Solutions to Assignment 6

April 20, 2010

Solution 1,2 were obtained from Qirong and 3 was modified based on Stephane Ross.

L. (a) Let N = Npj(e,F, L1 (P)), and let C = {(¢1,u1),...,({n,un)} be some e-cover for F under L; (P).
Then for any f € F there is a (¢;,u;) € C that brackets f, and therefore
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implying that sup ;e £ | P, (f) — P (f)] F.0.
(b) Let a; < az <--- < ag be such that [} dP(z) = [[*dP(z)=---= [/ dP(z)=cand [~ dP(z) <



e. It follows that k = [1]. Let D = {({1,w1),..., (Ck41,Upt1)}, where

(zla ul) = (07 1(70070,1})
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From the definition of ay, ..., ay, it follows that every (¢;,u;) € D is an € bracket in Ly (P). Furthermore,

D covers F under Ly (P). Therefore Njj (¢, F, Ly (P)) < k+ 1= <, where
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(c¢) Observe that
F(t) = P(X<¢)
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and
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where f; = I(_ 4. Therefore
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Now, from part (b) D is an e-cover for F = {f;}. Then by part (a),
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for all f; € F, and therefore
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as n — oco. This implies that sup, |F, (t) — F (t)‘ £ o.

. Markov’s inequality gives us the following two bounds on P (X > §):
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where k and X\ are variational parameters to be minimized. Let C' = infr—g 12, .. %, so for all k we

have
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proving that infr—g 12, . E“;‘ ] <infy>g % as desired.
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The result suggests that the Chernoff bound P (X > §) < infy>¢ % is not tight. In particular, the

. E[|X[*] . .
other bound P (X > §) <infp—g12,.. —5— is tighter.




3.

(a)

The minimax risk is defined by

inf max Ey. G,éY inf max P 016
of | max Eyion)(L(0,00V) = inf | max P((Y) # 010

By Le Cam’s Bound, this is lower bounded by M = % [min(py(z), p2(z))dz where here p; is the

normal density for N(a,1) and ps is the normal dens1ty for N(—a,1). For such pi,ps, and assuming
a > 0, then py(z) < p2(z) for x < 0 and p2(x) < p1(x) for x > 0 so we have:

J 7o min(p1 (@), pa(x))da

= [ pi@)dz + [ po(a)da

P(X < Ola) + (1 - (X <0 —a))
= &(—a)+(1-2(a))

= 2®(—a)

where ®(z) is the cumulative density function of the standard normal distribution. Hence we obtain that
the minimax risk is lower bounded by ®(—a).

We can show that ®(—a) is exactly the expression for the minimax risk by showing that their exist
an estimator that achieves this minimax risk. Consider the estimator §(Y) = a if Y > 0, (Y) = —a
otherwise (again assuming a > 0). Then for this estimator we have:

MaXge{—a,a} By ~n(o,1)(L(0,0(Y)))
= maxge(_q,q} P(O(Y) # 0]0)

= max(l - ®(a), ®(—a))
max(®(—a), ®(—a))
= @(-a)

Hence we conclude the minimax risk for this problem is exactly ®(—a).

Here we can apply directly Fano’s inequality to get a lower bound on the minimax risk. Fano’s inequality
states that if max e,y Pe,(Z #j) > 1~ %{:52 for any estimator Z of which density in &;,...,&;
generated the observation, where 3 = max;, K(F,, P, ) for K the Kullback-Leibler distance. Here for

any j # k, we have:
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= 3/ (2754/2 exp(—(z = &) (z = &)/2)[(x — &) (z — &) — (x — &) (x — &)]dzx
le (Qﬂ. enirz eXp( (‘T - §J)T(x - gﬂ)/ )[ - xk}

0, (= o)

So we conclude 8 = a? and hence that the minimax risk inf ¢ maxeeo Pe (E4E)>1— “2;:;052

=/ % (for d > 4) then the minimax risk is at least 1

Since a > 0, an obvious estimator is to pick é(X) = &; where j = argmax; X;. We claim it is minimax

. If we pick

estimator since the risk is constant w.r.t. € by symmetry and it is easy to show that é(X) = ¢
Jj = argmax; X;. is Bayes Estimator with respect to uniform prior.



