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Abstract— An increasedlevel of autonomyis critical for
meetingmany of thegoalsof advancedplanetaryrover mis-
sionssuchasNASA's 2009Mars ScienceLab. Oneimpor-
tant componentof this is stateestimation,and in particular
fault detectionon-boardtherover. In this paperwe describe
the resultsof a projectfundedby theMarsTechnologyPro-
gramat NASA, aimedat developingalgorithmsto meetthis
requirement.Wedescribeanumberof particle�ltering-based
algorithmsfor stateestimationwhich we have demonstrated
successfullyon diagnosisproblemsincluding the K-9 rover
at NASA AmesResearchCenterandthe Hyperionrover at
CMU. Becauseof the closeinteractionbetweena rover and
its environment,traditionaldiscreteapproachesto diagnosis
are impracticalfor this domain. Thereforewe model rover
subsystemsashybrid discrete/continuoussystems.Thereare
threemajor challengesto make particle �lters work in this
domain. The �rst is that fault statestypically have a very
low probability of occurring,so thereis a risk that no sam-
pleswill enterfault states.The secondissueis copingwith
the high-dimensionalcontinuousstatespacesof the hybrid
systemmodels,andthethird is theseverelyconstrainedcom-
putationalpoweravailableon therover. Thismeansthatvery
few samplescanbeusedif we wish to trackthesystemstate
in real time. We describea numberof approachesto rover
diagnosisspeci�cally designedto addressthesechallenges.
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1. INTRODUCTION

This paperreportsthe resultsfrom a study doneas part of
NASA'sMarsTechnologyProgramentitled“Real-timeFault
DetectionandSituationalAwarenessfor Rovers” . Themain
goal of this projectwasto develop anddemonstratea fault-
detectiontechnologycapableof operatingon-boarda Mars
rover in real-time.

Fault diagnosisis a critical taskfor autonomousoperationof
systemssuchasspacecraftandplanetaryrovers. The diag-
nosisproblemis to determinethestateof a systemover time
given a streamof observationsof that system. A common
approachto this problemis model-baseddiagnosis[3], [4],
in which theoverall systemstateis representedasanassign-
mentof a mode(a discretestate)to eachcomponentof the
system.Suchan assignmentis a possibledescriptionof the
currentstateof thesystemif thesetof modelsassociatedwith
themodesis consistentwith theobservedsensorvalues.An
examplemodel-baseddiagnosissystemis Livingstone[24],
which �e w on theDeepSpaceOnespacecraftaspartof the
RemoteAgent Experiment [15] in May 1999. In Living-
stone,diagnosisis doneby maintaininga candidatehypothe-
ses(in othersystemsmorethanonehypothesisis kept)about
the currentstateof eachsystemcomponent,andcomparing
thecandidate's predictedbehaviour with thesystemsensors.
Traditional approachesoperateon discretemodelsand use
monitors to translatecontinuoussensorreadingsinto discrete
values.Themonitorsaretypically only usedoncethesensor
readingshave settledon a consistentvalue,andhencethese
systemscannotgenerallydiagnosetransientevents.

For many applications,e.g.planetaryrovers,thecomplex dy-
namicsof the systemmake reasoningwith a discretemodel
inadequate.This is becausetoo �ne a discretizationis re-
quiredto accuratelymodelthesystem;becausethemonitors
would needglobal sensorinformation to discretizea single
sensorcorrectly;andbecausetransienteventsmustbediag-
nosed.To overcomethis we needto reasondirectly with the
continuousvalueswereceive from sensors:Ourmodelneeds
to beahybrid system.



A hybrid systemconsistsof a setof discretemodes, which
representfault statesor operationalmodesof thesystem,and
a set of continuousvariableswhich model the continuous
quantitiesthataffect systembehaviour. We will usetheterm
stateto refer to the combinationof these,that is, a stateis
a modeplus a valuefor eachcontinuousvariable,while the
modeof a systemrefersonly to thediscretepartof thestate.
For example,consideramotor. It canbeidle or powered,and
hasa numberof fault modessuchashaving a faulty encoder.
Thesecorrespondto thediscretepartof themodel.It alsohas
continuousstate,suchasits runningspeed,thecurrentpow-
eringit, andsoon. In eachdiscretemode,thereis asetof dif-
ferentialequationsthatdescribetherelationshipbetweenthe
variouscontinuousvalues,andthe way thosevaluesevolve
over time. Thereis alsoa transitionfunction that describes
how the systemmovesfrom onemodeto another. In many
cases,notall of thehybrid systemwill beobservable.There-
fore, we also have an observation function that de�nes the
likelihoodof an observation given the modeandthe values
of the continuousvariables. All theseprocessesare inher-
ently noisy, andthe representationre�ects this by explicitly
includingnoisein thecontinuousvalues,andstochastictran-
sitionsbetweensystemmodes.Wedescribeourhybrid model
in moredetailbelow.

The complex dynamicsof the rover, alongwith its interac-
tion with an extremelycomplex, poorly modeled,andnoisy
environment—thesurfaceof Mars—makesit verydif�cult to
determinethetruestateof therover at any point in time with
certainty. To combatthis, we advocatediagnosisalgorithms
thatexplicitly representuncertaintyateverypoint,thusallow-
ing controlof therover to reasonabouttheuncertaintywhen
selectingactionsto perform.This is extremelyimportantfor
therover asactionsthatappeargoodfor themostlikely state
maybecatastrophicif therover turnsout to bein anotherof
its possiblestates.Explicitly representinguncertaintyabout
statealsomakesdiagnosiseasieraswe automaticallyhave a
setof alternatestateswhena new observationis inconsistent
with themostlikely stateor states.

To representuncertaintyabout the state of the rover, the
diagnosis algorithms we will present maintain a belief
distribution—a probability distribution over the statesthe
rover could be in. To maintain this distribution, the al-
gorithms will perform Bayesianbelief updating. In this
approach,we begin with a prior probability distribution
P(S0) = � that representsour initial beliefsaboutthe state
of the system,and as a sequenceof observations y1:t are
madeof the system,we updatethe distribution to produce
P(St j� ; y1:t ), theprobabilityat time t of eachstategiventhe
prior andtheobservations.Unfortunately, aswe will seebe-
low, doingthiscomputationexactly is computationallyinfea-
sibleon-boardtherover, sowemustapproximateit.

We will approximateBayesianbelief updatingusinga par-
ticle �lter [10], [6]. A particle�lter approximatesthebelief
distributionusingasetof pointsamples.In contrast,thepop-

ularKalmanFilter (seefor example[7]) approximatesthedis-
tribution by a singleGaussiandistribution. Theparticle�lter
hasanumberof importantadvantages:

� It canbe appliedmoreeasily to hybrid models. The par-
ticle �lter simply maintainsa discreteand continuousstate
for everysample,sothewholeis adistributionover thecom-
pletemodel. Banksof Kalman�lters—one for eachdiscrete
state—canalsobeused,but thereis no simpleway to deter-
minethecontributionof each�lter to theoverall distribution.
� It can representnon-Gaussiandistributions. This al-
lows modelswith non-linearcontinuousdynamicsandnon-
Gaussiannoise.As we shallsee,theseareimportantconsid-
erationsfor theroverdomain.
� It caneasilybe adjustedto availablecomputation,simply
by increasingor decreasingthenumberof samples.This can
bedoneon the�y asthealgorithmis running.

