Solutions to Assignment 4

Solutions to problems 1,2 and 3 were obtained from Qirong Ho.
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(2)

We seek a bound on the bias of p,, s (z) at a point zg:

E [pn.s (w0) =P (@0)| < [E [P (20) = p) (a0)] |

Let t = #5%¢ dt _ 1,

_ 7/K(t)p(th+xo) dt — p® (x0)
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IN

/K p (th + x0) — pay 5 (th + x0)) dt‘ ’/K ) WPy (th 4 x0) dt — p) (20)

where pg, 5 (u) is the |3]-order Taylor expansion of p (u) at a point xo:
_ (u—w0)"
ps) = 3 ERL0 )
lil<18] -
Since p € ¥ (8, L), we have that
|p (th + 20) — Pug,s (th +20)| < L|th|’

and therefore the first term in Eq. (1) is bounded:

IN

’/K p (th 4 x0) — Puy s (th + x0)) dt’ ‘/K(t) h=L|th|” dt‘
- hﬁ*SL/K(t) It|° at

= K¢



where ¢ = L [ K (¢) |t\ﬁ dt > 0. Next, observe that pg, g (th + o) is polynomial in ¢ with degree | 3]. In particular,

the s-th order term is %p(s) (o). Hence

/K (t) h™°pyy, 8 (th + x0) dt /K t)yh~5—=p) (x0) dt (only the s-th moment of K is nonzero)

= p® (aco)/K (t) g dt
= " (20)
and therefore the second term in Eq. (1) is zero. We therefore conclude that
E [fns (0) =) (w0)] < B¢ WpeT(8,L)
and thus

sup E [ﬁn,s (z0) — p® (370)} < hPcc
pEX(B,L)

(b)

We seek a bound on the variance of p, s (z) at a point zg. Let

1 Xi—(EO
7= hs+1K( h )

so that

Then
V(Z)=V(2) < E(Z?)

1 r—x
= h2s+2/K2< h0>p(95) da

— thl/K? p (th + zo) dt

p(x) € ¥(B,L) implies that p(x) has a bounded first derivative (assuming # > 1), and therefore sup, p(xo) is
finite. Hence we can bound p (th + xg) inside the integral by sup,, p(wo):

< h23+1 /K2 supp (xo) dt

_ SUPTO xo 9
- h25+1 /K

__ T—xo dt 1.
Let t = £550, 7t = 3

h23+1
where ¢’ = sup,, p(zo) [ K?(t) dt > 0. Thus

V(ﬁn,s (LL'())) =V <i’ Z Zz)
i=1

/

C
< h2stT VpeX (5» L)
and therefore
. d
sup V (pn,s (!EO)) < W

pEX(B,L)
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Combining (a), (b) gives us a bound on the MSE:

2
p B (s (20) =0 00)) | = s Bias G 10) 4 9 (s 00)
peX(B,L) pEX(B,L)
/
26—2s 2 c
< h C +W Vrg € R

and therefore

C/

2
sup sup E {(ﬁms zo) — p') (z ) } < R 4
2o€R peX(B,L) (o) (o) nh?s+1

Choosing the optimal bandwidth implies minimizing the RHS wrt h:

d 28—2s 2 d
%h ¢+ nh25+1 =0
C9s_ (—2s—-1)¢
(2ﬂ — 28) hzﬂ 2 102 + W = 0
_ 26-25—1 2 (2s+1)¢c
(26 —2s)h c iz
R0+ 1 (2s+1)d
n (26— 2s)
h = n 2,
v \1/(28+1)
where Cy = (%) Hence
2 i 23—2s 4
sup sup E {(ﬁn,s (zo) — p® (900)) ] < (n—mco) ? + TR
zoER pEX(B,L) n (n*ﬁco)
_28-5) [ _o(3_s) 2) d
= 7
n~ 26+1 (CO c )+ nn_%COQS'H
—2B_8) [ 2(8—s) 2) 4
= n 26F1 (C c )+ —
0 n~ st O2s+1
2(B—s) —s /
= n- Sor (Cg(ﬂ )e? + CQCSJFI)
0
= Cn ZQg;i)

where C' = Cg (B=s)e2 c%/“ The above argument holds for all n, so it also holds as n — oc.
0

