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(* ,e“g'H" : int list =t
REQUIRES: true

ENSURES : |€h3‘|’\»\('-) rethurns +he
number of elements in L.
%)

'F\AV\ IENQ'\'\P\ ([1% wt “s“i):'\\\'t =0
| length (x:2%s) = 1+ length (xs)



(* ’ehg“‘\ : int list = int
REQUIRES: true

ENSURES : |€hg+\f\(‘-) returns +he
number of elements in L.
X)

'va le-Ylg'Hﬂ (['&1 et \is'l:):‘m't =0
| length (xssxs)= 14 length (xs)

length [4%.9,3]
= | ¥ legth [7,9,3]

W\'\a K



(* ,ehg'l'l'\ : fn"' "5'{'-—)‘“%
REQUIRES: *truwe

ENSURES ¢ |eha'i‘k(l-) returns +he
numbey of elements in L.
%)

fun levlg‘\'\r\ ([1‘. it “Vl):‘\ht =0
l leha'l'\q (X%%XS)T- 1+ lQV\g‘l"'\ (XS)

length [?.?,1,&]
= | ¥ |en%'|1«[?, 9,3\

Wha ¢
Becawse ["l ,?,“l,&] mans ‘f::[?,q,&]
4% length [4,7,9,2]

= Lw, 4/x , L3R ,a][xs] 1+ \ena‘n.(xQ
= 1+ length [9,9,2]

( ves Means The euvironment whewn

Ieng-H\ ws defived )



l&ha'ﬂ’\ [L’):}’ﬂ’ a‘]

': 1"' Ierv\a'H"[?—l qla}

= 1+ (1+ length [9,3])

= 1+ (1« (14-'6“34'14[9.]3)

._—_—_A;14—(1+(1+(1+Ien3+h[]))>

= 1+ (L+ (1+ (1+ 0)))

= 1+ (L+ (1+ 1))

= 1+ (1 +3)

— 1+ 3

=> ¢ =
:s:;___.__- "
3
B e |
=
V= |
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accumulater
ot ink
b st » mt —
ﬂ\: %)
len
(* w ‘?IRFS: ™ 7h (L,acc)
o RES: ¢ /?ngc:
ENSV

(1 ehg‘h\_l.)'r acc
%)



(* “ehaﬂ\: wmt Lt # mt =it
REQUIRES: +rue
ENSURES: f}ena‘fh (L,acc)

( 'éhg‘h\ L) +acc
%) A il S

Lun ‘Hevxg'H’t ([ 1:int list) ace in'L) Vvt = ?



(% tlength: it list » it = it
REQUIRES: 4+rue
ENSURES: f/ena‘ﬂ, (l_J QCC)

(l?ng‘h\ L)+ ace

-Cvm Hehg‘l"lﬂ ([]:in’k Iist, acc in'll-)t'm't'-': acc



(* “eha'“\: mt List # it = int

REQUIRES: +rue
ENSURES . ¢ Jeng th (L, ace))

(léhg‘f’k L)+ acc
*) — W ey

fun Hevxg'H'\ ([]:in{' lisf, acc : in'L)!'M't = acc
, Uena'ﬂ. (xexs, ace) =



(* ‘“Qhaﬂ\: bt List # mt = int

REQUIRES: 4+rue
ENSURES: 'Heng‘fh (L,aced

( '?hg‘n\ L) +acc
o UmhOree

'Cvm ‘Hehg‘f'lﬂ (L]:ivd: lis\t., acc ! in{)t'm't: acc
, Uenaﬂ. (xexs, ace) =
‘t‘/engﬂq (XS) 1+ ac.g)



(* {lenaﬂ\: bt List # it = int
REQUIRES: +rue
ENSURES: ‘H?ny‘fh (L) acc )

(length 2.) +
%) Llength &)+ ace
fun Hevxg'H'\ (C7:wmt list, ace 1 int) 1iit = ace

l\‘.lena'fh (xt:%s,ace) =
‘tleng'Hq (xs, 1+acc)

Z‘i’ail call

tlength s Tanl recurs)ve




Definition

A function is TFail recursive
if it is recuvsive and W i+
Perpoms no Campu+a"'i0n5
Q‘p+€f Ca”?vv HSPW recws‘.velcj,

Su.c‘f\ récursye cq”s ar€ saiel
to be tenl calls

(Qs I “+0\; \" mec"";ha "Q'} 'Hte GMJ l|>.

