Chapter 2

Memory-based System Classification

In this chapter, we study the methodology of the On-line MEmory-based GenerAl purpose sys-
tem classification technique (OMEGA). OMEGA combines a series of classifications in the
framework of likelihood analysis and hypothesis testing. In this chapter, we will introduce like-
lihood analysis and hypothesis testing first, then discuss efficiency issues. Afterwards, we will
summarize pre-processing method and briefly discuss alternative memory-based classification

and prediction methods.

2.1 Likelihood Analysis

As defined in the last chapter, a system classifier should estimate the underlying generator of a
set of observation signa@3,, under the assumption that the generator must be one of a finite
number of candidate systen$, ..., S,. For example, given a time series of a vehicle’s behavior

in traffic, Oy, the task of system classification is to tell the sobriety state of the d8yerssum-

ing that we have sufficient knowledge of the behavior of sober drivers, sleepy drivers and even

intoxicated ones.

Average residuals

If we treat a driver as a system, the outputs are the control actions of the driver: the positions

of the steering wheel and the gas and brake pedals. A driver chooses his control actions accord-
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ing to the state of the vehicle, the road condition and the traffic condition, as well as his previous
actions, hence the inputs of the system are the speed of the vehicle, its orientation, its distance
to the center of the road, the road curvature, the distances from the vehicle to the neighboring
ones in traffic, as well as the driver’s previous control of the steering angle and the gas/brake
throttle. Usually an observation sequence consists of a series of input-output datgpgints

Yqi}- Temporarily let's assume that at any time instant, the outgus fully controlled by the

inputXxy;. We will come back to this topic in Section 2.4.

We do not know which candidate system generated the observation seyghuelet’s guess
it is the first systemS;. Assuming somehow we have sufficient knowledge alSuso that
given a specific inpug, we can predict the outpu§/|S, . Sin€, consists of a series of data
points{Xy;, Ygit: I = 1, ..., Ng, if we pick up one inpukg; from them, we can predict the corre-
sponding output, y;i|81. If S, is indeed the real underlying generator ©f, yAqi|S1 is
expected to be close to the observed outypjitin other words, the smaller the residual between
yAqi|Sl andyy;, the more likely the unlabeled data poifxg;, yqi}, i=1, ..., Ny were generated
by S,. If there areN, data points irDg, we will getNy such residuals. We can use the average

of these residuals as a measure of the likelihood.

If there aren candidate systems, we can calculateuch averages of residuals. The smallest
one indicates the particular candidate system which is most likely to be the generator of the

unlabeled data point§;, Y}, i = 1, ..., N, or equivalently, the observation sequeQge

The average residual is a useful metric, but it treats every residual equally. This is not desirable,

because somey,;

SID 's have better quality than the others, and they should therefore have
stronger impact on the likelihood measurement. Hence, we explore the likelihood approach in

next subsection.
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Figure 2-1: A driving system with one delay and feedback.

Likelihood

From the Bayesian point of view, the system classification problem can be structured as calcu-
latingP($,| Og), p =1, ..., N; which is the probability that given an observation sequédge
the underlying generator is tipgh candidate system. The biggéX(S, | Og), pU {1, ..., Ng},

indicates the most likely system which generddgd

According to Bayes ruleR(S, | Og) is proportional toP(Oq | Sy), when the prior probability
P(S) is fixed. Let's assum@®g can be transformed into a set of data poifg;, yqit, i =1, ...,
Ng, S0 that temporal order is not important. If so, the following equations hold:

Nq Ng

P(Oq|Sp) = [ PO YailSp) = [T P(ail Spr %ai) P(%gi Sp) (2-1)
i=1 i=1

However, temporal order is important for most system because of the system’s delays and feed-
back. Figure 2-1 illustrates a symple driving system with one delay and feedback. For such a
systemP(yyi | Sy, Xgi) in Equation 2-1 should be changed®@y; | Sy, Xgis Xg,i-1- ¥g,i-1), because
the current system output is not only determined by the input at the moment, but also the delay
Xq,i-1 @nd the feedbackyy;_;. To be convenient, we us&;; to represent the conjunction g;,
Xq,i-1 andYg,i-1- POgi | Sp) should be changed ®(X;; | S, Xq,i-1)- The reason for the appear-

ance ofXg i1 is that the two components ¥;;: X i-1 andyg i1, may be partially dependent on




30 Chapter 2: Memory-based System Classification

their ancestorsxg ., andyy i.o. Theoretically,P(X;i | Sy) is no bigger thaP(Xy; | S, Xq,i-0):;
however, in practice, we find that in many cases that we can sub&iel S;) for P(X; [ S,
Xq,i-1)» @nd the classification results are still satisfactory. Therefore, for a system with one delay

and feedback, the following equations hold:

Nq Ng

3(Oq|S|O) = |_| P(yqi|Sp, Xqi)P(Xqi|Sp, Xq,i_l)z |_| P(yqi|Sp, Xqi)P(Xqi|Spj
i=1 i=1

(2-2)

Therefore, to calculate(S, | Og), an approach is to approxima®eX,; | ;) andP(yy;i | Sp, Xq)-

To explain their physical meanings, let’s study the driving domain again. Suppose we want to
distinguish a certain driver’s different driving behaviors under two sobriety conditions: sober
and intoxicated. We notice that corresponding to the same sceKgfithe driver's response
when he is intoxicated tends to be different from that when he is sober; in other words, facing
a certain situatiorXy;, the probability that the driver gives a certain respoygevhile he is
intoxicated, i.eP(Yg; | Sntoxicated Xqi), Mmay be different from the probability when he is sober,

i.€. P(Yqi | Ssober Xqgi)- Therefore, we believe that the probabilRgy,i | S, %) is a good metric

of the driver’s sobriety condition.

Besides, we also notice that an intoxicated driver may encounter situations which are not famil-
iar to him when he is sober. For example, an intoxicated driver may let his car be very close to
other vehicles in traffic, but when he is sober, the driver may realize that this situation is so dan-
gerous that he would try to avoid it. In other words, the probability that a sober driver encoun-
ters a certain scenarky;, i.e.P(Xyi | Ssope), may be different from the probability that he faces

the same situation when he is intoxicated, P4 | Sntoxicated- Notice that if a sober driver
intentionally does something new, our system classifier may misunderstand him as being
drunk. But, we do not have to blame our system classifier for that. Tom Hanks’ performance in

Forrest Gump is highly appreciated. Why? Because Tom mimicked the dummy’s behavior
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seamlessly. Hence, we believe that by combining the two probabil{eg; | ) andP(Yy; |
Sy Xqi)» We can have a good chance to distinguish the different underlying mechafjsms,
=12, ..,N

Let's assume we know how to approximd&eXy; | S,) andP(yyi | S, Xgi)- The details will be
covered by Section 4. To make the computation more convenient, usually we calcealaver-
age of the negative log likelihoadstead ofP(Oq | ). The average of the negative log likeli-

hood is defined as:

- 1
—I|k(Sp) = —N—Iog(P(Oq|Sp))
q
1 N
N il:ll (2-3)
g p Mo
=N z IogP(Xqi|Sp)—N— Z IogP(yqi|Sp, Xqi)
ql =1 q| =1

Notice —Iik(Sp) is a positive real number, because b, | S) andP(yyi | S, Xy) are
betweerD andl.

For the example in Figure 2-2, we were given a sequence of unlabeled observations of the driv-

ing behavior. The driver is unknown, but he must be one of five candidates: Tony, Larry, Curly,
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Moe and Groucho. Using all the 3,150 unlabeled data points, we calculated five averages of the
negative log IikelihoodT(Sp) p=1, ..., 5. Since OMEGA is an on-line approach, the 3,150
data points were not available at the early stage, we also studsylitdésp) with fewer data
points. Therefore, we have five curves in the picture, Xkexis is the number of data points
involved in the calculation oflik (S,) , th¥axis is—ik (S,) . At the very beginning, the val-

ues of-lik (Sp) are not reliable, because they were calculated using only a few data points; but
with more and more data points involved, thkiak(Sp) curves become more consistent. The
tails of the curves (to the right extreme) are tHé((Sp) based on all the 3,150 data points.
Among the five tails, the one closest to the horizontal axis indicates the generator of the obser-
vation sequences. In Figure 2-2, Groucho’s tail is closest tXthris, thus Groucho seems to

be the unknown driver.

2.2 Hypothesis Testing

Closely looking at the picture,—lik(Sp) of Groucho at the tail is 0.53, while that of Tony is
about 1.40. Since 0.53 looks significantly smaller than 1.40, we claim that Groucho, not any

other operator, seems to be the unknown driver.

However, we are not always lucky enough to be able to assign a unique candidate system to be
the generator 0@, It is possible that more than one candidate’s curves so close to each other
thatitis hard to tell which one is more likely to be the underlying generator. In Figure 2-3, Larry
and Tony'’s tails are very close to each other. LarFWSp) is 1.19, while Tony’s is 1.21.
Although Larry is a bit closer to the horizontal axis than Tony, we do not want to stake too much
on Larry to be the only probable operator. Instead we say that the observation seQyésice
confusing. Itis important to distinguish the confusing situation from the exclusive one; because
if the situation is confusing and we appoint a unique operator, we may end up with a severe

mistake.
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To strictly define a confusing situation, we need a threshold. If the gap between the lowest tail
and the second lowest one is beyond the threshold, the unique generator is easy to decide; oth-
erwise, the situation is confusing. A difficulty arises in that there does not exist a fixed threshold
applicable to any domain. For different domahW(Sp) are of differing scales, resulting in
different thresholds. Therefore, we resort to the statistisal sample hypothesis testing
method [Devore, 91]. For two candidate syst&psandS,,:

1. We calculate th&-test value from statistié's,

, . CK(S)ATK(S,))

2 2
JO2 /Ny + 02/ N

(2-4)

where op12 and 0p22 are the sample variance elfik(S,7) and 4ik(S,,) respectively,

defined as,

N
1 p _ 2
o) = N_pi;{ [—logP(Xyi| Sp) = 10gP(Yyi| Spr X ~ [k (S} . (2-5)

1.P(ygi | Sp: Xqi) are independently identifically distributed (iid). Although theoreticB(¥;; | S,) is not iid,
in practice, we roughly regard it as iid, and the hypothesis testing result is satisfactory.
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Np1 andNy, are the numbers of data points involved in the calculation of the likelihoods
of systemS;; andS,,. SometimedN,; andN,, are equal. However, this is not a require-
ment. The biggeN,; and/orN,,, the larger the absolute value of tHestatistic tends to

be.

2. The beauty of statisti£ is that its distribution is close to standard normal distribution if

Np1 and Ny, are big enough, due to Central Limit Theorem. In this way, we can find a

standard threshold for any domain and any observation sequence. We define this domain-

independent threshold &§. If Z < -Z,, §,; has more potential tha®,, to be the genera-
tor of the unlabeled observation seque@elf Z > Z; S, has more potential tha,,.
Otherwise, the observation sequence is confusing beyaedS,, are closely likely to

be its generator.

The value ofZ, depends on the significance lewelReferring to Figure 2-4, the smaller
the significance levek, the remoter the threshok, deviates from zero, then it is harder
for Zto be bigger tha#, or smaller thanZ,, so that maybe no candidate system is found
to be more competitive than all others to be the underlying genera@y. dtherefore, the

smallera is, the “pickier” we are.
P

Zy a

| L

Figure 2-4: The physical meaning of  Z;

In practice, the significance levelis pre-defined by the user of OMEGA, a#g can be

found by consulting the standard normal distribution table.

3. With more data points, the absolute value ofZlstatistic tends to be bigger, and it is eas-
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ler to distinguish the competitiveness of the various candidate systems. Therefore, in Fig-
ure 2-2 and 2-3, with more data points, the five curves become more separated. But the
redundant data points do not help to distinguidik (Sp) p =1, ..., 5any further; hence,

the curves become smooth and consistent afterwards.

2.3 Efficiency Issues

The efficiency of OMEGA is important for two reasons: (1) OMEGA is an on-line technique.
(2) Because OMEGA calculatedik (Sp) for every possible candidate system, suppose there

are one hundred candidate systeB|sS,, ..., S;00 OMEGA will repeat the likelihood calcu-

lation for one hundred times to getik(S;) , k(S50 . When there are numerous candi-

date systems, the computational cost may be prohibitively high even if the task is off-line.

There are three ways to improve the efficiency,

1. Eliminate non-promising candidate systems from consideration:

Recall that the crucial steps of system classification are to calcallidxtesp) , then com-
pare the—lik(Sp) of the variant candidate systems to eliminate the non-promising candi-
dates, and finally select the most likely one. T-Irl'tk(Sp) is calculated according to the

following equation:

Ng N,
—lik (S,) = —Ni Y |ogP(xqi|sp)—Ni > 10gP(Yqi| S Xgi)
9=1 gi'=1

In fact, it is unnecessary to consume all thg unlabeled observation data points to
approximateT(Sp) . With fewer data points, even only a single data point, we can still
do it. The problem is that with fewer data points, it is more difficult to distinguish a candi-
date from the others, referring to Section 2.2. But if some systems are far less promising
than the others, even with a limited number of data pointslits(S,) value is signifi-

cantly larger than the others’, so that they can be neglected afterwards.
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2. Speed up the calculation of the likelihoods:

Since -lik (S,) is decided bP(Xyi | Sp) and P(ygi | S, Xg), @ quick calculation or
approximation folP (X | $,) andP(yg;i | $,, Xgi) would improve the efficiency.

3. Focus on the promising candidates:

Even though we can eliminate unpromising candidate systems after a limited number of
observations, at the early stage there may still be a large number of candidate systems
involved in the processing. For example, if there are 10,000 candidate systems, perhaps
after 100 observation data points, we can decide 9,999 candidates are irrelevant. Suppose
that with fewer than 100 data points, no elimination can be performed and we have to cal-
culate—lik—(Sp) 10,000 times. To enhance the computational efficiency, it may be worth-

while to take a risk and focus on the more promising candidates from the beginning.

Compared withP(yyi | S, Xg), the computational cost d?(Xi | S,) is much cheaper.
Therefore, at the early stage with a limited numbe@f, y;), i =1, 2, ...,we can elimi-

nate those candidate systems whBg¥;; | Sy)'s are far lower than the others’. Of course

this selection may make mistakes, but in case there are too many candidate systems, the

risk is worthy of taking.

To implement the second and the third solutions, we neeldtieeetechnique, which will be
described in Chapter 5 and 6. A kd-tree re-organizes the memory of the training data points in
a tree structure and caches some useful information in the nodes. A kd-tree is useful in two
respects: (1) We can implement alternative memory-based learning methods with dramatically
less cost. Thus we can greatly enhance the efficiency of calcuRiggl S, Xy)- (2) When a
specific queryXy; is given, we can quickly retrieve all its neighboring training data points, so
as to approximatB (X, | S,) rapidly. Based on these two aspects, we can improve the efficiency

of approximating-lik (Sp) , as well as focus on the promising candidates from the beginning.
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Figure 2-5: An one-input-one-output system with feedbacks and
delays. The time order is important.

2.4 Pre-processing

In Subsection 2.1.2, we expand the input to include the delays and feedback so that the output
at a certain moment is fully determined by the expanded input at that moment. More generally,
for an one-input-one-output system illustrated in Figure 2-5, at time instdgt output is sim-

ply ¥, while the input consists o, X;_1, .., X.p, andyt.1, ..., f.q- Thus, the input space dimen-

sionality isp + q + 1.

If the time delay$ andq are not known via prior knowledge; we have to figure them out based
on empirical analysis of the observation data. Cross-validation, which is discussed in Chapter

7, is a useful technique to select the proper time delays.

It is straightforward to extend this method to transform time series with multiple input and/or
output variables. Itis not necessary for different input variables to have the same delay, nor like-
wise for the output variables. In the case where thereiamput variables, whose time delays
arepy, ..., Q,, and there are output variables witlg, ..., q, feedback variables, then the dimen-

sionality of the transformed data point’s inpup{st+ ... + p,+u+0d; + ... + g,
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The transformation of the time series data is not always necessary. Imagining a set of data
points { (x1, y1), (x2, y2), ..., (XT, yT) } are generated by a system which has no time delays
and feedback, the output yt is fully determined by xt, and xt is independent from the previous
ones, xt-1, xt-2, .... In this case, although the data points are collected as time passes, the order

of time is not important and we can shuffle the data points randomly.

However, a high dimensionality of the data points is always a concern. Especially those trans-
formed time series data points with expanded input tend to have a dimensionality which is pro-
hibitively high for the further OMEGA steps. This motivates the pre-processing: decreasing the

dimensionality of the input space.

Other alternatives may exist, but we choose two approaches: feature selection and Principal

Component Analysis (PCA).

Feature selection

In the driving domain, many variables affect our driving performance. While the distance
between our vehicle to the vehicle immediately in front of us is probably important, the dis-
tance from our vehicle to that one behind us may not be very important in most cases. There-

fore, we should consider eliminating the latter distance from the input vector.

To perform feature selection, we follogvoss-validatiorapproach again. The biggest concern

of cross-validation is the computational cost. Therefore, in Chapter 7, we explore ways to
improve its efficiency. Feature selection may not be very crucial in the driving domain due to
the large amount of prior knowledge. Feature selection is an important component of OMEGA,

as a general purpose toolkit.
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Principal component analysis

In the driving domain, although we have eliminated those irrelevant input variables based on
prior knowledge, the input dimension of the transformed data points may still be as high as 50,
(referring to Chapter 8 and Chapter 9). To reduce the dimensionality, we resort to Principal
Component Analysis (PCA) [Jolliffe, 86].

Each data point consists of two parts: input and output. Assume the input ¥estdtdimen-
sional. Without loss of generalitys can be represented as a linear combination of a sét of

orthonormal vectorb)y,

d

X= % zUy

k=1
With fixed orthonormal vectornd,, k = 1, ..., d different data points’ inputs have differing coef-
ficientsz, k=1,..., d If we carefully choos&J,, it is sometimes possible that the fiMtcoef-

ficients contains the most information, i.e.

d M d M
X = Z zU, = Z z U, + Z zU, = z z U,
k=1 k=1 k=M+1 k=1

If so, we can shrink the dimensionality ®ffrom d down toM. Notice that only when all the
data points satisfy the above equation, is PCA useful for compressing the dimensionality, as
illustrated in Figure 2-6 (a). In the two cases illustrated in Figure 2-6 (b) and (c), PCA does not

help.

In one of our experiments, PCA compressed the input dimensionality of the independent data
points from 50 dimensions to 3; and in another case, it helped to reduce from 36 dimensions to
8.2
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Figure 2-6: PCA can be used to compress the dimensionality of a set of data points. In (a),
after the transformation of the coordinates, the information along U, axis is no more
significant, so that the dimension is reduced from two to one. However, PCA may not be
useful for all cases. Although there obviously exist submanifolds in (b) and (c), the
conventional PCA does not help to reduce the dimensionality.

2.5 Memory-based learning

In this section, we discuss how to use memory-based learning methods to apprdX{rgdte

S) andP(yy | Sy, %g)- To do so, we need some knowledge of sysg&nMemory-based learning
methods assume that the knowledge about a sy§terames from a memory which consists

of the observation data points of this system’s previous behd{igf, Yp1), (X2, Yp2): - }

Again, these data points have been pre-processed so that temporal order is no longer important.

When there ara candidate systems, we will have at leasets of observation data points. The
memory contains all of them together. To distinguish the data points generated by different sys-
tems, each data is labeled by its generator. Suppogettheystem ha$l, memory data points

and there ara candidate systems, the size of memory wilNge+r N, + ... + N,

2. In first case, the loss of information is 14%. The second case loses 17%.
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Figure 2-7: Memory-based learning methods to approximate
P(xq [ Sp)and P(yq [ Sp, Xq)

A naive method

In Figure 2-7 theX-axis is the input of a system, thaxis is the output. Each dot represents a

data point of syster§,. There should exist data points generated by other systems in the mem-
ory, too. For example, the triangles are the data points of another system. The cross represents
the unlabeled data poi(ty, Yg), which is a component of the observation sequedgevhose

underlying generator is unknown.

To approximateP(xy | S,), we can simply count the number of the memory data point, of

(the dots) in the stripe shown in Figure 2-7. The stripe defines the neighboring regigritof

is a big concern to decide the boundaries of the stripe, but let’s temporarily assume that the
boundaries can be easily decided. Suppose the number of dots in the shijp@Nis= 27 in

this case), while the total number of dots in the whole memory spddg thenP(x; | §) can

be approximated &g / N,

To approximatd>(y, | S, Xy), we can simply count the number of dots in the square around the
unlabeled data poir{kg, Yg); in this case, the number is B(yy | Sy, X;) can be approximated

as the ratio 06 to Ny, the number of dots in the stripe.
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There is one question here: why do not we simply approxirRg(g, y,) | ), instead of
approximating two probabilitieB(x; | S,) andP(yy | Sy, Xg)? In fact, P((xy, ¥g) | S) can be
approximated as the ratio of the number of dots in the square to the total number of dots in the

whole memory space; in this case, the rat'ﬁ)ﬂ%.

Recall Equation 2-2 and 2-3, which are

Ng

P(Oq|Sp) = [ P(Yqi| Sp Xqi)P(Xqi[ Sp)
i=1

and

N, Ng
TK(S) =~ 3 100P(xy[S) ~ 1 5 10P (| Spr Xq)
9=1 9'=1
There are three advantages of decompoBi((gy, Yo) | S) into P(xy | ) andP(yq | S, Xg)-
First of all, we can try any machine learning methods to approxigig] S, Xg), for example
neural networks and Bayes networks. HerRfgy | S, Xg) is @ socket for alternative methods
to plug in. Second, the approximation B{(xy, Yg) | Sy) is an interpolation problem, but the
approximation oP(yy | S, Xg) can be extrapolation as well. Finally, the probabiffy, | S,
Xq) is about the function relationship between the system input and output. If we have some

domain knowledge of the syste®j, we can use them to improve the approximatiofPQf |

Sp %)

The goodness of the naive method is its simplicity. However, it is difficult to define the bound-
aries of the stripe and the square. If the stripe is too narrow and the square is too small, the
approximation of the probabilities will be too sensitive to the noise of the limited number of the
memory data points in the stripe and the square. Otherwise, if the stripe is too wide and the
square is too big, it is hard to tell the difference betwBex, | ;) andP((x;+ 9) | S), as well
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as the difference betwed(y, | S, Xg) andP((y;+€) | Sy, (Xt 0)). Besides, the inconsistency

of the distribution of the memory data points brings more troubles. In the case of Figure 2-7, if
we expand the stripe to be wider, the valudP@fy | S, Xq) will chance greatly. In fact, it will
become larger, because there are numerous memory data points residing just outside the bound-

aries.
Therefore, we consider Kernel density estimation, because it does not require any boundaries.

Kernel density estimation

Kernel density estimation does not neglect any data points in memory, so that every memory
data point is involved in the approximation Blx, | ;) andP(yq | S, Xy). However, higher
weights are assigned to those memory data points neighboring to the unlabeled dafgpoint
Yg), SO that the neighboring memory data points have stronger impact on the approximation of
P | Sp) andP(yy | S, %g). Conversely, remote memory data points have smaller weights,
therefore any single remote data points hardly has any influence on the approximation, but if
many remote memory data points express the same preference, the approximation will be

biased in their favor.

Using Kernel density estimatioR(x, | §) can be approximated as,

NP
P(Xq|Sp) = z W(Xla Xq)/Nq (2_6)

i=1
in whichN is the total number of data points in memory generateg,by; is the weight asso-
ciated with the’th one among them, usually defined as a Gaussian function of the Euclidean
distance fromg, to the concerned memory data point,

2

O % —%g| D

w( X, xq) = Const x exp# .
il

g (2-7)
0 2k,
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Figure 2-8: Kernel regression does not extrapolate.

Therefore, with respect to differery’s, the weights associated with an identical memory data
point may be different. The higher the Euclidean distdpge x|, the smaller the weighk,,
is thekernel width The higher the kernel width, the less the weights change with respect to dif-

ferent distances. There are many other possible definitions of the weight [Atkeson et al., 97].

P(Yy | $ %y can be approximated as,

No 0 oM 0
P(Yg|Sp Xg) = O WX, X)IV(Vir Vo)V O WX, Xo)O (2-8)
Q| P’ q qzl q q 0 QZ]_ q 0

V(Y;, Y is also a weighting function but with respect to the Euclidean distanfje/ofy||. If

y's value is continuous, it is fine to defimgy;, y,) as a Gaussian function in a way similar to
Equation 2-7. However, whenis discrete or categorical, we should be more careful. For exam-
ple, whery is boolean, the weighting functimy;, y,) can be defined as,

! Wheny; =y,

v(V, =0
(y, yq) o Otherwise

Kernel density estimation is useful in many cases, its drawback is that it is only good for inter-

polation, it does not extrapolate. This is not desirable for the approximatiﬁlﬁygﬂ S %)
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Referring to Figure 2-8(a), suppose we want to approxim@ig| S, Xq), while (xg, yg) locates

at the position of the cross, intuitively it should be fairly large because it is on the “trend” of
the memory data points. However, Kernel density estimation’s results will be smaller than they
should be. Kernel density estimation does not extrapolate in both continuous case and categor-

ical one. Figure 2-8(b) shows the similar problem in a categorical case.

Locally weighted linear and logistic regressions

Locally weighted linear regression is applicable for both interpolation and extrapolation.
Although in many cases, the relationship between the input and the output is more complicated
than linear, in any local region, sometimes the relationship can still be approximated as a linear
one, illustrated in Figure 2-9. Locally weighted linear regression is a popular memory-based

learning method. But it works only when the outpig continuous.

The counterpart of locally weighted linear regression for cases when the gugpdiscrete or
categorical is locally weighteldgisticregression. Logistic regression has been explored by the
statistical community since 1970’s. We improve this technique by following a locally weighted
paradigm, so that in the toolkit of memory-based learning method, we have a more reliable

classifier.

v

Query 1 Query 2 Query 3 /

-

Figure 2-9: Locally weighted linear regression can approximate non-linear functional
relationship. It works for both interpolation and extrapolation. The pairs of horizontal
bars indicate the variance.
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Similar to the principle of locally weighted linear regression, locally weiglhbgdstic regres-

sion assumes the relationship between the input and output in any local region can be approx-
imated in a form of a simple function. But unlike locally weighted linear regression, which
assumes the local relationshipliisear, locally weighted logistic regression approximates the
local relationship in the form of gistic function of a linear combination of inputs. Logistic
functions are also referred to sigmoidfunctions, which are monotonic continuous functions

between zero and one. The details will be discussed in Chapter 4.

Approximate P(yy | $, Xq) using regression methods

Kernel regression is good enough to approxinf2(g, | S,). In this subsection, we focus on
how to use the regression methods to approxirRyg | S, Xq). We discuss this issue in three

cases according to the different distribution typeg,of

1. Suppose the conditional distributionygfgiven a specifigy is Gaussian, i.e.,

2
(yq_ E(yq|Spa Xq)) E

P(y,|S, X,) =
q| P g 205 C

0
expd
0

1
Jﬁoq

in which E(yy | S, %) can be predicted using locally weighted linear regression tech-

nique, the variancerq2 can be approximated as,
2=V S, x,) = E(Y|s E°(y,|S
O-q - ar (yq| p’ Xq) - (yq| p’ Xq) - (yq| p’ Xq)'

When the conditional distribution of; is continuous andni-modal we will always treat

it as a Gaussian distribution. Therefore, the above method is applicable for many cases.

2. When outpuyy is discrete or categorical, we can approxim(g, | S,, xg) using locally

weighted logistic regression.
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3. When outpuy is continuous, but with multiple modes, there are two approaches. First,
we can use the techniques like [King et al., 96] to perform the distribution approximation.
But this approach still relies on some prior knowledge of the distribution. Second, as a
general purpose approach, we can discretizes the output so as to employ the logistic

regression approach described in last paragraph.

For example, suppose the outpytis continuous within [0, 10). Regardless of whether
y's distribution is uni-modal or multi-modal, we discretize it into five equal-sized bins; so
that wheny,'s value is between [0, 2), we transform it into a categorical value, (1, 0, 0, O,
O)T. Whiley is between [2, 4), the corresponding categorical value is (0, 1, O,T.(],\IG)N

we can use locally weighted logistic regression to approxiP@te S, xg)-

However, the discretization approach has two problems. First, in the example Bigpyve,
=2.9 S, %) andP(yg = 3.5| §,, Xy) will be identical, becausg, = 2.5 andyy = 3.5 are in
the same bin. Therefore, the varianc®@f | S, %) increases with fewer bins.

Second, increasing the discretization resolution causes increased loss of information. For
example, as categorical values, both (0, 1, 0, 0, 0) and (0, 0O, 1, 0, 0) are differing from (1,
0, 0, 0, 0), but one cannot tell that (0, 1, 0, 0, 0) is closer to (1, O, 0, 0, 0) than (0, 0, 1, O,
0). Thus, we retain the information tHa€y, = 1.0| S, X;) andP(yg = 3.9] S, X;) are both
different fromP(yg = 4.0] S, Xg), but lose the information tha(y, = 3.9 S,, Xy) and

P(yg = 4.0] S, X) are closely related to each other

Overall, we still suggest the discretizing method as a general purpose approach. In our experi-
ments in Chapters 3, 8 and 9, we discretized the outputs into 8 or 10 categories, and found the

results to be satisfactory.
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2.6 Summary

In this chapter, we introduce the main steps for system classification: pre-processing, predic-
tion, likelihood calculation, and hypothesis testing. In addition, we discuss three ways to

improve the efficiency.

This chapter is the framework of OMEGA technique, although we mention other relevant top-
ics, i.e. feature selection, logistic regression-based classifier and kd-tree technique. We will dis-

cuss these topics in depth in later chapters.

The next chapter discusses an experiment, demonstrating the usefulness of OMEGA system.
More complicated experiments will be discussed in Chapter 8 and 9, after we have finished the

discussion on feature selection, logistic regression, and kd-tree.
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