The essenceof the particle�lter approachis to simulatethe
behaviour of the system.Eachsamplepredictsa future be-
haviour of thesystemin aMonte-Carlofashion,andthesam-
plesthatmatchtheobservedsystembehaviour arekept,while
onesthat fail to predicttheobservationstendto die out. We
describethebasicparticle�lter algorithmin Section2.

The new algorithmswe have developedfor this projectare
motivatedby a numberof problemswith applyingthe stan-
dardparticle�lter to diagnosisproblems:

1. Very low prior fault probabilities: Diagnosisproblems
areparticularlydif�cult for approximationalgorithmsbased
on samplingbecausethe low probabilitiesof transitionsto
fault statescanleadto incorrectdiagnosesbecausethereare
nosamplesin astateeventhoughit hasanon-zeroprobability
of occurring.
2. Restricted computational resources:For spaceapplica-
tions,computationtimeis oftenatapremium,particularlyfor
on-boardreal-timediagnosis.For this reason,diagnosismust
beasef�cient aspossible.
3. High dimensionalstatespaces:As thedimensionalityof
a problemgrows, the numberof samplesrequiredto accu-
ratelyapproximatetheposteriordistribution grows exponen-
tially.
4. Non-linear stochastic transitions and observations:
Many algorithmsarerestrictedto linear modelswith Gaus-
siannoise. Our domainsfrequentlybehave non-linearly, so
wewouldpreferanalgorithmwithout this restriction.
5. Multimodal systembehaviour: Evenin asinglediscrete
mode,theobservationsareoftenconsistentwith severalval-
uesfor the continuousvariables,andso multi-modaldistri-
butions appear. For example,when a rover is commanded
to accelerate,we areoftenuncertainaboutexactly whenthe
commandis executed.Differentstarttimesleadto different
estimatesof currentspeed,andhenceamulti-modaldistribu-
tion.

While theselasttwo pointsarenotaproblemfor thestandard
particle�lter , many of the moreef�cient particle�lter vari-



antsrely on assumptionsinconsistentwith them. Sincenon-
lineardynamicsandmultimodalbehaviour oftenoccurin our
domains,wewould like to takeadvantageof theef�ciency of
theseapproacheswithout their representationalrestrictions.

In this reportwe presentthreealgorithmseachdesignedto
addresssomeof theseproblems. The threealgorithmsare
all somewhat complementary, in the sensethat ideasfrom
all threecanbe combinedinto a singlesystem. In Section
3 we presentthe risk-sensitive particle �lter , an algorithm
motivatedby Problem1. Section4 looksat Problems2 and
3, applyingan approachbasedon abstractionin which sys-
temstatesareaggregatedtogetherin a hierarchy, andthefull
complexity of the individual statemodelsis only looked at
in detail if thereis suf�cient evidencethat the rover is actu-
ally in thatstate.Thethird algorithmwepresentis motivated
by Problems1 and2, andis basedon therecentlydeveloped
Rao-Blackwellizedparticle�lter . However, thatalgorithmis
restrictedto linear-Gaussianmodels. We presentthe Gaus-
sianparticle�lter , which removesthis restriction,thustack-
ling Problems4 and5 aswell. We concludein Section6 and
describeplannedfuturework on puttingall thesetechniques
together, andwaysto make moreprogresson Problem3, the
least-welladdressedby ourcurrentalgorithms.

Hybrid SystemsModeling

Following [8] and[13], wemodelthesystemto bediagnosed
asadiscrete-timeprobabilistichybrid automaton(PHA):

� Z = z1; : : : ; zn is thesetof discretemodesthesystemcan
bein.
� X = x1; : : : ; xm is the set of continuousstatevariables
which capturethe dynamicevolution of the automaton.We
write P(Z0; X 0) for theprior distributionoverZ andX .
� Y is thesetof observablevariables.We write P(Yt jzt ; x t )
for thedistributionof observationsin state(zt ; x t ).
� Thereis a transitionfunctionthatspeci�es:

P(Z t jzt � 1; x t � 1)

theconditionalprobabilitydistribution over modesat time t
giventhat thesystemis in state(z; x) at t � 1. In somesys-
tems,this is independentof thecontinuousvariables:

P(Z t jzt � 1; x t � 1) = P(Z t jzt � 1)

� We write P(X t jzt � 1; x t � 1) for the distribution over X at
time t giventhatthesystemis in state(z; x) at t � 1.

We denotea hybrid stateof thesystemby s = (z; x), which
consistsof a discretemodez, andanassignmentto thestate
variablesx.

Diagnosisof a hybrid systemof this kind is determining,at
eachtime-step,thebeliefstateP(St jy1:t ), a distribution that,
for eachstates, givestheprobabilitythats is thetruestateof
thesystem,giventheobservationssofar. In principle,belief
statetrackingis aneasytask,which canbeperformedusing

theforward passequation:

P(st jy1:t ) = � P(yt jst )
Z

P(st jst � 1)P(st � 1jy1:t � 1)dst � 1

= � P(yt jzt ; x t )Z
P(x t jzt ; x t � 1)P(zt jzt � 1; x t � 1)P(st � 1jy1:t � 1)dst � 1

where� is a normalizingconstant.Unfortunately, comput-
ing the integral exactly is intractablein all but the smallest
of problems,or in certainspecialcases. The most impor-
tant specialcaseis a unimodallinear modelwith Gaussian
noise.This is solvedoptimallyandef�ciently by theKalman
�lter (KF). We describetheKF below; then,we weaken the
modelrestrictionsanddescribealgorithmsfor moregeneral
models,suchasParticleFiltersandRao-BlackwellizedParti-
cle Filters. We endwith themostgeneralproblemfor which
weproposetheGaussianParticleFilter.

2. HYBRID DIAGNOSIS USING PARTICLE
FILTERS

Whenthesystemwe want to diagnosehasonly onediscrete
mode,lineartransitionandobservationfunctionsfor thecon-
tinuousparametersandGaussiannoisethereexists a closed
form solutionto the trackingproblem. In this case,the be-
lief stateis a multivariateGaussianandcanbecomputedin-
crementallyusing a Kalman �lter (KF). At eachtime-step
t the Kalman�ltering algorithmupdatessuf�cient statistics
(� t � 1; � t � 1), prior meanandcovarianceof the continuous
distribution, with the new observation yt . We omit details
andthe Kalmanequationshere,andrefer interestedreaders
to [7].

TheKalman�lter is anextremelyef�cient algorithm. How-
ever, in the caseof non-lineartransformationsit doesnot
apply; good approximationsare achieved by the extended
Kalman�lter (EKF) andtheunscentedKalman�lter (UKF)
with the UKF generallydominatingthe EKF [22]. Rather
than using the standardKalman �lter updateto compute
the posteriordistribution, the UKF performsthe following:
Given an m-dimensionalcontinuousspace,2m + 1 sigma
pointsarechosenbasedon the a-priori covariance(see[22]
for details). The non-linearsystemequationis thenapplied
to eachof thesigmapoints,andthea-posterioridistribution
is approximatedby a Gaussianwhosemeanandcovariance
arecomputedfrom thesigmapoints.ThisunscentedKalman
�lter updateyields an approximationof the posteriorwhose
error dependson how different the true posterioris from a
Gaussian.For linearandquadratictransformations,theerror
is zero.

