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Abstract

A molecule called transcription factor usually binds to a set of promoter sequences

of co express genes. As a result, these promoter sequences con tain some short substrings,

binding sites, with similar patterns. The motif disco v ering problem is to �nd these similar

patterns, motifs, from a set of sequences.

Most existing algorithms �nd the motifs based on strong-signal sequences only (i.e.

those con tain binding sites v ery similar to the motif ). In this pap er, w e use a probabilit y

matrix to represen t a motif to calculate the minim um total n um b er of binding sites re-

quired to b e in the input data set in order to con�rm that the disco v ered motifs are not

artifacts.

Next, w e in tro duce a more general and realistic energy-based mo del, whic h considers

all sequences with v arying degrees of binding strength to the transcription factors (as mea-

sured exp erimen tally). By treating sequences with v arying degrees of binding strength,

w e dev elop a heuristic algorithm called EBMF (Energy-Based Motif Finding algorithm)

to �nd the motif, whic h can handle sequences ranging from those that con tain more than

one binding site to those that con tain none. EBMF can �nd motifs for data sets that

do not ev en ha v e the required minim um n um b er of binding sites as previously deriv ed.

EBMF compares fa v orably with common motif-�nding programs AlignA CE and MEME.

In particular, for some sim ulated and real data sets, EBMF �nds the motif when b oth

AlignA CE and MEME fail to do so.
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1 In tro duction

One great c hallenge in molecular biology is to understand the regulation of gene expr ession

- the pro cess b y whic h a segmen t of DNA is deco ded to form a protein. Tw o main steps

for gene expression are tr anscription and tr anslation . During the transcription pro cess, an

mRNA molecule is formed b y cop ying a gene from the DNA. During the translation pro cess,

the mRNA is deco ded to pro duce a protein.

T o start the transcription pro cess for a particular gene, one or more corresp onding pro-

teins, called tr anscription factors , ha v e to bind to sev eral sp eci�c regions, called binding sites ,

in the promoter region of the gene. A transcription factor can bind to m ultiple binding sites,

but these sites t ypically ha v e similar length (usually ab out 8 to 20 bp) and a common DNA

sequence pattern. F or most transcription factors, the common patterns for their corresp ond-

ing binding sites, simply referred to as the motifs , are still unkno wn. Man y lab oratory-based

metho ds for motif iden ti�cation ha v e b een dev elop ed, ho w ev er, these exp erimen tal metho ds

are b oth exp ensiv e and time-consuming.

A recen t trend in motif-�nding is to mak e use of computational metho ds based on mi-

croarra y data. Most existing computational metho ds [Bailey 1994 , Bailey 1995 , Buhler 2002 ,

Chin 2005b , Hughes 2000 , La wrence 1993 , Liu 1995 , P evzner 2000 , Roth 1998 ] are based on

ha ving a set of sequences that are kno wn to con tain binding sites with v ery similar pattern

(i.e. the str ong-signal mo del ) as input. These approac hes assume that a su�cien t n um b er

of suc h str ong-signal se quenc es are a v ailable. Ho w ev er, this assumption ma y not b e v alid for

some transcription factors, and the n um b er of strong-signal sequences ma y b e to o small to

successfully �nd the motif using existing metho ds. Some motif-�nding algorithms also con-

sider sequences that are kno wn not to con tain an y binding sites, in addition to strong-signal

sequences [Barash 2001 , Jakt 2001 , Sinha 2003 ]. Ho w ev er, for these algorithms, the n um b er

of we ak-signal se quenc es (sequences that should not con tain substring similar to the motif )

with plausible binding sites is used in the h yp er-geometric analysis in order to compute the

probabilit y of suc h o ccurrences under the n ull-h yp othesis. The lo w er the probabilit y , the

more con�den t w e ha v e on the disco v ered motif. No attempt is made to exploit the patterns

of sequences without binding sites in order to �nd the motifs more e�ectiv ely . W eak-signal

sequences should not con tain an y patterns similar to the motif, and this can b e a useful form

of information. In fact, all sequences, strong-signal or w eak-signal, with m ultiple o ccurrences
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of binding sites or without binding sites, con tain di�eren t information ab out the motifs in

v arious forms and can b e useful for motif-�nding. Some researc hers [Segal 2002 , Segal 2004 ]

adopted this information b y assigning probabilities to eac h input sequence s

i

whic h represen ts

the probabilit y that s

i

con tains at least one binding sites. Ho w ev er, these probabilities are

assigned arti�cially b y h uman and the v alue of these probabilities are usually either 0 or 1.

In this pap er, w e fo cus on �nding motifs for data sets that con tain insu�cien t n um b er

of sequences with strong signals. W e �rst study the limitations of existing metho ds that

are based on the strong-signal mo del, i.e. the minim um required information in the input

sequences in order to iden tify the motif. Then w e in tro duce a more general and realistic

energy-based mo del for dealing with data sets con taining insu�cien t n um b er of sequences

with strong signals. The approac h w e use is di�eren t from that in [Barash 2001 , Jakt 2001 ,

Sinha 2003 ] in the sense that our mo del can handle sequences con taining a v arying amoun t

of signal, i.e. v arying from sequences con tain m ultiple binding sites to sequences without an y

binding sites. It is also di�eren t from [Segal 2002 , Segal 2004 ] in the sense that no arti�cial

assignmen t of probabilities is needed. Last, w e sho w ho w our algorithm �nds the correct

motif under those situations that algorithms based on strong-signal mo del fail to do so.

1.1 Better Characterization for Strong-Signal Mo del

Buhler and T ompa [Buhler 2002 ] ha v e studied the limitations of computational approac hes

based on the strong-signal mo del. They prop osed a metho d to calculate the minim um n um b er

of input sequences required and sho w ed that, if the n um b er of input sequences is less than

the minim um requiremen t, it is unlik ely that there exists a computational approac h that can

iden tify the motif.

