk to anyone you want about the article.
It is “SOLO” in the sense that you should read all of it by yourself.

2. (SOLO) For the problems below, your reductions must be Karp reductions. You may assume
that the following problems are NP-complete:

CIRCUIT-SAT: Given a Boolean circuit with AND, OR, and NOT gates, is there an
assignment to the input variables that makes the circuit output 1?

SAT: Given a Boolean formula in conjunctive normal form, is there a truth assignment
to the variables that makes the formula evaluate to true?

3SAT: Given a Boolean formula in conjunctive normal form in which every clause has 3
literals, is there a truth assignment to the variables that makes the formula evaluate to
true?

CLIQUE: Given an undirected graph and a number k, are there at least k vertices in
the graph such that there is an edge between any pair of them?

INDEPENDENT-SET: Given an undirected graph and a number k, are there at least k
vertices in the graph such that there is no edge between any pair of them?

VERTEX-COVER: Given an undirected graph and a number k, are there at most k
vertices in the graph such that every edge in the graph is incident to at least one of
these k vertices?

HAMILTONIAN-CYCLE: Given an undirected graph, is there a cycle in the graph that
visits every vertex exactly once?

3COL: Given an undirected graph, can we color the vertices with 3 colors so that no two
adjacent vertices share the same color?

SUBSET-SUM: Given integers a1, a2, . . . , an, and a target integer t, is there a set S ⊆
{1, 2, . . . , n} such that

∑
i∈S ai = t?

(a) Let DOUBLE-CIRCUIT-SAT be the following problem: given a Boolean circuit, are
there two or more assignments to the input gates that make the circuit evaluate to 1?

Show that DOUBLE-CIRCUIT-SAT is NP-complete.

(b) Suppose there are n people {p1, p2, . . . , pn} and k activities {a1, a2, . . . , ak}. Each person
pi is associated with a subset of activities Li ⊆ {a1, a2, . . . , ak} which she wishes to
participate in. Moreover, we are given a natural number m. We would like to figure out
whether it is possible to schedule all k activities in m different time slots such that no
person has two activities with a time conflict. Let’s denote the corresponding decision
problem by S.

Show that S is NP-complete. (If you would like a hint on which problem to reduce from,
you can ask the course staff during office hours.)
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(c) The II problem is defined as follows. The input consists of N variables x1, . . . , xN ,
together with a list of integer inequalities. Each integer inequality looks like

a0 + a1x1 + a2x2 + · · ·+ aNxN ≥ b or a0 + a1x1 + a2x2 + · · ·+ aNxN ≤ b,

where a0, a1, . . . , aN , b are integers. (The list can have a mix of ≥ inequalities and ≤
inequalities.) The output should be True if there is an integer solution for x1, . . . , xN
that makes all the inequalities true, and False otherwise.

An example instance, with variables x1, x2, x3, x4, is

x1 − 3x2 ≥ 2, 5x3 + 2x4 ≤ 1, 2− x1 + x2 − x3 + x4 ≥ 0, 2x2 ≤ 5.

The solution to this instance is True, because (e.g.) x1 = 2, x2 = 0, x3 = 0, x4 = 0
satisfies all inequalities.

Show that the II problem is NP-hard.

One may ask if II is in NP, and thus NP-complete. Here is a potential sketch of the proof:
“Given an instance, we expect the witness to be integer values for x1, . . . , xN that make
all the inequalities true. We then check in polynomial time whether each inequality is
true with these values.” Critique this proof sketch; more precisely, identify the hole in
the sketch which is very difficult to fill in.

3. (SOLO) Consider the following optimization version of the PARTITION problem (the PAR-
TITION problem is defined in the course notes): given a sequence of non-negative integers
a1, a2, . . . , ak, output a set S ⊆ {1, 2, . . . , k} such that the quantity max{

∑
i∈S ai,

∑
i 6∈S ai}

is minimized. As an example, suppose we are given the integers 2, 3, 4, 7, 9, 10, 12. In the
optimum solution, we have 2, 10, 12 in one side of the partition with sum 24, and 3, 4, 7, 9 in
the other side of the partition with sum 23.

(a) Show that any algorithm computing this problem is a 2-approximation algorithm.

(b) Consider the following approximation algorithm. We first order the integers from small-
est to largest. Then we go through the integers one by one and assign them to whichever
subset has the smaller sum. Here is the algorithm:

def find_partition(int_list):

int_list = sort(int_list)

A = list()

B = list()

S = set()

for i = 0,1,...,int_list.length-1:

if sum(A) < sum(B):

A.add(int_list[i])

S.add(i)

else:

B.add(int_list[i])

return S

Show that for any ε > 0, the algorithm is not a (32 − ε)-approximation algorithm for the
optimization version of PARTITION.
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(c) Show that the above algorithm is a 3
2 -approximation algorithm for the optimization

version of PARTITION.
Hint: You may want to use the fact that if M is the largest integer, then M ≤ OPT.
Though if you do end up using this, you should of course argue why it is true.