Particle Filters

While the successof the above approachesdependon how
strongly the belief stateresemblesa multivariateGaussian,
theparticle �lter (PF)[10] is applicableregardlessof theun-
derlying model. A particle �lter is a Markov chain Monte
Carloalgorithmthatapproximatesthebelief stateusinga set



1. For N particlesp( i ) , i = 1; : : : ; N , samplediscretemodesz( i )
0 , from theprior P(Z0).

2. For eachparticlep( i ) , samplex ( i )
0 from theprior P(X 0jz( i )

0 ).
3. for eachtime-stept do
(a) For eachparticlep( i ) = (z( i )

t � 1; x(i ) t � 1) do
i. Sampleanew mode:

ẑ( i )
t � P(Z t jz

( i )
t � 1)

ii. Samplenew continuousparameters:

x̂ ( i )
t � P(X t jẑ

( i )
t ; x ( i )

t � 1)

iii. Computetheweightof particlep̂( i ) :

w( i )
t  P(yt jẑ

( i )
t ; x̂ ( i )

t )

(b) ResampleN new samplesp( i ) = (z( i )
t ; x ( i )

t ) where:P(p( i ) = p̂(k ) ) / w(k )
t = w ( i )

tP N
k =1 w ( k )

t

Figure 1. Theparticle�ltering algorithm.

of samples(particles),andkeepsthe distribution updatedas
new observationsaremadeovertime. ThebasicPFalgorithm
is shown in Figure1. To updatethebelief distribution given
a new observation, the algorithm operatesin threestepsas
follows:

The Monte Carlo step: This stepconsidersthe evolution
of the systemover time. It usesthe stochasticmodelof the
systemto generatea possiblefuturestatefor eachsample.In
our hybrid model(andFigure1), this is performedby sam-
pling adiscretemode,andthenthecontinuousstategiventhe
new mode.
The reweightingstep: Thiscorrespondsto conditioningon

theobservations.Eachsampleis weightedby the likelihood
of seeingthe observationsin the (updated)staterepresented
by the sample. This stepleadssamplesthat predict the ob-
servationswell to have high weight,andsamplesthatareun-
likely to generatetheobservationsto have low weight.
The resampling step: To producea uniformly weighted

posterior, we thenresampleasetof uniformly weightedsam-
plesfrom the distribution representedby the weightedsam-
ples.In this resamplingtheprobabilitythatanew sampleis a
copy of a particularsamples is proportionalto theweightof
s, so high-weightsamplesmay be replacedby several sam-
ples,andlow-weightsamplesmaydisappear.

At any time t, thePFalgorithmapproximatesthetrueposte-
rior beliefstategivenobservationsy1:t by asetof samples(or
particles):

P(Z t ; X t jy1:t ) � P̂(Z t ; X t jy1:t )

=
1
N

NX

i =1

w( i )
t � (Z t ;X t ) ((z( i )

t ; x ( i )
t ))

wherew( i )
t , z( i )

t andx ( i )
t areweight,discretemodeandcon-

tinuousparametersof particlep( i ) at time t, N is thenumber
of samples,and� x (y) denotestheDiracdeltafunction.

Particle �lters have a numberof propertiesthatmake thema
desirableapproximationalgorithmfor diagnosis.As we said
above, unlike the Kalman�lter , they canbe appliedto non-
linear modelswith arbitraryprior belief distributions. They
are also contract anytimealgorithms,meaningthat if you
specifyin advancehow muchcomputationtime is available,
a PFalgorithmcanestimatea belief distribution in theavail-
abletime—bychangingthenumberof samples,youtradeoff
computationtime for the quality of the approximation. In
fact, the computationalrequirementsof a particle �lter de-
pendonly on the numberof samples,not on the complexity
of themodel.

Unfortunately, aswesaidin theintroduction,diagnosisprob-
lems have somecharacteristicsthat make standardparticle
�ltering approacheslessthan ideal. In particular, on-board
diagnosisfor applicationssuchas spacecraftand planetary
roversmustbe performedusingvery limited computational
resources,andtransitionsto fault modestypically have very
low probabilityof occurring.This secondproblemleadsto a
form of sampleimpoverishment, in whichmodeswith a non-
zeroprobabilityof beingtheactualstateof thesystemcontain
no samples,andarethereforetreatedby theparticle�lter as
having zeroprobability. This is particularlyaproblemfor di-
agnosis,becausetheseareexactly thestatesfor whichweare
mostinterestedin estimatingthelikelihood.Therehavebeen
a few approachesto tacklingthis issue,mostnotably[5] and
[17].

Anothertraditionalproblemof particle�lters is thatthenum-
berof samplesneededto copewith high dimensionalcontin-
uousstatespacesis enormous.Especiallyin thecaseof high
noiselevelsandwidespreaddistributions,approximationsvia
samplingdo not yield goodresults.If it is possibleto repre-
sentthe continuousvariablesin a compactway, e.g. in the
form of suf�cient statistics,thisgenerallyhelpsby greatlyre-
ducingthe numberof particlesneeded.In the next section,



we introduceone instanceof this, the highly ef�cient Rao-
BlackwellizedParticleFilter whichonly samplesthediscrete
modesandpropagatessuf�cient statisticsfor thecontinuous
variables.

3. RISK-SENSITIVE PARTICLE FILTERS

Oneway to think aboutProblem1 in our list, the presence
of very low-probability fault transitions,is in termsof risk.
Thereasonthesetransitionsareaseriousconcernin fault de-
tection,but muchlessso in otherapplicationsof particle�l-
ters,is thefactthatthelow-probabilitytransitionscorrespond
to faults,the very thing we aremostinterestedin detecting.
The occurrenceof faults hasthe potential for greatrisk to
therover, becausea perfectlyreasonableactionin a nominal
modeof roverbehaviour maybecatastrophicif anundetected
fault hasoccurred.

RSPFs[20], [17] incorporatea modelof costwhengenerat-
ing particles.This approachis motivatedby theobservation
thatthecostof not trackinghypothesesis relatedto risk. Not
trackinga rarebut risky statemayhave a high cost,whereas
not tracking a rare but benignstatemay be irrelevant. In-
corporatinga costmodel into particle�ltering improvesthe
trackingof statesthataremostcritical to theperformanceof
therobot.

Faults are low-probability, high-costevents. The classical
particle�lter generatesparticlesproportionalonly to thepos-
terior probabilityof anevent. Monitoring a systemto detect
andidentify faultsbasedonastandardPFthereforerequiresa
very largenumberof particlesandis computationallyexpen-
sive. RSPFgeneratesparticlesby factoringin thecost.Since
faultshaveahighcost,eventhoughthey havealow probabil-
ity, a smallernumberof particlesthanthePFmaybeusedto
monitortheseeventsbecausetheRSPFensuresparticleswill
begeneratedto representthem.

Thecostfunctionassignsareal-valuedcostto statesandcon-
trol. The control selected,given the exact state,resultsin
the minimum cost. The approximatenatureof the particle
representationmay result in sub-optimalcontrol and hence
increasedcost.Thegoalof risk-sensitive samplingis to gen-
erateparticlesthat minimize the cumulative increasein cost
dueto theapproximateparticlerepresentation.This is done
by modifying theclassicalparticle�lter to generateparticles
in a risk sensitive manner, whererisk is de�ned asa function
of the costand is positive and �nite. Given a suitablerisk
function r (d), a risk-sensitive particle �lter generatesparti-
clesthataredistributedaccordingto theinvariantdistribution,

 t r (zt ) P(zt ; x t jy1:t ) (1)

where, t is a normalizationconstantthatensuresthatequa-
tion (1) is a probabilitydistribution. Insteadof usingjust the
posteriordistribution to generatethe particles,a productof
therisk timestheposterioris used.To achieve this, two mod-
i�cations aremadeto thePFalgorithmfrom Figure1. First,

Figure 2. TheHyperionrover.

theinitial setof particles(step1) is generatedfrom:

 0 r (z0) P(Z0)

andtheequationin step3(a)iii is replacedwith:

w( i )
t =

r (x̂ ( i )
t )

r (x ( i )
t � 1)

P(yt jẑ
( i )
t ; x̂ ( i )

t )

Thesesimple modi�cations result in a particle �lter with
particlesdistributedaccordingto  t r (zt )P(zt ; x t jy1:t ). The
choiceof risk function is important.For theexperimentsre-
portedbelow, the risk function wascomputedheuristically.
Thrunet. al. in [17] presenta methodfor obtainingthis risk
functionvia aMarkov decisionprocess(MDP) thatcalculates
theapproximatefuturerisk of decisionsmadein a particular
state.Althoughwe don't presentit here,a similar approach
to biasingtheproposaldistributionappearsin [5].

Results:Risk-SensitiveParticle Filter

The Hyperionrobot [23], �gure 2, wasthe platform for the
experimentwith the RSPF. In a simulationof Hyperion,we
explicitly introducedfaultsandrecordeda sequenceof con-
trolsandmeasurementsthatwerethentrackedby aRSPFand
a standardPF. In the experimentthe robot wasdriven with
a variety of differentcontrol inputs in the normaloperation
mode.For this experiment,themeasurementsweretherover
pose(x; y; � ) andsteeringangle.At the17th timestep,wheel
#3 becomesstuckandlocked againsta rock. The wheel is
then driven in the backward direction, �xing the problem.
Therobotreturnsto thenormaloperationmodeandcontinues
to operatenormallyuntil thegearon wheel#4 breaksat the
30th timestep.Figure3showstheresultsof trackingthestate
with aclassicalparticle�lter andwith theRSPF;only thedis-
cretestateestimatesareshown. Eachcolumnrepresentstests
with differentsamplesizes(100, 1000,10,000and100,000
samplesrespectively from left to right). We don't show re-
sultswith theRSPFfor 100,000samplessincetheresultsare
alreadyaccuratefor smallersamplesizes. In eachof these
�gures, alongthex-axisis time. Thetop row shows themost
likely discretestateestimatealongthey-axis.Thefaultsrep-
resentedby thenumbersarelistedin the�gure caption.Even
with 100,000particlesin theclassical�lter , Figure3(a),there
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Figure 3. (a) Resultswith a simpleparticle�lter . Here(1) normal,(2) wheel1 or wheel2 motoror gearbroken, (3) wheel3
broken, (4) wheel4 broken, (5) wheel1 stuck,(6) wheel2 stuck,(7) wheel3 stuck,(8) wheel4 stuck,(9) wheel3 gearbroken,
(10)wheel4 gearbroken(b) Resultswith aRSPF

is a slight lag in fault detection. With smallersamplesizes
themostlikely stateestimatenever transitionsfrom thenor-
mal state.Occasionallyparticledo jump to fault states,(see
column2), but the sampleimmediatelydiessinceit did not
jump to the correctfault state. With the RSPF, Figure3(b),
themostlikely statescapturethetruefaultstatesfor asfew as
a 100samples.Row two in the�gures shows thevariancein
the discretestateestimate.It containsthe sameinformation
asin row one,but makesclearthatwith theclassical�lter the
samplesarein thenominalstatealmostall the time. Row 3
shows themeansquarederrorusing1-0 loss;it demonstrates
thattheRSPFhasalow errorwith 100samplesandzeroerror
with largernumbersof samples.Theclassical�lter hasmax-
imum error whenever thereis a fault. In addition,we also
show thevariancein theerror in Figure3(b) to demonstrate
thattheRSPFconsistentlyprovidesestimateswith low error.

4. VARIABLE RESOLUTION PARTICLE FILTER

As we said in the introduction,a well known problemwith
particle �lters is that a large numberof particlesare often
neededto obtaina reasonableapproximationof theposterior
distribution. For real-timestateestimationmaintainingsucha
largenumberof particlesis typically not practical(Problems
2 and3 on our list). In this section,we presentthe variable
resolutionparticle �lter [21], which addressesthis problem
by tradingoff biasandvariance.Theideais basedon theob-
servation that thevarianceof theparticlebasedestimatecan
behigh with a limited numberof samples,particularlywhen
theprocessis not very stochasticandpartsof thestatespace
transitionto otherpartswith very low, or zero,probability.
Considerthe problemof diagnosinglocomotionfaultson a

robot. The probability of a stalledmotor is low andwheels
on the samesidegeneratesimilar observations. Motors on
any of thewheelsmaystall at any time. A particle�lter that
producesan estimatewith a high varianceis likely to result
in identifying somearbitrary wheel fault on the sameside,
ratherthanidentifying thecorrectfault.

Thevariableresolutionparticle�lter introducesthenotionof
anabstractparticle,in whichparticlesmayrepresentindivid-
ual statesor setsof states.With this methoda singleabstract
particlesimultaneouslytracksmultiplestates.A limitednum-
berof samplesarethereforesuf�cient for representinglarge
statespaces.A bias-variancetradeoff is madeto dynamically
re�ne andabstractstatesto changetheresolution,therebyab-
stractinga setof statesandgeneralizingthesamplesor spe-
cializingthesamplesin thestateinto theindividualstatesthat
it represents.As a result reasonableposteriorestimatescan
beobtainedwith a relatively smallnumberof samples.In the
exampleabove, with theVRPFthewheelfaultson thesame
sideof theroverwouldbeaggregatedtogetherintoanabstract
fault. Givena fault, theabstractstaterepresentingthesideon
which thefault occurswould have high likelihood.Thesam-
plesin thisstatewouldbeassignedahighimportanceweight.
This would resultin multiple copiesof thesesampleson re-
samplingproportionalto weight. Oncethereare suf�cient
particlesto populateall the re�ned statesrepresentedby the
abstractstate,the resolutionof the statewould be changed
to thestatesrepresentingthe individual wheelfaults. At this
stage,the correcthypothesisis likely to be includedin this
particle basedapproximationat the level of the individual
statesandhencethecorrectfault is likely to bedetected.



For thevariableresolutionparticle�lter we need:(1) A vari-
ableresolutionstatespacemodelthatde�nestherelationship
betweenstatesat different resolutions,(2) an algorithmfor
stateestimationgivena�x edresolutionof thestatespace,(3)
a basisfor evaluatingresolutionsof the statespacemodel,
and(4) andalgorithmfor dynamicallyalteringtheresolution
of thestatespace.

Variable resolutionstatespacemodel

We could usea directedacyclic graph(DAG) to represent
thevariableresolutionstatespacemodel,which would con-
sider every possiblecombinationof the (abstract)statesto
aggregateor split. But this would make our statespaceex-
ponentiallylarge. We must thereforeconstrainthe possible
combinationsof statesthatwe consider. Therearea number
of waysto do this. For theexperimentsin this paperwe use
a multi-layeredhierarchy whereeachphysical(non-abstract)
stateonly exists along a single branch. Setsof stateswith
similarstatetransitionandobservationmodelsareaggregated
togetherto createsuccessively higherlevels in thehierarchy.
In additionto the physical statesetf Zk g, the variablereso-
lution model,M consistsof a setof abstractstatesf Sj g that
representsetsof statesandor otherabstractstates.