(d)

We are given

L8]
K(u) = Y ¢ (0)¢m (u)I{u] <1}
m=0

do(z) = \%, Vo € [-1,1]

2m+1 1 d™
Om () = 4/ m2 Sl g [(xQ - 1)7”} , Vm>1l,xze€[-1,1]

/_1¢j (@) o (2)dz = 5,




Since {¢m },-_, is an orthonormal basis, we can write

w’

> 0:0; (u)
=0

1
0, = /1uj¢i(u)du

Hence

1 18]
/ WK () du = / WY 65) (0) by (u) du
-1 m=0

L8]

= 1 W ¢ (0) b (u) du
>/

\_BJ 1 o0

- Z/ <Z 059 (U)> 68 (0) drm (u) du
m=0"~1 \i=0
[B] oo L

= 306 0) [ 61 () 0 ()
m=0 =0 —1
Well

= Z om (bg:) (0)
m=0

We now consider cases:

e Case 1 j < s. Observe that ¢£§z) (0) = 0 whenever m < s, since ¢,, is an m-th degree polynomial. Hence

L8]
/qu(u) du = Z 0@ (0)

Because v is a j-th degree polynomial, §; = 0 for all i > j. Therefore

/qu(u) du = i 0,m o) (0)

But j < s, so the sum is empty, and therefore equals zero.

e Case 2 j = s. Observe that
‘ J
w o= Zei¢i (u)
i=0
J &’ : 0
wr = o 20
: i)
it= > 067 ()
i=0

J
jl = ZG@E” (0) ((;SEJ) (u)is constant for all ¢ < j)
i=0



and therefore when j = s,

L8]

1 s
/qu (u)du = / (Z Oipi (U)> > 65 (0) dm () du
—1 \i=0

m=0
36687 (0)
1=0

= ¢!

e Case 3 j > s. Observe that

J
u =Y 00 (u)
i=0

a <
- E e
du® Y dus Pt 91¢2 (u)

1 . J
J: W = Zﬁl(ﬁfs) (U)
=0

When u = 0, we get

J
0 = Y66l (0)
=1

and hence
‘ 1 J L8]
/ WK (uw)du = / ( ai@(u))Zqﬁﬁs)(owm(u)du
-1 \i=0 m=0
J
> 6.6 (0)
i=0

2
(a)

We handle the proof by cases:
e (learly the equation equals 1 when both j, k = 1.
e Suppose WLOG that j =1, k is even. Then

RS 2 ks
=S i (s/m) en(s/n) = Z( > 0
n s=1 n

e Suppose WLOG that j =1, k£ > 1 is odd. Then

%Z‘/’j(s/n)@k(s/n) = ? sin<7r(k_1)8>_0



e Suppose that j, k are even. If j # k, then

1 ¢ 1 o mjSs ks
- q = —_ 2 I < -
PICICREACRIEDY (n)< )
_ 1ZCOS<7T(JIC)S>+1ZCOS( (J+k)s>
ns:l n nS:1 n
= 04+40=0
If j = k, then
15N 1¢ 1 & 27js
7 2 s/ (s/m) = n;cos<o>+n§cos< E )
= 14+0=1
e Suppose that j,k > 1 are odd. Then
i;%(s/n)tpk(s/n) = ;;%m( (‘];1)8)5111( (k;l)s)
_1¢ T(j-k)s\ 1 G+k—2)s
= = cos( - )—Zcos( -
s=1 s=1
= 0-0=0
If j = k, then
1 n B 1 n 1 n 27T(]_1)3
n;%(s/”)@s(s/n) = ns—lCOS(O)—n;COS( - )
= 1-0=1
e Finally, suppose WLOG that j is even and k£ > 1 is odd. Then
N IR mis\ . (m(k—1)s
— ; = = 2 Je
n;@J(S/n)@k(S/n) n; co ( - )sm( -
1N <7T(j+k—1)s) 1< (w(j—k+1)s>
= *Zsm - — sin [ ———————
n5:1 " ns:l n
= 0-0=0
E{éj_ef} = E *ZY% ] /f ) p; (
= E 72 +€z QOJ ‘| /f (p]
1
= E HZf(X Xi)]/g f(@)pj(x)de (Ele] =0)
L™ i=1
1 n 1
= ng(z/”)%(l/n)—/ f(x)¢j(z)dz (X; =i/n are nonrandom)
i=1 0



