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From Discrete to Continuous Labels
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Regression Tasks
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Supervised Learning

Goal: Construct a predictor f:X — Y to minimize a risk
(error measure) err(f).

Typical Error Measures
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err(f) = P(f(X) #Y) err(f) = E[(f(X) — Y)?]
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Linear Regression

n
A 1
frlf = arg min —Z(f(xi) —Y,)? Least Squares Estimator
Sreron

. . F(X)
Fy, - Class of Linear functions .
Uni-variate case: . ..'. :. «* P2 =slope
f(X) =B, + B,X Bl-intercept'[ o o N
X
Multi-variate case: 1
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Least Squares Estimator

L = argmin Z(f(X) Y;)?

feFL, n
B =arg mln Z(X B—Y,)? fL(X) = XB
= arg mBin - (AB -Y)T(AB-Y)
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Least Squares Estimator

B = argmjn (A — V)T (AB — Y) = arg mjin (B

JB) = (AB-Y)'(AB-Y)
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Normal Equations

(ATA)B = ATY

pxp px1 p x1

If (ATA) is invertible,

B =(ATA) ATY




Geometric Interpretation
FL(X) = XB = X(ATA) "ATY

Difference in prediction on training set:

fL(A) —Y =

AT(fi(A) -Y) =0

fL(A) is the orthogonal projection of Y
onto the linear subspace spanned by the
columns of A.




Revisiting Gradient Descent

Even when (ATA) is invertible, might be computationally expensive if A is huge.

Py

B = argmin —(AB — V)T (AB — V) = arg min J(8)

Gradient Descent since J(f) is convex :,i

Initialize: B° \
a 9)(B) | L]

Udt. t+1: t__ N7 /
PEaE =278 |k 57

= B — aAT(AB' - V)
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Stop: when some criterion met, e.g. fixed # iterations, or
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Effect of step-size

J(B) J(B)

Large @ = Fast convergence but larger residual error
Also possible oscillations

Small &« = Slow convergence but small residual error
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Least Squares and MLE

Intuition: Signal plus (zero-mean) Noise model
Y=f*(X)+e=XB" +¢ e ~ N(0, 521)

Y ~ N(XB*, 021

BumLg = arg mglxlog p({(X;, YD}, | B, 0%, X)
| )
|
log likelihood

n
= argmﬁinE(XiB —-Y)? =
i=1

Least Square Estimate is same as Maximum Likelihood Estimate under a
Gaussian model| ! 13



Regularized Least Squares and MAP

Bmap = arg max log p({(X, YD}, | Bo®) +log p(B)
‘ Y Y
log likelihood log prior

I) Gaussian Prior

B ~ N(0, T%I) p(B) o e~B B/27*

. | 2
Bmap = arg mmz(Yi - XiB)? + AlIBI[, Ridge Regression
b= J

constant(o2, 72)

Prior belief that [ is Gaussian with zero-mean biases solution to “small” 8 14




Regularized Least Squares and MAP

Bmap = arg max log p({(Xi, YO}L1 | Bo®) +log p(B)
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log likelihood log prior

I) Gaussian Prior

B ~ N(0, T%I) p(B) o e~B B/27*
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Bmap = arg mmz(Yi - XiB)? + AlIBI[, Ridge Regression
b= J

constant(o2, 72)

B=(ATA+A1) 'ATY () =XB .




Regularized Least Squares and MAP

Bmap = arg méiX log p({(X;, Yi) }izq | BGZ)"" ‘108 P(B)’
|
|

Y
log likelihood log prior

Il) Laplace Prior

Bi ~ Laplace(0,t) [iid] p(B;) o e~ IBil/t

n
Bmap = argmBinZ:(Yi - Xip)* + 7\||B||1
i=1

constant(c?,t)

Prior belief that (8 is Laplace with zero-mean biases solution to “small” 16