Sj =
�

f Zk g
[ i Si

(2)

Figure4(a)showsanarbitraryMarkov modeland�gure 4(b)
shows anarbitraryvariableresolutionmodelfor 4(a). Figure
4(c) shows themodelin 4(b)atadifferentresolution.

Fromthedynamics,P(zt jzt � 1), andmeasurementprobabili-
tiesP(yt jzt ), wecomputethestationarydistribution(Markov
chaininvariantdistribution)of thephysicalstates� (Zk ) [1].

Beliefstateestimationat a �xed resolution

This sectiondescribesthe algorithmfor estimatinga distri-
bution over thestatespace,givena �x edresolutionfor each
state,wheredifferentstatesmaybeat different�x edresolu-
tions. For eachparticlein a physicalstate,a sampleis drawn
from thepredictive modelfor thatstatep(zt jzt � 1). It is then
assigneda weightproportionalto the likelihoodof themea-
surementgiven theprediction,p(yt jzt ). For eachparticlein
an abstractstate,Sj , one of the physical states,zt , that it
representsin abstractionis selectedproportionalto theprob-
ability of thephysicalstateunderthestationarydistribution,
� (Z t ). Thepredictiveandmeasurementmodelsfor thisphys-
ical statearethenusedto obtainaweightedposteriorsample.
Theparticlesarethenresampledproportionalto theirweight.
Basedon the numberof resultingparticlesin eachphysical
stateaBayesestimatewith aDirichlet(1) prior is obtainedas
follows:

P̂(zt jy1:t ) =
n(zt ) + � (zt )

j N t j +1
;

X

zt

� (zt ) = 1 (3)

where,n(zt ) representsthenumberof samplesin thephysical
statezt andj N t j representsthetotal numberof particlesin

theparticle�lter . ThedistributionoveranabstractstateSj at
time t is estimatedas:

P̂(Sj jy1:t ) =
X

zt 2 Sj

P̂(zt jy1:t ) (4)

Bias-variancetradeoff

Thelossl , from aparticlebasedapproximation̂P(zt jy1:t ), of
thetruedistributionp(zt jy1:t ) is:

l = E [P(zt jy1:t ) � P̂(zt jy1:t )]2

= f P(zt jy1:t ) � E [P̂(zt jy1:t )]g2 +

f P̂(zt jy1:t )2 � E [P̂(zt jy1:t )]2g

= b(P̂(zt jy1:t ))2 + v(P̂(zt jy1:t )) (5)

where,b(P̂(zt jy1:t )) is thebiasandv(P̂(zt jy1:t )) is thevari-
ance.

Theposteriorbelief stateestimatefrom trackingstatesat the
resolutionof physicalstatesintroducesno bias.But thevari-
anceof thisestimatecanbehigh,speciallywith smallsample
sizes.An approximationof thesamplevarianceat theresolu-
tion of thephysicalstatesmaybecomputedasfollows:

v(zt ) = P̂(zt jy1:t )
P̂(zt jy1:t ) [1 � P̂(zt jy1:t )]

n(zt ) + � (zt )
(6)

Thelossof anabstractstateSj , is computedastheweighted
sumof thelossof thephysicalstateszt 2 Sj , asfollows1:

l (Sj ) =
X

zt 2 Sj

P̂(zt jy1:t ) l (zt ) (7)

The generalizationto abstractstatesbiasesthe distribution
over thephysicalstatesto thestationarydistribution. In other
words,theabstractstatehasno informationabouttherelative
posteriorlikelihood,giventhedata,of thestatesthatit repre-
sentsin abstraction.Insteadit usesthestationarydistribution
to projectits posteriorinto thephysical layer. Theprojection
of the posteriordistribution P̂(Sj jy1:t ), of abstractstateSj ,
to theresolutionof thephysicallayer ~P(zt jy1:t ), is computed
asfollows:

~P(zt jy1:t ) =
� (zt )
� (Sj )

P̂(Sj jy1:t ) (8)

where,� (Sj ) =
P

z2 Sj
� (z).

As a consequenceof thealgorithmfor computingtheposte-
rior distributionover abstractstatesdescribedin theprevious
subsection,an unbiasedposteriorover physical stateszt is
availableat no extra computation,asshown in equation(3).
The biasb(Sj ), introducedby representingthe setof phys-
ical stateszt 2 Sj , in abstractionasSj is approximatedas
follows:

b(Sj ) =
X

zt 2 Sj

P̂(zt jy1:t ) [P̂(zt jy1:t ) � ~P(zt jy1:t )]2 (9)

1Therelative importance/costof thephysicalstatesmayalsobe included
in theweight
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Figure 4. (a) Arbitrary Markov model (b) Arbitrary variableresolutionmodelcorrespondingto the Markov model in (a).
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It is theweighedsumof the squareddifferencebetweenthe
unbiasedposteriorP̂(zt jy1:t ), computedat the resolutionof
the physical statesandthe biasedposterior~P(zt jy1:t ), com-
putedat theresolutionof abstractstateSj .

An approximationof thevarianceof abstractstateSj is com-
putedas a weightedsum of the projection to the physical
statesasfollows:

v(Sj ) =
X

zt 2 Sj

P̂(zt jy1:t )
�

� (zt )
� (Sj )

� 2P̂(Sj jy1:t )[1 � P̂(Sj jy1:t )]
n(Sj ) + � (Sj )

Thelossfrom trackingasetof stateszt 2 Sj , attheresolution
of thephysicalstatesis thus:

lp = 0 +
X

zt 2 Sj

v(zt ) (10)

Thelossfrom trackingthesamesetof statesin abstractionas
Sj is:

la = b(Sj ) + v(Sj ) (11)

Thereis a gain in termsof reductionin variancefrom gener-
alizingandtrackingin abstraction,but it resultsin anincrease
in bias. Here,a tradeoff betweenbiasandvariancerefersto
the processof acceptinga certainincreasein oneterm for a
largerreductionin theotherandhencein thetotal error.

Dynamicallyvaryingresolution

The variable resolutionparticle �lter usesa bias-variance
tradeoff to make a decisionto vary theresolutionof thestate
space.A decisionto abstractto thecoarserresolutionof ab-
stractstateSj , is madeif the statespaceis currentlyat the
resolutionof statesSi , andthecombinationof biasandvari-
ancein abstractstateSj , is lessthanthecombinationof bias

anvarianceof all its childrenSi , asshown below:

b(Sj ) + v(Sj ) �
X

Si 2f chil dr en (Sj )g

[b(Si ) + v(Si )] (12)

On the otherhandif the statespaceis currentlyat the reso-
lution of abstractstateSj , andthereverseof equation(12) is
true,thena decisionto re�ne to the �ner resolutionof states
Si is made. The resolutionof a stateis left unalteredif its
bias-variancecombinationis lessthanits parentandits chil-
dren. To avoid hysteresis,all abstractiondecisionsarecon-
sideredbeforeany re�nementdecisions.

Eachtime a new measurementis obtainedthedistribution of
particlesover thestatespaceis updated.Sincethis altersthe
biasandvariancetradeoff, thestatesexplicitly representedat
the currentresolutionof the statespaceare eachevaluated
for gain from abstractionor re�nement. Any changein the
currentresolutionof the statespaceis recursively evaluated
for furtherchangein thesamedirection.

Results:VariableResolutonParticle Filter

Theproblemdomainfor ourexperimentson thevariableres-
olutionPFinvolvesdiagnosinglocomotionfaultsin aphysics
basedsimulationof a six wheel rover. Figure5(a) shows a
snapshotof therover in theDarwin2K [12] simulator.

Theexperimentis formulatedin termsof estimatingdiscrete
fault and operationalmodesof the robot from continuous
control inputsandnoisysensorreadings.Thediscretestate,
x t , representsthe particularfault or operationalmode. The
continuousvariables,zt , provide noisymeasurementsof the
changein rover positionandorientation.TheparticlesetPt

thereforeconsistsof N particles,whereeachparticlex [i ]
t is

a hypothesisaboutthe currentstateof the system. In other
words, therearea numberof discretefault andoperational
statesthata particlemaytransitionto basedon thetransition



(a)Rover in D2K

60 65 70 75 80 85 90 95 100 105

75

80

85

90

95

100

105

110

X->

Y
->

ND
RFS
RMS
RRS
LFS
LMS
LRS

(b) Changein trajectory

ND

RF RR

RM

LF

LM

LR

(c)

ND

RM

RS

RF

RR

LF LM

LR

LS

(d)

ND

RF RR

LS

LM

RM

LF

LR

(e)

Figure 5. (a) Snapshotfrom the dynamicsimulationof the six wheelrocker bogierover in the simulator, (b) An example
showing thenormaltrajectory(ND) andthechangein thesametrajectorywith a faultateachwheel.(c) Originaldiscretestate
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RShasbeenre�ned. All stateshave self transitionsthathave beenexcludedfor clarity.

model. Eachdiscretefault statehasa differentobservation
andpredictivemodelfor thecontinuousdynamics.Theprob-
ability of a stateis determinedby the densityof samplesin
thatstate.

TheMarkov modelrepresentingthediscretestatetransitions
consistsof 7 states.As shown in �gure 5(c) thenormaldriv-
ing (ND) statemaytransitionbackto thenormaldriving state
or to any oneof six fault states:right front (RF), right mid-
dle (RM), right rear(RR), left front (LF), left middle (LM)
and left rear (LR) wheel stuck. Eachof thesefaults cause
a changein the rover dynamics,but the faultson eachside
(right andleft), have similardynamics.

Given that the threewheelson eachside of the rover have
similardynamics,weconstructedahierarchy thatclustersthe
faultstatesoneachsidetogether. Figure5(d)showsthishier-
archicalmodel,wheretheabstractstatesright sidefault (RS),
andleft sidefault (LS) representsetsof statesf RF, RM, RRg
andf LF, LM, LRg respectively. Thehighestlevel of abstrac-
tion thereforeconsistsof nodesf ND, RS,LSg. Figure5(e)
shows how thestatespacein �gure 5(d) would be re�ned if
the bias in the abstractstateRS given the numberof parti-
clesoutweighsthereductionin varianceover thespecialized
statesRF, RM andRR ata �ner resolution.

Whenparticle �ltering is performedwith the variablereso-
lution particle�lter , theparticlesareinitializedat thehighest
level in theabstractionhierarchy,i.e. in theabstractstatesND,
RSandLS. Saya RF fault occurs,this is likely to resultin a
high likelihoodof samplesin RS. Thesesampleswill mul-
tiply which may thenresult in the biasin RS exceedingthe

reductionin variancein RSover RF, RM andRR thusfavor-
ing trackingat the �ner resolution. Additional observations
shouldthenassignahigh likelihoodto RF.

Themodelis basedonthereal-world andis notverystochas-
tic. It doesnotallow transitionsfrom mostfaultstatesto other
fault states.For example,theRF fault doesnot transitionto
the RM fault. This doesnot excludetransitionsto multiple
fault statesandif themodelincludedmultiple faults,it could
still transitionto a“RF andRM” fault,whichis differentfrom
a RM fault. Hence,if thereareno samplesin theactualfault
state,samplesthat endup in fault stateswith dynamicsthat
aresimilar to theactualfault statemayendup beingidenti-
�ed as the fault state. The hierarchicalapproachtracksthe
stateat an abstractlevel anddoesnot commit to identifying
any particularspecializedfault stateuntil thereis suf�cient
evidence.Henceit is morelikely to identify thecorrectfault
state.

Figure6(a)showsacomparisonof theerrorfrom monitoring
thestateusingaclassicalparticle�lter thattracksthefull state
space,and the VRPF that variesthe resolutionof the state
space.The X axis shows the numberof particlesused,the
Y axis shows the KL divergencefrom an approximationof
thetrueposteriorcomputedusinga largenumberof samples.
1000sampleswereusedto computeanapproximationto the
truedistribution. TheKullback-Leibler(KL) divergence[11]
is computedover the entirelengthof the datasequenceand
is averagedover multiple runsover thesamedataset2. The
datasetincludednormaloperationandeachof thesix faults.

2Theresultsareanaverageover 50 to 5 runswith repetitionsdecreasing
asthesamplesizewasincreased.
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Figure6. Comparisonof theKL divergencefrom thetruedistribution for theclassicalparticle�lter andtheVRPF, against(a)
numberof particlesused,(b) wall clock time.

Figure6(a) demonstratesthat the performanceof the VRPF
is superiorto thatof theclassical�lter for smallsamplesizes.
In addition�gure 6(b) shows theKL divergencealongtheY
axisandwall clock time alongtheX axis. Both �lters were
codedin matlabandshareasmany functionsaspossible.

TheVariableResolutionParticle�lter hasalsobeenextended
to uselookaheadusingUKFs [9]. Lookaheadrequirescom-
putinga UKF for every possibletransitionto a fault or nom-
inal stateat eachinstancein time. The VRPF introduced
thenotionof abstractstatesthatmayrepresentsetsof states.
Therearefewer transitionsbetweenstateswhenthey arere-
pentedin abstraction.Weshow thattheVRPFin conjunction
with a UKF proposalimprovesperformanceandmaypoten-
tially beusedin largestatespaces[19].

5. RAO-BLACKWELLIZED PARTICLE FILTERS

Much recent work on Rao-Blackwellized Particle Filter-
ing (RBPF)[2], [14] hasfocusedon combiningPFsandKFs
for trackinglinearmulti-modalsystemswith Gaussiannoise.
This approachis very effective at trackingsystemstateusing
a very small numberof samples(Problem2 on our list). In
this kind of model,thebelief stateis a mixtureof Gaussians.
Ratherthansamplinga completesystemstate,in RBPFfor
hybrid systems,onecombinesa Particle Filter that samples
thediscretemodeszt , anda KalmanFilter for eachdiscrete
modezt 2 Z thatpropagatessuf�cient statistics(� ( i )

t ; � ( i )
t )

for thecontinuousparametersx t . Thealgorithmis shown in
Figure7. At eachtime-stept, �rst, thediscretemodeis sam-
pledaccordingto thetransitionprior. Then,for eachparticle
p( i ) aKalman�lter is calledto computetheprior meanŷ( i )

t j t � 1

andcovarianceŜ( i )
t of the observation andupdatethe mean

� ( i )
t andcovariance� ( i )

t for thecontinuousparameters.The
variable� (z( i )

t ) denotestheparametersof theKalmanFilter
belongingto modez( i )

t . Finally, the particleweight is com-
putedasthe observation probability P(yt jŷ

( i )
t j t � 1; Ŝ( i )

t ) of yt

giventheprior observationmeanandcovariance.As in regu-
lar ParticleFiltering,aresamplingstepis necessaryto prevent
particleimpoverishment.