One imp ortan t assumption in their study is that eac h input sequence con tains exactly one

binding site. In real situations, there can b e m ultiple o ccurrences of binding sites, or multi-

ple binding sites , for the same transcription factor in one sequence [Bram 1984 , Bram 1986 ,

Magdolen 1990 ]. In other w ords, ev en if the n um b er of strong-signal sequences in the input

data set is small, there ma y still b e enough binding sites or signals to enable the disco v ery

of the motif. This observ ation is supp orted b y an exp erimen t using only three v ery sp ecial

sequences with strong signal as input to iden tify the motif for GAL4, where eac h of the three

sequences con tained m ultiple binding sites (see Section 2 for more details). According to the

results b y Buhler and T ompa [Buhler 2002 ], these sequences are m uc h less than the minim um
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n um b er of input sequence required, whic h is 4, and it should b e theoretically imp ossible to

�nd the motif for this input set (W e set n = 787, t = 3, l = 13 and d = 2). Ho w ev er, w e tested

this input set on t w o common motif-�nding programs, AlignA CE [Hughes 2000 , Roth 1998 ]

and MEME [Bailey 1994 ], whic h are based on the strong-signal mo del. W e found that b oth

programs could successfully iden tify the motif. Some natural questions to ask are then: ho w

do w e decide whether an input data set has enough signals for motif reco v ery , and what are

the limitations of strong-signal mo del, i.e. minim um information, if w e allo w m ultiple binding

sites in eac h sequence?

Our �rst con tribution is to impro v e Buhler and T ompa's results b y allo wing m ultiple

binding sites in eac h sequence. W e c haracterize the limitations of the strong-signal mo del in

terms of the minim um total n um b er of binding sites, rather than the minim um n um b er of

strong-signal sequences, required to b e in the input data set. Buhler and T ompa represen t a

motif of length l b y a length- l string. A more general represen tation, whic h is used b y most

existing approac hes, mak es use of a probabilit y matrix. The probabilit y matrix is a 4 � l

matrix where the ro ws are indexed b y the n ucleotides \A",\C",\G",\T" and eac h en try in

the j -th column of the matrix represen ts the probabilit y of the n ucleotide's o ccurrence at

p osition j of the binding site. So w e represen t a motif b y a matrix instead of a string. Our

c haracterization on the limitation of the strong-signal mo del is con�rmed b y some data sets

on programs AlignA CE and MEME.

1.2 Energy-Based Mo del

Existing algorithms are not e�ectiv e to iden tify motif for input data sets that con tain insuf-

�cien t n um b er of strong-signal sequences (see Section 2 for exp erimen tal results). Our main

con tribution is a no v el approac h to solving this problem.

Existing algorithms ha v e the follo wing problems. They assume that eac h binding site in

the strong-signal mo del con tains the same amoun t of signals. Ho w ev er, in realit y , di�eren t

binding sites ha v e di�eren t binding strengths with the transcription factor, th us con tain

di�eren t amoun ts of signals. Also, sequences ha ving comparativ ely w eak signals (including

sequences with a w eak binding to the transcription factor and sequences without binding

sites) are not used. In fact, these ignored w eak-signal sequences also carry useful information

for iden tifying the motif.

In our mo del, w e in tro duce a more general and realistic energy-based mo del to capture
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previously-ignored information. W e mak e use of the additional information from exp erimen ts

and consider the binding strength (as measured exp erimen tally) of eac h a v ailable sequence.

In tuitiv ely the binding strength should relate to the degree of similarit y b et w een the motif

and the binding site in eac h sequence. Based on the binding strength, our mo del considers the

amoun t of signals that a sequence actually con tains. This allo ws us to mak e use of sequences

with not so strong or ev en w eak signals.

W e then form ulate the motif-�nding problem in a w a y that allo ws m ultiple o ccurrences of

binding sites in eac h sequence. W e dev elop a heuristic algorithm call EBMF (Energy-Based

Motif Finding algorithm) to solv e the problem. W e compare the p erformance of EBMF with

those of AlignA CE and MEME. EBMF is sho wn to b e e�ectiv e on b oth sim ulated and real

data when the data sets con tain insu�cien t n um b er of sequences with strong signals. In

particular, in our test cases, EBMF is able to iden tify the motif while b oth AlignA CE and

MEME fail to do so.

Our pap er is organized as follo ws. Section 2 discusses the limitations of the strong-signal

mo del when giv en input sequences with m ultiple binding sites. Section 3 presen ts the energy-

based mo del. W e also sho w ho w to con v ert existing exp erimen tal data to �t our mo del.

A heuristic algorithm EBMF is giv en in Section 4. Section 5 compares the p erformance of

EBMF with AlignA CE and MEME. A conclusion is giv en in Section 6.

2 The Limitation of the Strong-Signal Mo del with Multiple

Binding Sites

With the assumption that eac h sequence con tains exactly one binding site (a substring whic h

is close to the motif in Hamming distance), Buhler and T ompa [Buhler 2002 ] ha v e studied

the minim um n um b er of input sequences required for �nding the motif based on strong-signal

mo del. In this section, w e use a probabilit y matrix to represen t a motif and impro v e their

results b y allo wing m ultiple binding sites in a sequence.

Let a motif of length l b e represen ted b y a 4 � l probabilit y matrix M where M ( c; j ) repre-

sen ts the o ccurrence probabilit y of the n ucleotide c in the j -th p osition of a binding site. Giv en

t input sequences eac h of length n , those algorithms based on strong-signal mo del w an t to

�nd a probabilit y matrix M and a bac kground probabilit y P

0

= f P

0

( A ) ; P

0

( C ) ; P

0

( G ) ; P

0

( T ) g

(whic h represen ts the o ccurrence probabilities of \A", \C", \G", \T" in the non-binding re-
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gions), whic h maximize the log lik eliho o d (see [Bailey 1994 ]) of the t sequences generated

according to the bac kground probabilit y P

0

with implan ted binding sites generated according

to matrix M . F ormally , the log lik eliho o d of a binding site b generated according to matrix

M is

L ( b; M ) =

l

X

i =1

log M ( b [ i ] ; i )

The log lik eliho o d of the non-binding regions generated according to the bac kground proba-

bilit y P

0

= f P

0

( A ) ; P

0

( C ) ; P

0

( G ) ; P

0

( T ) g is

L

B

= n

A

log P

0

( A ) + n

C

log P

0

( C ) + n

G

log P

0

( G ) + n

T

log P

0

( T )

where n

A

; n

C

; n

G

and n

T

are the n um b er of \A", \C", \G" and \T" in the non-binding

regions resp ectiv ely . Since the length ( tn � B l ) of non-binding regions is usually quite long

(o v er sev eral thousand), it is exp ected that n

A

= P

0

( A )( tn � B l ), n

C

= P

0

( C )( tn � B l ),

n

G

= P

0

( G )( tn � B l ), n

T

= P

0

( G )( tn � B l ) and

L

B

= ( tn � B l ) E n

0

where E n

0

= P

0

( A ) log P

0

( A ) + P

0

( C ) log P

0

( C ) + P

0

( G ) log P

0

( G ) + P

0

( T ) log P

0

( T ) whic h is

negativ e of the en trop y of a n ucleotide in non-binding regions. The log lik eliho o d of t length- n

input sequences generated according to M and P

0

is

L

total

( M ) = max

(

B

X

k =1

L ( b

k

; M ) + ( tn � B l ) E n

0

)

among all p ossible v alues of B and sets of B non-o v erlap binding sites f b

k

g in the t sequences.

Supp ose the input sequences are generated based on this mo del, that is, w e generate t

random sequences of length n based on the probabilit y distribution P

0

and plan t in them

B

�

instances of a motif randomly generated according to an arbitrary pro�le matrix M

�

.

In tuitiv ely , if B

�

is small or M

�

lo oks to o m uc h lik e the bac kground distribution, no algorithms

can p ossibly pic k out the B

�

instances from the sequences without kno wing M

�

. It is b ecause

there exist man y matrices M di�eren t from M

�

(in the sense that the most probable strings

generated according to M are quite di�eren t from those generated according to M

�

), whic h

ha v e a log lik eliho o d no less than L

total

( M

�

). Therefore, the exp ected n um b er of matrices
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with di�eren t consensus patterns, whose log lik eliho o d are no less than L

total

( M

�

), giv es us

an idea if it is p ossible to �nd the motif M

�

from the input sequences. If the exp ected n um b er

of matrices is large, then �nding the motif is imp ossible, otherwise it is highly probable.

Giv en a string Q of length l and a Hamming distance d , w e de�ne a probabilit y matrix M

Q;d

suc h that for an y j -th column of the matrix, the en try corresp onding to the j -th c haracter

in Q is ( l � d ) =l while the other en tries in the same column are d= 3 l . W e w an t to �nd the

exp ected n um b er of matrices in this format whic h ha v e log lik eliho o d no less than L

total

( M

�

).

If the exp ected n um b er of matrices ev en in this restricted format and with log lik eliho o d no

less than L

total

( M

�

) is large, it is imp ossible to �nd the motif M

�

without extra information.

Assume the correct matrix is M

�

and the exp ected log lik eliho o d of a binding site b

generated according to the matrix M

�

is L

E

. If the t sequences con tain exactly B

�

binding

sites with resp ect to M

�

, w e can calculate the log lik eliho o d of the t sequences generated

according to M

�

as L

total

( M

�

) = B

�

L

E

+ ( nt � B

�

l ) E n

0

. No w let us consider the log lik eliho o d

of a probabilit y matrix M

Q;d

. If the Hamming distance b et w een a binding site b and Q is

within d for d � 3 l = 4, then w e can sho w that L ( b; M

Q;d

) � ( l � d ) log [( l � d ) =l ] + d log ( d= 3 l ).

The log lik eliho o d of the t sequences generated according to M

Q;d

is L

total

( M

Q;d

) whic h is no

less than B L ( b; M

Q;d

) + ( nt � B l ) E n

0

if the input sequences con tain B non-o v erlap substrings

whose Hamming distances from Q are within d ( B can b e di�eren t from B

�

). An y M

Q;d

ma y b e considered as a p ossible solution for the motif-�nding algorithm if L

total

( M

Q;d

) �

L

total

( M

�

).

Giv en a length- l random string Q with equal o ccurrence probabilities for \A", \C", \G",

\T" and a length- l random substring b generated according to the bac kground probabilities

P

0

, w e sho w in the App endix that the probabilit y that the Hamming distance b et w een Q and

b is at most d where 0 � d � l is

p

d

=

d

X

i =0

 

l

i

!

�

3

4

�

i

�

1

4

�

l � i

Let X b e the sequence formed b y concatenating the t input sequences (the length of X is nt )

and b

i

b e the i -th substring in X suc h that the Hamming distance b et w een b

i

and Q is at

most d .

W e w an t to partition the sequence X in to sev eral non-o v erlap segmen ts X [ k

i � 1

+ 1 : : : k

i

]

suc h that at the end of eac h segmen t, there exists exactly one substring b

i

= X [ k

i

� l + 1 : : : k

i

]
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whose Hamming distance with a �xed string Q is at most d . Let B

pos

( p; q ) b e the probabilit y

for the substring X [ p : : : q ] suc h that the Hamming distance b et w een Q and X [ j : : : j + l �

1], where p � j � q � l , is larger than d while the Hamming distance b et w een Q and b

i

=

X [ q � l + 1 : : : q ] is at most d . Using the same assumption in [Buhler 2002 ] that the Hamming

distance b et w een Q and X [ j : : : j + l � 1] is indep enden t for eac h substring in X , w e ha v e

B

pos

( p; q ) = (1 � p

d

)

q � p +1 � l

p

d

.

Consider the probabilit y P

Q;B

that X con tains exactly B non-o v erlap substrings b

i

at the

p ositions X [ k

i

� l + 1 : : : k

i

] suc h that the Hamming distance b et w een b

i

and Q is no more

than d while all other length- l substrings in X are of Hamming distance more than d from

Q . Dep ending on the p osition of the last substring b

B

, there are t w o cases to b e considered.

Case I: k

B

> nt � l (the substring in X after the last binding site has length less than l , so

it is imp ossible to ha v e a binding site after k

B

)

P

Q;B

=

B

Y

i =1

B

pos

( k

i � 1

+ 1 ; k

i

) = (1 � p

d

)

k

B

� B l

p

B

d

Case I I: k

B

� nt � l

P

Q;B

= (1 � p

d

)

nt � k

B

� l +1

B

Y

i =1

B

pos

( k

i � 1

+ 1 ; k

i

)

= (1 � p

d

)

nt � k

B

� l +1

(1 � p

d

)

k

B

� B l

p

B

d

Note that the probabilit y P

Q;B

is indep enden t of the p ositions of the substrings b

i

but dep ends

on the ending p osition of the last binding site k

B

. The probabilit y P

Q;B

can then b e expressed

in term of the p osition of the last binding site j , the Hamming distance d and the n um b er of

binding sites B , as follo w,

P B ( j; d; B ) =

8

>

<

>

:

(1 � p

d

)

j � B l

p

B

d

j > nt � l

(1 � p

d

)

nt � j � l +1

(1 � p

d

)

j � B l

p

B

d

otherwise

The probabilit y of X that con tains exactly B non-o v erlap substrings b

i

(without considering

the p ositions of the substrings) suc h that the Hamming distance b et w een b

i

and Q � d is the
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sum of probabilities P

Q;B

for all p ossible p ositions for the set of substrings f b

i

g

nt

X

j = B l

2

6

4

0

B

@

j � B l + B � 1

B � 1

1

C

A

P B ( j; d; B )

3

7

5

Assume X con tains exactly B non-o v erlap substrings f b

i

g suc h that the Hamming distance

b et w een b

i

and Q is no more than d . F or eac h substring b

i

, L ( b

i

; M

Q;d

) � ( l � d ) log [( l �

d ) =l ] + d log ( d= 3 l ). Th us the log lik eliho o d

L

total

( M

Q;d

) � B [( l � d ) log [( l � d ) =l ] + d log ( d= 3 l )] + ( nt � B l ) E n

0

:

The probabilit y of X suc h that L

total

( M

Q;d

) � L

total

( M

�

) is

b nt=l c

X

k = B

0

8

>

<

>

:

nt

X

j = k l

2

6

4

0

B

@

j � k l + k � 1

k � 1

1

C

A

P B ( j; d; k )

3

7

5

9

>

=

>

;

where B

0

is the smallest n um b er of binding sites for a matrix M

Q;d

suc h that the log lik eliho o d

of the t sequences generated according to M

Q;d

is no less than L

total

( M

�

), i.e.

B

0

�

( l � d ) log

l � d

l

+ d log

d

3 l

�

+ ( nt � B

0

l ) E n

0

� B

�

L

E

+ ( nt � B

�

l ) E n

0

(1)

By considering all p ossible substrings Q of length l and Hamming distance d , the exp ected

n um b er of matrices M

Q;d

suc h that L

total

( M

Q;d

) � L

total

( M

�

) is appro ximately

E ( L

E

; B

�

)

= 4

l

b 3 l = 4 c

X

d =0

8

>

<

>

:

b nt=l c

X

k = B

0

8

>

<

>

:

nt

X

j = k l

2

6

4

0

B

@

j � k l + k � 1

k � 1

1

C

A

P B ( j; d; k )

3

7

5

9

>

=

>

;

9

>

=

>

;

According to Equation (1), B

0

is a function of L

E

and B

�

. (This is an appro ximation b ecause

the log lik eliho o d of a giv en motif M

Q;d

, L

total

( M

Q;d

) � L

total

( M

�

) do es not o ccur indep en-

den tly . F or example, if L

total

( M

Q;d

) � L

total

( M

�

) when Q = \AAAAAA", it is lik ely that

L

total

( M

Q;d

) is also greater than or equal to L

total

( M

�

) when Q = \AAAAA C")

[Figure 1 ab out here.]

[Figure 2 ab out here.]
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[Figure 3 ab out here.]

Figure 1 sho ws the exp ected n um b er E ( L

E

; B

�

) of matrices M

Q;d

with a log lik eliho o d

L

total

( M

Q;d

) � L

total

( M

�

) for 10 input sequences when P

0

= f 0 : 25 ; 0 : 25 ; 0 : 25 ; 0 : 2 5 g . The

length of eac h sequence is 700 and the length of the motif is 17. It sho ws that the minim um

required n um b er of binding sites in the input sequences should b e 7, 8, 9 (when the exp ected

n um b er of matrices E ( L

E

; B

�

) � 1) for E n = -0.5, - 0.6, - 0.7 and L

E

= -8.5, -10.2, -11.9

resp ectiv ely , where L

E

is the exp ected log lik eliho o d of a binding site and E n = L

E

=l is

the exp ected log lik eliho o d of a n ucleotide in a binding site (note that it is negativ e of the

en trop y of a column in M

�

). If the v alue of E n increases, it means that eac h binding site

con tains more signal and less binding sites are required for �nding motif. In other w ords,

if the input sequences do not con tain the least amoun t of binding sites, it is unlik ely that

an y motif-�nding algorithms based on strong-signal mo del can iden tify the real motif without

extra information. Figure 2 sho ws the minim um required length of the motif for 10 input

sequences of length 700 with 10 binding sites in total when P

0

= f 0 : 25 ; 0 : 25 ; 0 : 25 ; 0 : 25 g . As

indicated in Figure 2, the shorter the motif, the less lik ely that the motif can b e iden ti�ed.

F or E n = -0.5, -0.6, -0.7, the minim um lengths of the motif are 11, 13 and 15 resp ectiv ely .

Figure 3 sho ws the tendency of the v alues of E ( L

E

; B

�

) for di�eren t n um b ers of sequences of

length 700 when P

0

= f 0 : 25 ; 0 : 25 ; 0 : 25 ; 0 : 25 g , the length of the motif is 17 and there are 10

binding sites in total. As indicated in Figure 3, if the total n um b er of binding sites is �xed,

the more the n um b er of sequences in the input, the more noise in the data and the more

di�cult to �nd the motif.

[T able 1 ab out here.]

W e can also con�rm our analysis b y exp erimen ts whic h illustrate the limitations of existing

programs, suc h as AlignA CE and MEME. Gal4 is a w ell-studied transcription factor whic h

activ ates genes necessary for galactose metab olism. Bing Ren et al.[Ren 1993 ] found 10 genes

to b e b ound b y Gal4 and induced in galactose. The exact binding sites for most of these

genes can b e found in [Bram 1984 , Bram 1986 , Magdolen 1990 ]. Giv en the 9 sequences of

the in tergenic regions (the gene Gal1 and Gal10 share one in tergenic region), w e w an t to test

whether MEME and AlignA CE can �nd the published motif pattern CGGN11CCG of Gal4

in di�eren t input sequences with di�eren t v alues of B

�

. F rom the published binding sites, w e

calculate the exp ected log lik eliho o d L

E

of a binding site whic h is -11.47 ( E n = � 0 : 67). T able

10



1 con�rms our analysis that motif can b e found in the �rst three cases and de�nitely not in

the last case. In the �rst three cases, the v alues of E ( L

E

; B

�

) are v ery small and the n um b ers

of binding sites in the input data are more than the minim um n um b er required. On the other

hand, in the last case, E ( L

E

; B

�

) is m uc h larger than 1 and the n um b er of binding sites is

less than the minim um n um b er required, so it is di�cult to �nd the correct motif pattern.

Although the in tergenic regions ma y not b e randomly generated, our calculations can still b e

applied as b oth AlignA CE and MEME assuming eac h n ucleotide in the non-binding regions

is generated according the bac kground probabilities indep enden tly .

3 Our Energy-Based Mo del and Problem De�nition

In order to mak e use of the information con tained in w eak-signal sequences for motif �nding,

w e prop ose a more general energy-based mo del in this section. In the next subsection, w e

sho w an example ho w to estimate the binding energy b et w een a sequence and a transcription

factor from a real exp erimen t.

3.1 Applying the Mo del to a Real Case

Consider the scenario that m ultiple copies of a particular DNA fragmen t s

i

are mixed with

m ultiple cop es of a particular transcription factor of in terest. A t the equilibrium state, some

copies of DNA fragmen t s

i

are b ound b y transcription factors while some copies are free. Let

e

i

b e the a v erage binding energy b et w een the transcription factor TF and DNA fragmen t

s

i

, then e

i

= � l n ( K

eq

) where the binding constan t K

eq

= [ T F � s

i

] = [ T F ][ s

i

] (ratio of the

n um b er of b ounded copies o v er the n um b er of free copies) with the binding reaction mo deled

b y T F + s

i

( ) T F � s

i

[Klotz 1986 ]. Note that the unit of e

i

is in ( R T ) where T is the

constan t temp erature throughout the exp erimen t in degree Kelvin and R is the gas constan t

0.001987 k cal/mol K.

In the genome-wide lo cation analysis [Ren 1993 ], cells w ere �xed with formaldeh yde, har-

v ested and disrupted b y sonication. The DNA fragmen ts cross-link ed to the transcription

factor of in terest w ere lab eled with a 
uorescen t dy e (Cy5) with the use of ligation-mediated-

p olymerase c hain reaction (LM-PCR) while the rest DNA fragmen ts w ere sub jected to LM-

PCR in the presence of a di�eren t 
uorophore (Cy3). Both p o ols of lab eled DNA w ere

h ybridized to a single DNA microarra y con taining all y east in tergenic sequences. F or eac h

11



sequence s

i

, w e get an a v erage color ratio of red in tensit y (Cy5) and green in tensit y (Cy3)

whic h represen ts the n um b er of copies of s

i

b ound b y the transcription factor o v er the n um-

b er of copies of s

i

that are not b ound b y the transcription factor. Ho w ev er, errors suc h as

bac kground subtraction, h ybridization non-uniformities, 
uctuations in the dy e incorp oration

e�ciency , scanner gain 
uctuations, etc. ma y in tro duce inaccuracy in the v alue of color ratio.

With the application of the single arra y error mo del [Rob erts 2000 ], a p -v alue is calculated to

represen t the con�dence lev el of the color ratio for eac h sequence. A small p -v alue means that

w e are con�den t with the color ratio. Those DNA fragmen ts with small p -v alues are c hosen

as the input sequences for the EBMF algorithm and their corresp onding color ratios are used

as the v alues of K

e

, whic h estimate the binding energy b et w een the transcription factor and

eac h input sequence s

i

.

3.2 Energy-Based Mo del

In our mo del, w e do not treat the input sequences equally . Eac h sequence is asso ciated with a

v alue e

i

whic h represen ts the binding energy b et w een the transcription factor and its binding

sites (whic h can b e m ultiple). Let sequence s

i

con tain B

i

binding sites and E ( b

ij

; M ) b e the

binding energy b et w een the transcription factor and the j -th binding site b

ij

in sequence s

i

.

The probabilit y that the transcription factor binds to b

ij

[Klotz 1986 ] is

P

ij

=

e

� E ( b

ij

;M )

P

B

i

k =1

e

� E ( b

ik

;M )

(2)

W e use a 4 � l energy matrix M to represen t the motif where the ro w of this matrix is indexed

b y \A",\C",\G",\T". M ( c; j ) represen ts the binding energy of the transcription factor and

the n ucleotide c at the j -th p osition of the binding site. The total binding energy b et w een

binding site b and the transcription factor can b e appro ximated b y E ( b; M ) =

P

l

j =1

M ( b [ j ] ; j )

where b [ j ] is the j -th c haracter of b .

The set of substrings in a sequence s

i

, whic h are lik ely to b e b ound b y the transcription

factor, is said to b e the binding sites of s

i

. F or a sequence s

i

, the binding sites b

ij

are those

substrings with E ( b

ij

; M ) � � where � is a determined threshold. If s

i

do es not con tain

an y substring b suc h that E ( b; M ) � � , the substring b with the lo w est E ( b; M ) will b e

c hosen as its binding site. As for those binding sites that are to o close to eac h other, i.e.,

the distance b et w een eac h of t w o binding sites is less than some determined v alue d

min

, w e

12



assume that there will not b e t w o or more transcription factors b ound to these binding sites

sim ultaneously . While for those binding sites whose distances are larger than d

min

, eac h of

them can b e b ound b y a transcription factor at the same time. W e de�ne E

total

( s

i

; M ) to b e

the exp ected binding energy b et w een the transcription factor and sequence s

i

giv en that at

least one binding site in s

i

is b ound b y the transcription factor.

3.3 Problem De�nition

Giv en the length of binding sites l , an energy threshold � , a distance threshold d

min

, t

sequences S = f s

i

g in whic h eac h sequence s

i

has a corresp onding binding energy e

i

, w e w an t

to �nd a 4 � l energy matrix M to minimize the pr e diction err or

t

X

i =1

( E

total

( s

i

; M ) � e

i

)

2

Note that w e try to minimize the mean square error b ecause w e assume the binding energy

follo w the normal distribution. F actors lik e concen tration of transcription factor and tem-

p erature are not tak en in to accoun t as w e assume the binding energies f e

i

g are getting from

exp erimen ts in the same condition. Although these factors ma y a�ect the v alues of eac h

en tries in the energy matrix M , they ha v e a linear e�ect on all en tries and will not a�ect the

pattern of the motif.

4 Energy-Based Motif Finding Algorithm

EBMF tries to predict the 4 � l energy matrix M from the input sequences using t w o steps. In

the �rst step, w e iden tify a set of candidate matrices based on the strings that o ccur frequen tly

in the input sequences of strong signal. In the second step, w e re�ne eac h candidate matrix

using an EM-lik e iteration, whic h can b e describ ed as follo ws. Based on the candidate matrix,

�nd the b est p ossible binding sites for eac h sequence (see Section 4.2). These binding sites

together with the giv en binding energy for eac h sequence are used to calculate another energy

matrix so as to minimize the prediction error. The iteration pro cess is rep eated un til there

is no further decrease in the prediction error or the n um b er of iterations reac hes a certain

v alue. After pro cessing all candidate matrices, the top 10 matrices that giv e the smallest

prediction errors are considered as the actual energy matrices. W e �rst describ e the details

of an EM-lik e step in re�ning the candidate matrix.
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4.1 Re�ne the Candidate Motif

Let the B

i

b est p ossible binding sites b e b

i 1

; : : : ; b

iB

i

for eac h sequence s

i

with resp ect to

candidate matrix M . Based on the user input d

min

, w e estimate the exp ected binding energy

E

total

( s

i

; M

0

) for an arbitrary matrix M

0

as follo ws. W e group the B

i

binding sites b

ij

in to p

subsets B S

i 1

; : : : ; B S

ip

where B S

i 1

[ : : : [ B S

ip

= f b

i 1

; : : : ; b

iB

i

g . F or an y t w o binding sites in

the same group B S

ik

, the distance b et w een them is within d

min

(i.e. if b

im

; b

in

2 B S

ik

then

the distance b et w een b

im

and b

in

� d

min

) while the distance b et w een an y t w o binding sites in

di�eren t groups is larger than d

min

. Note that B S

i 1

; : : : ; B S

ip

are disjoin t and eac h con tains

only one binding site in practice. The exp ected binding energy of a transcription factor b ound

to a binding site in B S

ik

is

P

b

ij

2 B S

ik

P

ij

E ( b

ij

; M

0

) where P

ij

is giv en in Equation (2). Giv en

that at least one binding site is b ound b y the transcription factor, the exp ected binding energy

b et w een the transcription factor and sequence s

i

can b e calculated as follo ws:

E

total

( s

i

; M

0

) =

X

all B S

ik

2

6

6

6

6

6

6

4

X

b

ij

2 B S

ik

P

ij

E ( b

ij

; M

0

)

1 �

Y

all B S

ik

0

@

1 �

X

b

ij

2 B S

j k

P

ij

1

A

3

7

7

7

7

7

7

5

=

X

j 2f 1 ;:::;B

i

g

P

ij

E ( b

ij

; M

0

)

1 �

Y

all B S

ik

0

@

1 �

X

b

ij

2 B S

ik

P

ij

1

A

The exp ected binding energy E

total

( s

i

; M

0

) is the sum of the exp ected binding energy b et w een

the transcription factor and eac h group of binding sites giv en that the transcription factor has

b ound to at least one binding site in the sequence.

P

b

ij

2 B S

ik

P

ij

E ( b

ij

; M

0

) is the exp ected

binding energy b et w een the transcription factor and a binding site in group B S

ik

and 1 �

Q

all B S

ik

(1 �

P

b

ij

2 B S

j k

P

ij

) is the probabilit y that the transcription factor has b ound to at

least one binding site in the sequence.

W e then form ulate an equation b y setting this exp ected binding energy equal to the giv en

binding energy of that sequence, that is, E

total

( s

i

; M

0

) = e

i

. With t input sequences, w e ha v e

a system of t equations. W e use QR decomp osition to solv e this system of equations to obtain

all 4 l en tries of the new energy matrix M

0

that minimizes the predication error.

T ec hnically , w e con v ert eac h c haracter in b

ij

for an y j in B S

ik

to a 4-dimensional v ector

b y using (1,0,0,0), (0,1,0,0), (0,0,1,0) and (0,0,0,1) to represen t \A", \C", \G" and \T"

resp ectiv ely . The resultan t 4 l -dimensional v ector v

ij

is used to represen t the binding site b

ij

14



of length l . F or example, w e con v ert \A TC" to a 12-dimensional v ector (1,0,0,0,0,0,0,1,0,1 ,

0,0). Then, the equation for sequence s

i

can b e represen ted as follo ws,

8

>

>

>

>

>

<

>

>

>

>

>

:

B

i

X

j =1

2

6

6

6

6

6

4

P

ij

1 �

Y

all B S

ik

 

1 �

X

b

im

2 B S

ik

P

im

!

� v

ij

3

7

7

7

7

7

5

9

>

>

>

>

>

=

>

>

>

>

>

;

� V ( M

0

)

T

= e

i

where P

ij

is the probabilit y that the transcription factor is b ound to b

ij

with resp ect to M

(see Section 2.2) and V ( M

0

) = ( M

0

(1 ; 1) ; M

0

(2 ; 1) ; M

0

(3 ; 1) ; M

0

(4 ; 1) ; M

0

(1 ; 2) ; : : : ; M

0

(4 ; l ))

represen ts the v ector formed b y concatenating the column en tries of M

0

.

4.2 Finding Candidate Matrices

When the algorithm based on the energy mo del is applied to �nd the motif, not all the initial

matrices can con v erge to the correct matrix M

�

. The success of the algorithm dep ends v ery

m uc h on the set of candidate matrices c hosen as \seed". F or example, if w e use a random

string Q of length l to construct a 4 � l matrix M as the seed where M ( Q [ i ] ; i ) = � 1 for

1 � i � l and 0 for all other en tries, it can b e con�rmed from exp erimen ts that the success

rate is v ery lo w at ab out 0 : 3%. In the follo wing, w e sho w a b etter metho d of �nding the

seeds.

4.2.1 Impro v ed Metho d for Finding Seed

Our approac h to �nd a seed matrix is to select the most lik ely length- l string Q among the

4

l

p ossible strings b y v oting. Eac h � of length l app earing in the input sequences will giv e a

score to ev ery string Q with similar pattern (that is, the Hamming distance b et w een � and Q

is within a giv en threshold). The set of strings receiv ed the highest scores will b e c hosen for

con v erting to seed matrices. Ho w ev er, the v otes should carry di�eren t w eigh ts dep ending on

the binding energy e

i

of the sequence from where � is deriv ed. In our exp erimen t, w e ha v e

de�ned the score function as follo ws.

Score ( s

i

; � ; Q ) =

8

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

:

� e

i

=

Q

l = 2

k =1

P

0

( Q [ k ])

if 9 a substring � in s

i

s.t. H ( � ; Q ) � b l = 8 c

0 otherwise
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where H ( � ; Q ) de�nes the Hamming distance b et w een � and Q and P

0

( c ) the o ccurrence

probabilit y of c in the input sequences where c is \A", \C", \G", or \T". The score of a

length- l string Q is

X

i

X

�

S cor e ( s

i

; � ; Q )

In general, it is v ery time-consuming to �nd the highest scoring Q among the 4

l

(= 2

34

if

l = 17) p ossible strings. In order to reduce the n um b er of tests, w e need to reduce the length

of the \seed". One w a y to do this is the follo wing. Giv en a string Q of length l , w e pro ject

the l = 2 c haracters at the o dd p ositions of Q to form a represen tativ e string of length l = 2.

F or example, when l = 8, w e will use \A CA C" to represen t \A TC GA TC G". W e mo dify

the scoring function suc h that H ( � ; Q ) is the Hamming distance b et w een the represen tativ e

string of � and Q , and w e calculate the pro duct of P

0

( Q [ k ]) for o dd n um b er k only . Instead

of �nding the scores of all the 4

l

p ossible strings of length l , w e �nd the scores for the 4

l = 2

represen tativ e strings of length l = 2 and use those represen tativ e strings with high scores to

predict the candidate matrices. Similarly , w e can get another set of candidate matrices if w e

pro ject the ev en p ositions of a string to form the represen tativ e string. In practice, w e can

still �nd the seed ev en if w e p eform the ab o v e pro jection.

5 Exp erimen tal Results

W e ha v e implemen ted EBMF in C++ and tested it on b oth real data and sim ulated data. W e

compared EBMF with common motif-�nding programs AlignA CE and MEME. The results

sho w ed that EBMF is e�ectiv e and compares fa v orably with these programs.

[T able 2 ab out here.]

[T able 3 ab out here.]

5.1 Sim ulated Data

Let m b e the total n um b er of sequences, n b e the length of eac h sequence, t b e the n um b er

of sequences with binding sites and B

�

b e the n um b er of binding sites in the t sequences, w e

generated the sim ulated data as follo w. A 4 � l energy matrix E

�

w as generated randomly and

a corresp onding probabilit y matrix M

�

w as constructed suc h that for eac h column j in M

�

, the

probabilit y of the o ccurrence of a n ucleotide c w as directly prop ortional to e

� E

�

( c;j )

. Then w e

16



generated m sequences of length n where eac h n ucleotide o ccurred with equal probabilit y , and

plan ted B

�

binding sites (generated according to the probabilit y matrix) in these t sequences

at random p ositions. Finally , w e used the energy matrix E

�

to calculate the energy lev el

e

i

= E

total

( s

i

; E

�

) of eac h sequence s

i

. As man y other researc h in motif �nding [Buhler 2002 ,

Segal 2002 ], w e ha v e used a relativ ely large n when generating input sequences. It is b ecause

in real biological data, w e usually do not kno w the accurate p ositions of the binding regions

as the cost for getting more accurate result is high and error ma y o ccur in the exp erimen ts.

T ables 2 and 3 sho w the results of AlignA CE, MEME and EBMF on the sim ulated data.

W e arranged the m sequences according to their energy lev el e

i

in increasing order. The t

sequences with plan ted binding sites should ha v e the lo w est energy lev el. W e used the m

sequences and the corresp onding energy lev els e

i

as input for EBMF. F or AlignA CE and

MEME, w e used the k ( k = t; t + 1 ; : : : ; m ) sequences with the lo w est energy lev el as input.

There are situations in whic h EBMF �nds the motif while AlignA CE and MEME fail to do so

for all k in the range [ t; m ]. This is b ecause when the n um b er of binding sites in the sequences

is small, there exist man y matrices whose log lik eliho o ds are no smaller than that of matrix

M

�

. In fact, there is an in�nite n um b er of suc h matrices. When these matrices in turn

represen t man y di�eren t strings, AlignA CE and MEME will fail. The EBMF algorithm can

help in these situations b y using w eak-signal sequences to eliminate the n um b er of matrices

and, more imp ortan tly , the n um b er of di�eren t strings they represen t, to the exten t that the

motif can b e found.

[T able 4 ab out here.]

5.2 Real Data

Using Gal4 as an example, w e kno w from Section 2 that once w e remo v e sev eral sequences

con taining m ultiple binding sites, b oth MEME and AlignA CE cannot �nd the motif pattern

CGGN11CCG. [Bram 1984 , Bram 1986 , Magdolen 1990 ]. In this section, w e test whether our

algorithm can disco v er the correct pattern in similar situation.

F rom the mircoarra y exp erimen t (data from [Ren 1993 ]), w e obtained 6000 in tergenic

regions (the length of the sequences is in the range [100 ; 1000]), eac h with a color ratio. After

sorting the sequences according to their color in tensities in decreasing order, w e remo v ed the

2,3,4 and 6 sequences from the data set, whic h con tain m ultiple binding sites with strong

signal. W e tried to �nd the motif using this w eak data set.
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F or AlignA CE and MEME, no matter ho w w e set the threshold for selecting the top

strong-signal sequences, the motif cannot b e found. Ho w ev er, since the EBMF algorithm

tak es adv an tage of w eak-signal sequences, w e can �nd the CGGN11CCG pattern using the

top 100 sequences(T able 4).

6 Conclusion

In this pap er, w e ha v e c haracterized data sets for whic h existing motif-�nding algorithms,

whic h are based on the strong-signal mo del, succeed to �nd the motif in terms of the minim um

n um b er of binding sites the data set (instead of the minim um n um b er of sequences with

binding sites) m ust ha v e. This c haracterization pro vides a b etter description of the data set

for whic h w e can exp ect success.

Commonly-used motif-�nding programs, suc h as AlignA CE and MEME, are based on

strong-signal mo del, where the patterns of w eak-signal sequences are ignored. Clearly , w eak-

signal sequences, suc h as sequences without binding sites, also con tain information ab out motif

in the negativ e sense, although p ossibly less than information from strong-signal sequences.

F or data sets whic h do not ha v e the minim um n um b er of binding sites, w e ha v e prop osed

a new EMBF algorithm for �nding motifs, whic h mak es use the information of w eak-signal

sequences in order to outp erform AlignA CE and MEME. Ho w ev er, our EBMF algorithm in

its presen t state has t w o shortcomings whic h require atten tion and will b e addressed in our

future pap ers.

1. Comparativ ely , our EBMF algorithm is rather slo w and tak es a m uc h longer time to

iden tify the motif than other motif-�nding algorithms. W e b eliev e, ho w ev er, time im-

pro v emen t can b e realized through a more e�cien t w a y of �nding \seed" matrices (Sec-

tion 4.2.1).

2. F or most data sets, exact information ab out eac h sequence's binding energy is not

a v ailable. It is then desirable to devise another approac h to address data sets with only

t w o groups of sequences - those with and those without binding sites [Chin 2005a ].
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App endix

In this section, w e pro v e b y induction that the probabilit y that the Hamming distance b e-

t w een a randomly c hosen string Q and a string b generated according to some bac kground

probabilities P

0

is smaller than or equal to d can b e represen ted b y

d

X

i =0

 

l

i

!

�

3

4

�

i

�

1

4

�

l � i

where l is the length of Q and b .

Denote H ( x; y ) as the Hamming distance b et w een t w o string x and y of the same length.

Giv en a length- l random string Q with equal o ccurrence probabilities for \A", \C", \G",

\T" and a length- l random substring b generated according to the bac kground probabilities

P

0

= f P

0

( A ) ; P

0

( C ) ; P

0

( G ) ; P

0

( T ) g , let S ( l ) b e the prop osition that for an y d , 0 � d � l , the

probabilit y that H ( Q; b ) = b is
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When l = 1

Case I: d = 0

P ( H ( Q; b ) = 0)

= P ( Q = \A" ^ b = \A" )

+ P ( Q = \C" ^ b = \C" )

+ P ( