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Which animal gave us SARS? How does SARS 
compare to other viruses and how did it mutate over 
time?

To answer these questions, we need to learn how to 
construct evolutionary trees (a.k.a. phylogenies). 
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How do we construct 
the tree’s structure?

Can we infer anything 
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Checkpoint: Any 
thoughts on how we 
could answer either 
question?
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Leaves (degree = 1): 
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Note: We proved in a previous lecture that every 
tree with n nodes has exactly n – 1 edges.



Trees
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Exercise: Prove that there is a unique path 
connecting any two nodes in a tree.
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Rooted tree: one node is designated as the root
(most recent common ancestor).

Present Day

Most Recent Ancestor

TIME
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Distance matrix: A matrix D
representing distances between pairs 
of n organisms that satisfies three 
properties:

1. Symmetry: Di,j = Di,j for all pairs i, j

2. Non-negativity: Di,j >= 0 for all 
pairs i, j

3. Triangle inequality: For all i, j, and 
k, Di,j + Dj,k >= Di,k .



A Multiple Alignment Defines a Simple 
Distance Matrix 
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SPECIES ALIGNMENT

Chimp ACGTAGGCCT
Human ATGTAAGACT
Seal TCGAGAGCAC

Whale TCGAAAGCAT
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Di,j = number of differing symbols between i-th and 
j-th rows of a multiple alignment.

SPECIES ALIGNMENT DISTANCE MATRIX

Chimp Human Seal Whale

Chimp ACGTAGGCCT 0 3 6 4

Human ATGTAAGACT 3 0 7 5

Seal TCGAGAGCAC 6 7 0 2

Whale TCGAAAGCAT 4 5 2 0
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A Multiple Alignment Defines a Simple 
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Exercise: Prove that for any multiple sequence 
alignment, this way of defining D produces a 
distance matrix.

SPECIES ALIGNMENT DISTANCE MATRIX

Chimp Human Seal Whale

Chimp ACGTAGGCCT 0 3 6 4

Human ATGTAAGACT 3 0 7 5

Seal TCGAGAGCAC 6 7 0 2

Whale TCGAAAGCAT 4 5 2 0
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Distance-Based Phylogeny Problem.
• Input: A distance matrix.
• Output: The unrooted tree “fitting” this distance 

matrix.
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Distance-Based Phylogeny Problem.
• Input: A distance matrix.
• Output: The unrooted tree “fitting” this distance 

matrix.

Of course, we are getting a bit ahead of ourselves –
we should define what we mean by “fitting”!



“Fitting” a Tree to a Matrix
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Chimp Human Seal Whale

Chimp 0 3 6 4

Human 3 0 7 5

Seal 6 7 0 2

Whale 4 5 2 0
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di,j(T) = distance between nodes i and j in tree T, 
computed by summing edge weights from i to j.
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We say that T fits matrix D if for every pair i and j, 
di,j(T) = Di,j .
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Return to Distance-Based Phylogeny
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v1 v2 v3 v4

v1 0 3 4 3

v2 3 0 4 5

v3 4 4 0 2

v4 3 5 2 0

Exercise: Find a tree fitting the following matrix.



Sometimes, No Tree Fits a Matrix
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Exercise: Find a tree fitting the following matrix.

Additive matrix: distance matrix such that there 
exists an unrooted tree fitting it.

v1 v2 v3 v4

v1 0 3 4 3

v2 3 0 4 5

v3 4 4 0 2

v4 3 5 2 0



Sometimes, More Than One Tree Fits a 
Matrix
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Simple tree: tree with no nodes of degree 2.
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Whale
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Human

Chimp

2
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Simple tree: tree with no nodes of degree 2.

Theorem: There is a unique simple tree fitting an 
additive matrix.



Reformulating Distance-Based 
Phylogeny
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Distance-Based Phylogeny Problem: Construct an 
evolutionary tree from a distance matrix.
• Input: A distance matrix.
• Output: The simple tree fitting this distance 

matrix (if this matrix is additive).



An Idea for Distance-Based Phylogeny
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Seal and whale are neighbors (meaning they share 
the same parent).
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Seal and whale are neighbors (meaning they share 
the same parent).

Theorem: Every simple tree with at least three leaves 
has at least one pair of neighboring leaves.
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Chimp Human Seal Whale

Chimp 0 3 6 4
Human 3 0 7 5

Seal 6 7 0 2
Whale 4 5 2 0

Whale

Seal
?

?

Key Point: How do we 
compute the unknown 
distances?
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kdi, k = di, m + dk, m

dj, k = dj, m + dk, m

di, j = di, m + dj, m
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An Idea for Distance-Based Phylogeny
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di,m = (Di,k + Di,j – Dj,k) / 2
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dk,m = (di,k + dj,k – di,j) / 2
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Chimp
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Chimp
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0 1 2 3

0 0 13 21 22

1 13 0 12 13

2 21 12 0 13

3 22 13 13 0

Exercise: Apply this recursive approach to this 
distance matrix.
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v1 v2 v3 v4
v1 0 13 21 22

v2 13 0 12 13

v3 21 12 0 13

v4 22 13 13 0
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v2 and v3 are
not neighbors!
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v3 21 12 0 13
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Rather than trying to infer neighbors, let’s instead 
try to compute the length of limbs, the edges 
attached to leaves. 

j

i k

l

?

?

?

?



From Neighbors to Limbs

Bioinformatics Algorithms: An Active Learning Approach.  © 2018 Compeau and Pevzner.

j

i

m

kdi, k = di, m + dk, m

dj, k = dj, m + dk, m

di, j = di, m + dj, m

dk,m = (di,k + dj,k – di,j) / 2

dk,m = (Di,k + Dj,k – Di,j) / 2

di,m = Di,k – (Di,k + Dj,k – Di,j) / 2

di,m = (Di,k + Di,j – Dj,k) / 2

dk,m = [(di,m + dk,m) + (dj,m + dk,m) – (di,m + dj,m)] / 2

∴
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j

i

m

kdi, k = di, m + dk, m

dj, k = dj, m + dk, m

di, j = di, m + dj, m

dk,m = (di,k + dj,k – di,j) / 2

dk,m = (Di,k + Dj,k – Di,j) / 2

di,m = Di,k – (Di,k + Dj,k – Di,j) / 2

di,m = (Di,k + Di,j – Dj,k) / 2

dk,m = [(di,m + dk,m) + (dj,m + dk,m) – (di,m + dj,m)] / 2

∴
Assumes that i and 
j are neighbors... 
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Limb Length Theorem: LimbLength(i) is equal to the 
minimum value of (Di,k + Di,j – Dj,k)/2 over all leaves 
j and k.