As shown in [14], it is possiblein Rao-BlackwellizedParti-
cle Filtering to samplethe discretemodesdirectly from the
posterior. It is alsopossibleto resamplebefore thetransition
accordingto the expectedposteriorweight distribution such
that thoseparticlesget multiplied which arelikely to transi-
tion to statesof high con�dence.Theseimprovementsresult
in anevenmoreef�cient algorithmcalledRBPF2[14].

Non-LinearEstimation

SinceRBPFusesa KF for its continuousstateestimation,it
is restrictedto linear problemswith Gaussiannoise. Many
of theproblemswe areinterestedin do not have theseprop-
erties. To overcomethis, we proposethe Gaussianparticle
�lter (GPF).In generalhybrid systems,thereis no tractable
closed-formsolutionfor thecontinuousvariables,sowecan-
notmaintainsuf�cient statisticswith everysample.It is how-
ever possibleto propagatean approximationof the continu-
ousvariables. We samplethe modeasusualand for every
particleupdatea Gaussianapproximationof the continuous
parametersusingan unscentedKalman�lter . Sincethe un-
scentedKalman �lter only approximatesthe true posterior
distribution,theGPFis abiasedestimatorin non-linearmod-
els;however, by notsamplingthecontinuousstate,wegreatly
reducetheestimator's variance.



1. For N particlesp( i ) , i = 1; : : : ; N , samplediscretemodesz( i )
0 , from theprior P(Z0).

2. For eachparticlep( i ) , set� ( i )
0 and� ( i )

0 to theprior meanandcovariancein statez( i )
0 .

3. For eachtime-stept do
(a) For eachp( i ) = (z( i )

t � 1; � ( i )
t � 1; � ( i )

t � 1) do
i. Sampleanew mode:

ẑ( i )
t � P(Z t jz

( i )
t � 1)

ii. PerformKalmanupdateusingparametersfrom modeẑ( i )
t :

(ŷ( i )
t j t � 1; Ŝ( i )

t ; �̂ ( i )
t ; �̂ ( i )

t )  K F (� ( i )
t � 1; � ( i )

t � 1; yt ; � (z( i )
t ))

iii. Computetheweightof particlep̂( i ) :

w( i )
t  P(yt jŷ

( i )
t j t � 1; Ŝ( i ) ) = N (yt ; ŷ( i )

t j t � 1; Ŝ( i ) ):

(b) Resampleasin step3.(b)of thePFalgorithm(seeFigure1).

Figure7. TheRBPFalgorithm.

TheGPFalgorithmis verysimilarto theRBPFalgorithmpre-
sentedin Figure7. In both of thesealgorithmsparticlep( i )

representsthecontinuousvariableswith amultivariateGaus-
sianN (� ( i )

t ; � ( i )
t ). In the caseof linear modelsandRBPF,

thisGaussianis asuf�cient statistic,in thecaseof non-linear
modelsandGPF, it is anapproximation.In thealgorithm,the
only changeis in line 3.(a)ii of Figure7, which is replaced
by:

3.a(ii) PerformanunscentedKalmanupdateusingpa-
rametersfrom modeẑ( i )

t :

(ŷ( i )
t j t � 1; Ŝ( i )

t ; �̂ ( i )
t ; �̂ ( i )

t )

 UK F (� ( i )
t ; � ( i )

t ; yt ; � (z( i )
t ))

This changeis due to the non-linearityof transitionand/or
observation function. A Kalmanupdateis simply not possi-
ble, but a goodapproximationis achievedwith anunscented
Kalman�lter . Theapproximationof continuousvariablesin
theGPFis a mixtureof Gaussiansratherthanthesetof sam-
plesasin aPF. Sincetheexpressivepowerof everyparticleis
higher, fewerparticlesareneededtoachievethesameapprox-
imationaccuracy. Thismorethanoffsetsthesmalladditional
computationalcost per sample. Furthermore,this compact
approximationis likely to scalesmoothlywith anincreasein
dimensionality.

Lookaheadfor Low-ProbabilityTransitions

Like RBPF, the GPFcanbe improved by samplingdirectly
fromtheposteriordistributionandresamplingbeforethetran-
sition. This allows usto improve theprobabilityof having a
samplefollow a low-probability transition(Problem1) be-
causetheprobabilityof sucha sampleis basedon theposte-
rior likelihood(the observation is taken into account)of the
transition,ratherthan the prior. We call the resultingalgo-
rithm GPF2anddetailit in Figure8. For eachparticle,before
actuallysamplinga discretemode,we look at eachpossible

modem, updateour approximationsof the continuouspa-
rametersassumingwe hadsampledm, andcomputetheob-
servation likelihoodfor thoseapproximations.This andthe
transitionprior give theposteriorprobabilityof transitioning
to m. Thenfor eachparticlewe samplea new discretemode
from theposteriorwecomputedfor it.

At eachtime-stept, for every particle p( i ) , �rst we enu-
merateeachpossiblesuccessormode m, i.e. eachmode
m 2 Z such that P(mjz( i )

t � 1) > 0. For each m,
we do an unscentedKalman update,and computeanalyt-
ically the observation likelihood P(yt jm; � ( i )

t � 1; � ( i )
t � 1) =

P(yt jy
( i;m )
t j t � 1 ; S( i;m )

t ). Then, we computethe unnormalized

posteriorprobabilityPost(i; m) of particlep( i ) transitioning
to m; this is theproductof the transitionprior to m andthe
observationlikelihoodin m. Next we computetheweightof
eachparticlep̂( i ) asthesumof theposteriorprobabilitiesof
it' s successormodesandresampleN particlesaccordingto
this weight distribution. Note, that Post(i; m), � ( i;m )

t and
� ( i;m )

t alsoneedto be resampled,i.e. whenparticlep( i ) is
sampledto beparticlep̂(k ) , thenPost(i; m)  dPost(k; m),
� ( i;m )

t  �̂ (k ;m )
t and� ( i;m )

t  �̂ (k ;m )
t for all m.

Finally, for every particlep( i ) , a successormodem is sam-
pledaccordingto theposteriorprobability;this modeis used
asz( i )

t ; � ( i )
t and� ( i )

t areset to the alreadycomputedvalue
� ( i;m )

t and� ( i;m )
t .

GPF2only differsfrom theRBPF2algorithmin thatit is call-
ing an unscentedKalman �lter updateinsteadof a Kalman
updatedueto thenon-linearcharacterof thetransformations.
It is a very ef�cient algorithm for stateestimationon non-
linear modelswith transitionandobservation functionsthat
transformaGaussiandistributionto adistributionthat'sclose
to a Gaussian.Very low fault priors arehandledespecially
gracefullyby GPF2sinceit samplesthediscretemodesfrom
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their trueposteriordistribution. Whenthereis strongenough
evidencethefault will bedetectedregardlessof how low the
prior is.

Results:TheGaussianParticle Filter

We usea simplemodelof thesuspensionsystemof theK-9
rover (Figure11) at NASA AmesResearchCenter. K-9 is
a six wheeledrover with a rocker-bogey suspension,andwe
model the suspension's responseto driving over rocks and
otherobstaclesto anticipatesituationswheretherover's sci-
enti�c instrumentscould collide with an obstacle,or where
therovercouldbecome“high-centered”onarock. Themodel
hassix discretemodesandsix continuousvariables,two of
which are observable. The continuousparametersfollow
non-lineartrajectoriesin threeof themodes.