4. (GROUP) The president of a large country is deciding to build new hospitals. The goal is
that everybody has a hospital in their town, or at least in a neighboring town. The president
wants to know whether k hospitals are enough and if so where to build them.

More formally, the decision problem whether k hospitals are sufficient is well modeled by the
following language:

HOSP = {〈G = (V,E), k〉 : ∃H ⊆ V, |H| ≤ k, such that ∀v ∈ V
either v ∈ H or there is {v, w} ∈ E with w ∈ H}.

(a) Show that given a polynomial-time algorithm for deciding HOSP, we can find a polynomial-
time algorithm which outputs the minimum size subsetH∗ ⊆ V with the desired property
(i.e., ∀v ∈ V , either v ∈ H∗ or there is {v, w} ∈ E with w ∈ H∗).
Note: As we saw in the Approximation Algorithms lecture, many decision problems
have a corresponding optimization version. The solution to the optimization version
gives directly a solution for the decision version. In this question we are showing that if
the decision version of HOSP is easy, then we can use that to show that the optimization
version is also easy. This kind of reduction holds for many problems.

(b) Unfortunately, it turns out HOSP is NP-hard. Prove this fact. (If you would like a hint
on which problem to reduce from, you can ask the course staff during office hours.)

(c) Given part (b), we should not hope to find an efficient algorithm which finds a placement
for the minimum number of hospitals. Suppose the input graph is d-regular, where d ≥ 1
is some constant. Give a d+1

2 -approximation algorithm for this restricted version of the
problem.

5. (GROUP) Let fn : {0, 1}n → {0, 1} be defined as follows:

fn(x1, x2, . . . , xn) = 1 if and only if

n∑
i=1

xi ≥ n/2 .

Give a circuit of size O(n2) computing fn. Your circuit is not allowed to use any NOT gates
(so the only allowed gates are the input gates, constant gates, binary AND gates and binary
OR gates).

6. (GROUP) In this problem, we will explore some of the differences between Cook reductions
and Karp reductions.

First, let’s highlight the one-sided nature of the complexity class NP. Recall that informally,
NP is the class of languages with the property that every yes-instance has a polynomial-
length proof certifying that the yes-instance is indeed a yes-instance (and the proof can be
verified in polynomial time). On the other hand, there is no requirement that there should
be a polynomial-length proof certifying a no-instance is indeed a no-instance. In fact, for an
NP-complete language, we do not believe there is an efficient way to verify that an instance is
a no-instance. For example, think of SAT. Can you come up with a short proof that certifies
that a given Boolean formula is not satisfiable?
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Define the complexity class coNP = {L ⊆ Σ∗ : Σ∗\L ∈ NP}. So coNP is the set of all
languages L whose complement is in NP (i.e., languages with the property that no-instances
can be verified efficiently). Most experts believe that NP 6= coNP. And the distinction
between these complexity classes is important for theoretical computer scientists (though we
won’t be able to elaborate much on this). Throughout this question, we will assume
NP 6= coNP (you should still think about in which parts of the question you will need this
assumption, and in which parts you will not).

(a) Is it always true that if K ∈ NP and L ≤P
T K, then L ∈ NP? Intuitively, we would

expect or hope that this is true. But prove that this is actually not always true.

(b) Is it always true that if K ∈ NP and L ≤P
m K, then L ∈ NP? Intuitively, we would

expect or hope that this is true. Prove that this is indeed true. In this sense, one can
say Karp reductions are preferrable to Cook reductions.

(c) Show that under Cook reductions, the set of NP-hard languages is the same as the set of
coNP-hard languages. (In some sense, Cook reductions are not refined enough to capture
the difference between NP and coNP. So in this sense, Karp reductions are preferrable
to Cook reductions.)

(d) Show that there is a language that is NP-hard under Cook reductions but not NP-hard
under Karp reductions. So Cook and Karp reductions lead to different notions of NP-
hardness.

7. (BONUS-SOLO) Define the 1
3SAT problem as follows: Given as input is a set of “triples”

over propositional variables x1, . . . , xn. Here a “triple” is defined to be a set of three variables
(not necessarily distinct.) The task is to decide if there is a truth assignment to x1, . . . , xn so
that in each triple, exactly one variable is made True. Show that 1

3SAT is NP-hard.
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