If the boc\a of aQ #uncﬁou can"'ai‘ns-
mulﬂple locations oF whith a remesive
call occurs, then Rvery recursive
call must be a +ail call forthe
Lunction to be tail recursive,
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Now imPlemen'l' o 'eha‘“\ funetion
based on 'Hena'ﬂ»\:

Q& \2“3'” ¢ it list —™ nt
REQUIRES ¢ ENSURES as fer lena‘,’l\
*)

fun leng (L:iat kst) : it =

- )Qng?l’l\ C L, O)

'Hena'ﬂv (L) QCC) = ('er\J'l'k L)* acc



Naw imPlemeV\'l' o ,eha'“\ 'puvse‘,'v'on
based on ‘Hev\a'ﬂ\:

Q& \ena_ : nt list =™ Int
REQVIRES ¢ ENSURES a5 Lor lenaﬂ\
*)

fun |ena, (L:ivd; l\‘sz‘.): mt =
{lenadl’l\ CL-) O)

I@l'\g, [ ql ?'I 719‘]
=> tlength (L4,%,9,3],0)



fun ‘HQ\AJ‘H« ([I:in* \‘ns‘}., acv.i.&):‘m‘t zacc
l 'Hena']’h (x::xs, QCC.) =
‘Llen&‘Hﬂ ( RS, 1+ acc.)

Iehoa, L4,%9,2]
=> tlength ([47,9,3]1,0)
= E/ena'Ha (L#9,2],1)
é ':':/eng‘Hq ([‘I,Q]J Q) ‘
=) f/engﬂ\ ([&]) 3)
= tlength ([3,4)
= spoce




Theovewl
Far 6\“ values L . ;n"’ II.S+ anJ acc ?.\i’

‘He\r\a'“w (¢, ““) = ( e"ﬁ“‘ L)#ace.




During lecture:

We proved the theorem using structural induction.
See online code file for details.



(* QPPemQ ¢ int st » it fist = int list
REGUIRES : tywe
ENSURES

nﬂ:@nc\ (X,\') teturns o list
consish ng of the elements of
X fellowed \U-’me elements of
Y y Pvesevv: na ovder.
EXaMPle: arPencl.(EB,"l]) [l,B,w])
= [3,%1,3,10]
*)

'Fuv\ QPPev\cl (L]:R\" “si) Y :int lfs{):in'} lic =¥
[ eppend (x:exs, V) = xx apprnd (xs, 1)




(* qppev\oQ ¢ int hst » wt [ist = int list
REGUIRES : *rue
ENSURES :
Gﬂbénc\ ( X‘\') teturns o list
Cansisﬁnﬂ of the elements of
X followad \U'H\e elements of
Y, preserving ovder-.
Example: aﬁ)encl([B,H]) [1,3,1020
= [3,%1,3,10]
*)

{un appenc\ (CVeded Bst | Y st liet )iid lid = ¢
GFP@\\A (X ¢ XS Y\) - X a})f{vw((xs T)

QFPEwA (X ‘() has Jme Comﬂﬂn? O(]X\)




'Puv\ QPPQM\ (C.l: st Y eint lid):‘m‘? lict =Y
| "‘FPQ“C\ (x::XS,VS = X an)ml(xs,\')

append (01,31, [5,#&71)
= I appencl([a] [5,#6,%])
= 12: (2:: append (L1, [5,~¢,71))
= |3 (Q [5 ”(93?':0
= 15: [2,5,~6,7]
=3 L\ 2,5,~6,7 ]



a,ore.ne\ T Preéeﬁinecl n SML

as 'n‘e, riak-l'-qssocia-l-?ve
m¥ix apera'\-ar @.

Se Cl,&l@ [_3nq19[63qJ\O]

méans

natd (s @Led,el)
= E\Ial;) EB)H’GJQ,lD]
= [\)Q,B,l{,@)ﬁ)lD]



(n rev : int list = nt list
REQ VIRES: +rue

ENSURES :  prev L retuvns a lis?

consishing of +he elements of L
n veverse order.

Example: rev[?7,92] =2 [3,9,7].

X)



(x rev : int list — it list
REQ VIRES: +rue
ENSURES : pev L returns a lis?
consisting of +he elements O'f '
n reverse order.
Example: rev[792] = [23,9,7]

X)

‘(jvm yev ([-_\ ¢t |§s+.) : mt Iist = ?



(r rev : int list =3 int list
REQRUVIRES: true

ENSURES : prev L retuvns a lis?

consisting of +he elements o‘f L.
n veverse order.

Example: rev[?7,9a] = [2,9,7].

X)

'PMV\ yev ([.1 ¢t |;$'t) s wmt list = C J



(x rev : int list = int list
REQUVIRES: +rue
ENSURES :  prev L retuvns a lis?
consishing of +he elements of L
n reverse order.
Example: rev [7,92] = [2,9,7].

X)

fun vev ([1:%": ln‘st):ivd: st = L]
| rev (xzzxs) = ¢



(n rev : int list = nt list
REQ UIRES: +rue
ENSURES :  pev L retuvns a list

consishing of +he elements of L
n reverse order.,

Example: rev[79a] = [2,9,7],

X)

'pvw\ rev (L]:Wc l?s{): wmt st = [ ]
| rev (xszxs) = (vev xs) @ [x]



(x rev : int list = int list
REQ UIRES: 4rue
ENSURES :  pev L retuvns a lis?
consisting of +he elements of L
n reverse order.
Example: rev [79,a] = [a,9,7]

X)

Lun rev (['&:in{ l?s{): mt st = [ ]
| rev (xszxs) = (vev xs)® [x]

What is the Fime complexity?



