10-702 Statistical Machine L earning: Assignment 2
Due Friday, February 5

Hand in to Sharon Cavlovich, GHC (Gates Hillman Center) 88¢53:00. Use R for all
numerical computations.

1. (Convex sets and functions)

(a) Forz € R" define the/, norm

n 1/p
el = (z w)

J=1

C = {x: |z, < 1}.

Show thatC'is convex set if and only ip > 1.

forp > 0. Let

(b) Check if the following functions are convex, concaveneither convex nor concave:

.
(x = 2)*

y+1

1
f(z,y,2) = max <1+\x|—y,ﬁ,0) +2-

withy +1 > 0 andz > 0.
ii. f(X)=(det(X))"" whereX € S

(c) If C C R™is an open convex set, a functich: C' — R™ is amonotone mapping on C
if (G(z) —G(y))T(z —y) > 0forall z,y € C. Show that for a differentiable, convex
functionf : C'— R, the gradien¥ f is a monotone mapping.

2. (Convex conjugacy)
(@) If f(z,y) = fi(z) + f2(y), with f; and f» convex, show that
[@y) = fi(@) + f5 ()

Does this hold iff; and f, are not convex?

(b) Let f : R — R be a convex mapping and I&t, ..., A\, > 0 be positive weights such
thatd " , A\, = 1. For a sequence of numbers ..., z, € R, use conjugate duality to

prove the inequality
/ <Z )\ixi> < Z Aif (). 1)



(c) For each of the following functions

Show thatf is convex

Calculate the conjugate dugt.

Calculate the bi-conjugatg™, and determine if it is equal tf.
Plot f, f* and f**.

i f( ) = xIn(z) — x for x > 0 andoo otherwise.

f(x) = sup,cc y" =, whereC'is a non-empty, closed and convex set.

f(z) = [max(1 — x,0)]* forz € R.

(z) =
) be

Iv. fx max (1 — x,0) for z € R.
(d) Let f(A) be the function defined on the set of positive-defipite p matrices as

f(A) =tr(AS) — logdet A

whereS' is a given matrix.
i. Derive the conjugatg™.
ii. Derive the dual of the primal problem

Jmin - f(4) (2)
suchthat tfA) <L (3)

using the conjugat¢* derived in the previous part.

3. (Subdifferentials and thresholding)

(@) LetZ ~ N (u,o?) with known variancer?. Consider the following optimization prob-
lem:
[ = arg rnelﬂg (Z — x)* 4+ X pen(z)

whereX > 0 andpen : R — [0, 00) is the penalty function defined as follows:

i. pen(z) = |z|

ii. pen(x) = 2?

iii. pen(x)= 1{x # 0}.
For each of the penalty functions find an explicit expressmnu. We would like

you to derive these results directly, without referring tuations and theorems in the
handouts from class.

The penaltypen(z) = z* corresponds to the ridge regression penalty; in class we
learned that it does not encourage sparsity. However, asshat the parametex
is chosen as\ = ‘ E for some other\’ > 0. For this choice of the parametar
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is the solution going to be sparse? What is the correspordienthe Lasso penalty
pen(z) = |z[?

Hint: You may want to compute the probabiliByj; = 0 A # 0] andP[iz # 0A . = 0]
for the two different penalties.

(b) Let Z ~ N(u,c%I,) be distributed according to a multivariate Gaussian distri
tion with knowno?. Assume that the components of the mean vegtare naturally
grouped as

-

n= (:ul,b'"7/~L1,;D17'"7:uj,17"'nuj,pj?"'7MG,17"'7/~LG,;DG>
- g . — -

' ~~ '

G1 gj ga
= (HGy» -5 HGys - - -5 HGg)
with pg, € RPi andzlepj = p. Consider the optimization problem

G G Dy G
- 1 9
fi=argmin o Z; 1Zg, — g, |I” + A D> lajal + Ao z; g, |2
j= j=

j=1 i=1

Find an explicit expression fgi. (Remark: You may use any results from the class
notes for this part of the problem.)

(c) LetW¥(z) = ||z||, with z € R? and let¥*(-) denote the conjugate. Prove that
w e dV(y) ifandonlyif y e ov*(w),

wheredV (z) denotes the subdifferential df at =.

(a) Generate data as follows.

n = 100

p = 1000

X = matrix(rnorm nxp), n, p)

beta = c(rep(10,5),rep(5,5),rep(0,990))
y = X % % beta + rnorn(n)

(b) Write an R function to do marginal regression, which isatéed in Chapter 11 (Model
Selection) Section 7, and apply it to the generated data.aByinvgt from a large value
to a small one, you can obtain a sequence of models. Outpatdbs-validation score
(5-fold) for the sequence.

(c) Write an R function to do forward stepwise regression.tgDtthe cross-validation
score for the sequence of models.

(d) Run the lasso on these data and output the cross-validatiore. You can use the
packagd ar s for this:



i nstall.packages("lars") ### only do this once
library(lars)
hel p(l ars)

(e) Compare the methods and summarize your results.