s[5 )]

| -E [éjr

<1112(f(X)+€i)<Pj (X )) ] — (aj +6;)°

%ZZU (Xi) + &) 5 (X0) (F (Xn) +€n) 95 <Xh>] - (iz f(i/n) ¢; Wm)
L =1 h=1 -1

MSEy, (éj)

Ef6,-6] +E [(@j _E [9;})1

0.2

a?—k—
n

0)



E [ / (v @) - f @)’ d:c}

(f)

For all n > 2,

[ 1 N e’} 2
E éj j (@) Ojp; (x) | dx
/0 ; ¢ ; ¢ )
: 1 N o 2
E / Z (HJ Gj) w; (z) — Z 0i0; (x)) dx]
0 \i=1 j=N+1

J=1k=1
-2 (i a;p; (x)) ( i 00, (x)) + ( i 0;p; (x)) dz
j=1 J=N+1 j=N+1
N N 1
E {ZZ (Gj Qj) (ék — Ok) A ©; (z) or () dx]
jzl k:loo 2 ) oo
+/ Z 0;p; (m)) -2 (Z jQ; (CE)) < Z 0; ([L‘)) dz
0 \j=N+1 j=1 Jj=N+1
N . 2
;E [(9] - ej) ]

00 00 1 N oo

F Y Y vn [ w@awe-2 S b [ e

j=N+1k=N+1
oo
2
> 6

j=N+1

N

a*N 9
— + Zlaj -
=




max |a;| = max |E [ ]} —0;
1<j<n—1 1<j<n-1

1
= max |23 F (/) (i/n) — 0,

= | Juax %Z (Z Ok (U”)) @j (i/n) —0;
sI= k=1

i=1

= max Z 91@% Z ok (i/n) p; (i/n) — 0;
k=1 =1

1<j<n-1
n—1 1 o0 1<
= | max ;1 i ; ok (i/n) @ (i/n) + ; 01— Z; vk (i/n) 9; (i/n) - 0;

1<j<n—1

n—1 e’} n
1 . .
= max Z&kékj —9]' + Zakﬁz(pk (Z/n) (pj (Z/TL)
k=1 k=n i=1

= max Z Gk% Z ok (i/n) @ (i/n)
k=n i=1

1<j<n—1
[ee] 1 n
§ 1 . »
< 1Srjn§ai<_1k Gknz;wk (i/n)p; (i/n)
=n 1=

Now observe that |y (i/n) ¢; (i/n)| < 2 for all k,j,i,n, which also implies |+ 37" | o (i/n)¢; (i/n)| < 2. Hence

< max Y [0 (2)]
k=n

1<j<n—1

2 |0



(2)

We have that

> 16m]

and therefore

where C' = 2/Q

28—1
(h)
We have that

IA

IA

IN

Am am
2_: (m—1)° O (( _1)521)
oo 1 oo
Z m Z a2,02,  (Cauchy-Schwarz inequality)

<
| nax o] < 2%\9m|
< 2/Q n—B+1/2
= 25-1
= Cp P12
T, 2 02N N 00
/ (for (@) = £ (@) da:] St DLE T D
0 j=1 j=N+1
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where

]
IA

_ N(

N (O +1)7 )" (from part. (g)

02
N2,6’2>

IN

- o(

and

because

N max of

2

1<j<N

2
max |aj>

1<j<N

- Q
20 <

j=N+1

Q =

m=1
m=1

=3
m=1

= Y m-1*6,
m=1

> fxm 1)% 92,

v
£}
|
—
h®)
@
(]2
>
3[\3

Q
(n— 1)25

V
hgE
e

Since the previous arguments apply to all § € © (3, Q), they also apply to the supremum over §. Therefore

sup E
0€0(8,Q)

[ (a0 1 @)’ ]

where C depends on 3, Q, a, o2.

<

02N C? Q
71+O<NM2>+N%

Cc? Q

e ) ()

0 (n—zéﬁl) +0 (n—%) +0 (n—ﬁ)

11



3
(a)

The mean of fipaq is

E [ﬂbag]

The variance of fipeg is

\Y [ﬂbag]

Since Y;*, Z; are iid from {X;}._|,

= E

E [E [ﬂbag| {Xi}?:m

E

1 - * *
%ZYZ + Z; |{XZ}Z"_1H
i=1

= BEY' (X)) (5.2 areiid)

= E
"

[X]

E [V [labag | {Xz}zl:l” +V [E [ﬂbag | {Xz};nzlﬂ

= E|V

= E|V

let Uf =Y foric{l,...,n} and U}, , = Z; for i € {1,

1" . -

%ZY;"’Z; H{Xh || +V[X]
i=1

N L[+

1 2n 0_2
= E — X —
%'%;mu V| |+
1 & o?
= E|— EP A% =
pr L VIO O+
~ Lefpfwy ] —Er ]+ -
= o ifi=1 ifi=1 n
1 1< - o?
= —E||= X2 - X2 Z
2n (n; 1) + n
1 2 S S O'2
= — X|+E|X]"-V|X|-E|X —
- (VX +EXT -V [X] -E[X]) + Z
o+ p? — %2 — 2
= + —
2n n
_ (n—=1)o*  o?
N 2n2 + n
Compare this to the variance of X:
1 n
VIX] = V|=) X;
K - i3
1 n
= 5> VIX]
i=1
_ 2
o n

...,n}. Then



(n—1)c?
2n?

2
+ %2 by a positive term (";2)0 . Hence bagging does not improve the

This is greater than V [fieg] =
variance.

(b)
(1)
Noting that X ~ N (u,n™'), the mean of g (k) is

Elg(n)] = E[[wx (1)

-/ " e (1) (2) i

= [ ) e {—”“2“)} dz
~ 7 n(@—w?) ,

\/;exp{—2}dx

The variance of g (u) is

E (guo—;ﬂ = E[ow)’] ~Elg ()’
= E |:H(oo,)_(] (Mﬂ - i
= E [l ()] 5
1 1
=271
1
!

Both the mean and variance do not depend on n.

(2)
Noting that X ~ N (g, n~!), the mean of G (u) is

ElGw] = (Vn (p = X)) +op (1)]
= (Vn(p—X))] +C, (where C,, =0 asn — oo)

| e Wati-2) ix @z +c,

—00

00 va(p—z) 4 2 = )2
_ Y [ n@-—p |
— /ool/C>o mexp{ 2}dy] 27Texp{ — }d:chC’n

Observe that the integration is over an axis-aligned bivariate normal distribution with mean (u,0) in (Z,y)-space.
The domain of integration is simply a half-plane passing through the mean (u,0), and which covers % of R2. By
the symmetry of the normal distribution about its mean,

E[®
E[®




4
(a)

Let h be the bayes classifier. The risk of Bayes rule is

PY #h(z)|X =x)

R= /p(y £ h(z)|X = 2)f(z)da

Thus, the risk of Bayes rule is q.

(b)

Prediction Performance:

= x)P(m(z) > %) + P(Y =1|X =2)P(m(z) < %)
i J
2 <‘;) -P(q+(l?q)](jzlxj>g)
J : 4 J
> >SP g+ (1 =291 ;xj>§

Density Tree

Naive Bayes

Kernel Regression

Additive Model

Random Forest

Error Rate 39.5%

46.5 %

38 %

35.5%

37 %
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