(x rev : int list = it list
RER VIRES: +rue
ENSURES : prev L retuvns a lis?

consishing of +he elements of L
n reverse order.

Example: rev[792] = [2,9,7],

X)

fun vev (LT:tint bst):imt st = L]
| rev (xzzxs) = (vev xs)® [x]

Wka‘l’ 1 'H"e. -l-?me_ COMPkX; ?
O(n? >)

with n 4he number ofelements
n the. )"S't.



rev [1,3,3,4]
=3 (rev [2,3,u41) &[]
=5 ((vev [3,41)@ [21) ¥ [1]
=H((Crev 1) 2 131 O [21)& LT
= ((((rev 11 @ [41)D [ L])0)]
= ((( 1Ol & 1)@ [21) &[]
= (( @)@ lzh@ D]
= ((y: 23 @[21)20]
= (4 N[N D]
= ( [y312 L2V 1]

—> (L(::C‘S'&DC?I)@[‘I
=y (3 1R AT

= (4 (3 [21)0D01]

= (Y v2)eh]

:':7 ng-s)?l&r’l

= 4 Zslepfll

= aniauInall) o)

= v (e z

:% ;| (3:'.%2.:'.t|1:[3)£}) F:na//;)
=5 4 ) (2,17 [Y,32 J
= rd5LpoN / /=)




(# trev : Wt Gist # int list = int Not
REQUIRFS: true

ENSURES:  trev((,ace)

%) (rev L)@ ace




(* trev : Wt List « it list = it Nst
RERUIRFS: true
ENSURES: 'trev(L,acc)

*) _ (vev L-)-D acc

fum trev ([1:nt list ace sint Bist) : W Gt =
¢



(* trev : it Lst » int list = nt Wt
REQUIRFS: 4rue

ENSURES: 'trev((.,acc)

-_—

*) (rev )d ace

fun trev (L1t list, ace st st )t ik Vst =

Qcc



(* trev 1 Wt “':'l' * nt list = nt ot
REQUIRES: +rue
ENSURES: trev(L,acc)

%) (rev L)a) acc

fun trev ([1:mt list, ace :int st ) : ik Vst =

Qacc

| trev (xzzxs,@ce) = 7



(* trev : Wt lst & int list = int Wst
RERUIRFES : true

ENSURES: Zrev(L,acc)

| i

%) (rev L)@ acc

'Qum ‘tTQV ([1:‘\\#\‘& lis‘t) acc .“M'l' lisi) : iv\‘\‘ \\s'l'.:.-

Qcc

l trev (Xf»: xs)qc¢> - z‘rev (xs)x::q@



(* trev: it lst w ind list = int Net
REQUIRFS: true

ENSURES: trev(¢,acc)
”

[ e

*) . (rev 135) acc

'Qum trev ([ltin": ]is‘t, ace :wmt 'fs‘ll:) - iv\"’ \ist =

Qacc

, trev (X“ XS,‘“‘—) = Zrev (XS) X::qcc)

What is the Hime COMPIQ(;'b?



(* trev: wt list « int list > int Wt
REQUIRES: true
ENSURES: trev(L,acc)

-—

*) (rev L-;D ace

fun trev ([]:'m‘k lis‘t) acc :int lisf) s iwt Vst =

Qcc

| trev (xszxs,ace) = Zrev (xs, x:zacd)
What is the time comlalex;‘b?
O(n),

w‘r“« n the number oPelemeds
wm the Est | fs'f'.



«z;»rev([g\,a,'s,ﬂj) 1)
= +rev ([2,3,u], 1)
= trev ( [3,4], [2,11)
=5 trev (Y], [3,2)1] )
= trev (I, [43,30)
= [4,3,3,1]




Can now Rmplémen{' list reversa)

more e{ficient ‘j :

(x reverse : int list =3 int Vst »)
fun reverse (Liiwt list)iind Vist =

¢ ¢ C




Can vow ?mplemev\{’ \:S'E reveysal
more e,'?‘pi'c?eu*l" ‘j

(’K vrevevse : int list = it list %)

fun reverse (Liint list):int \ist:

+rev (L, LV)

trev (L,acc) = (rev L)Waec



Theorem

For all values L:int list and acc 1 int list
trev (L, acc ) = (rev L)Dacc.



During lecture:

We proved the theorem using structural induction.
See online notes for details.



T)’\Q‘Z' fS a//.

Have a 3oac( wee kkand,

See ‘dau TH?SAGJ :
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