Figure9 showstherateof stateestimationerrorsfor theGPF,
GPF2andtraditionalparticle�lters, aswell astheunscented
particle �lter (discussedbelow) on datageneratedfrom the
model. The diagnosesaretaken to be the maximuma pos-
teriori (MAP) estimatefor thediscretemodes;a discrepancy
betweenthis MAP estimateandthe realdiscretemodeis an
error. Figure9 shows the error rates( # diag nosis er r or s

# time steps ) for
different numbersof samples;the x-axis is the CPU time.
Thegraphshows thatGPFis a betterapproximationthanPF
giventhesamecomputingresources,particularlyasthenum-
berof samplesincreasesandthediscretestatesbecomeade-
quatelypopulatedwith samples.GPF2is considerablyslower
persamplebut its approximationis superiorto PFor GPF.

We arealsointerestedin diagnosingthecontinuousparame-
tersof the system.Figure10 shows the meansquarederror
(MSE)of thealgorithmsonarti�cial datawheregroundtruth
is available.
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Figure10. Meansquarederrorsof thefour algorithms,aver-
agedover50 runs.Notethelogarithmicscalefor boththeX-
andY- axes.At realtime(ca.1/3spertimestep),theMSEof
GPF2is aboutsix timeslower thanof GPF, ten timeslower
thanthatfor UPFand106 timeslower thanfor PF.

Figure 11. NASA Ames' K-9 rover.

Finally, we appliedGPFto real datafrom the K-9 rover. In
Figure12, we show the two observed variables,differential
angle(Y2) andbogey angle(Y1) aswell asthediscretemode
estimatesPF and GPF2yield on this data. State1 repre-
sents�at driving, state2 driving over a rock with the front
wheel,state3 with themiddlewheelandstate4 with therear
wheel. State5 representsthe rock beingbetweenthe front
andthemiddlewheelandstate6 betweenthemiddleandthe
rearwheel.Both �lters successfullydetecttherocks,but the
GPF2detectsall of the rocks beforePF detectsthem. For
the third rock in the data,GPF2correctly identi�es that the
backwheelpassedover therock,while theparticle�lter only
tracksthe �rst two wheels. Again, we only show the most



1. For N particlesp( i ) , i = 1; : : : ; N , samplediscretemodesz( i )
0 , from theprior P(Z0).

2. For eachparticlep( i ) , set� ( i )
0 and� ( i )

0 to theprior meanandcovariancein statez( i )
0 .

3. For eachtime-stept do
(a) For eachp( i ) = (z( i )

t � 1; � ( i )
t � 1; � ( i )

t � 1) do

i. For eachpossiblesuccessormodem 2 succ(z( i )
t � 1) do

A. PerformunscentedKalmanupdateusingparametersfrom modem:

(ŷ( i;m )
t j t � 1 ; Ŝ( i;m )

t ; �̂ ( i;m )
t ; �̂ ( i;m )

t )  UK F (� ( i )
t � 1; � ( i )

t � 1; yt ; � (m))

B. Computeposteriorprobabilityof modem as:

dPost(i; m)  P(mjz( i )
t � 1; yt )

= P(mjz( i )
t � 1)N (yt ; y( i;m )

t j t � 1 ; S( i;m )
t j t � 1 ):

ii. Computetheweightof particlep̂( i ) : w( i )
t  

P
m 2 succ (z ( i )

t � 1 )
dPost(i; m)

(b) Resampleasin step2.(b)of thePFalgorithm(seeFigure1) (alsoresamplePost, � t and� t ).
(c) For eachparticlep( i ) do
i. Sampleanew mode:

m � P(Z t jz
( i )
t � 1; yt )

ii. Setz( i )
t  m, � ( i )

t  � ( i;m )
t and� ( i )

t  � ( i;m )
t .

Figure8. TheGPF2algorithm.
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Figure 12. Discretemodeestimateson real data. Y1 is
the bogey angle,Y2 is the rocker angle,andPF andGPF2
show the mostprobablestateaccordingto the particle �lter
andGaussianparticle�lter with lookaheadalgorithmsrespec-
tively.

probablemodeateachtime-stepin the�gure.

As well asa standardparticle�lter , we compareour results
with theunscentedparticle �lter (UPF)of [18]. TheGPFand
UPF have a numberof similarities. Both usea set of par-
ticles eachof which performsan unscentedKalmanupdate
at every time step. In UPF, the Kalmanupdateapproxima-
tion N (mu t ; � t ) of theposterioris usedasaproposalfor the

particle�lter , in GPFthis approximationis usedasthe �lter
result.

In our experimentsthereis little differencebetweenthe re-
sultsof GPFandUPF. GPFis generallyfasterby a constant
factorsinceit doesnot needto samplethe continuousstate,
andthe weight computationis faster. We would expect the
UPFtoyieldbetterresultswhentheshapeof theposteriordis-
tribution is very differentfrom a Gaussianandwould expect
theGPFto do betterwhenthereis a big posteriorcovariance
� t suchthatthesamplingintroduceshighvarianceon thees-
timate.In thiscase,theUPFwill needmoreparticlesto yield
thesameresults.Sinceneitherof theseconditionsappliesin
our domain,bothalgorithmsshow similar performance,with
GPFbeingslightly faster.

6. FUTURE WORK

The threealgorithmswe have presentedhereare in many
wayscomplementary. For example,we caneasily imagine
applying the GPF approachwith the hiererchy of abstract
statesintroducedin the variableresolutionalgorithm. Sim-
ilarly, we couldimagineusingtherisk-sensitive algroithmto
biasthe transitionprobabilities,althoughfor the GPF2with
lookahead,thismaynotbenecessaryexceptin circumstances
wherethe immediateobservation doesnot indicatethat the
fault hasoccurred.We plan to begin integratingideasfrom
all threealgorithmsin thenearfuture.

Another approachthat is relatedto the variable resolution
algorithmis the structuredparticle �lter introducedin [16].
Herethesamplesthemselvesaresplit betweenstates,giving



asimilarperformanceboostandtacklingProblem3, thehigh-
dimensionalstatespace.Wearecurrentlyin theprocessof �t-
ting thisalgorithminto theGPF. Thisalsomakesprogresson
theproblemof system-level diagnosis.Traditionaldiagnosis
algorithmsarecomponent-based,with anemphasison prop-
ertiessuchas“no function in structure”,meaningthat sub-
systemmodelscanbecomposedto make largersystemswith
ease.Thechallengeis to achieve thesegoalsfor hybrid mod-
elsaswell, andthestructuredparticle�lter approachshould
be a very effective way to exploit the structurethat sucha
modelimplies.

Finally, we have only just begun testingthesealgorithmson
real rover problems. Mostly this hasbeendue to a lack of
sensingon-boardtheavailablerover platforms,andon a lack
of modelsanddatafor rover faults. However, if thesealgo-
rithms areever going to be usedon a real rover missionto
Mars or elsewhere,considerabletestingon rovers must be
doneto demonstratethat thealgorithmsarerobust,that their
computationalneedsarenotunreasonable,andthatthey scale
to systemsascomplex asthewholerover. While this project
hasmadeprogressonmany of thesegoals,thereis muchstill
to be done,and in particular, testingon rovers running for
long enoughperiodsthatfaultsdo occur, is animportantpri-
ority, andsomethingwe fully intendto do in thefuture.
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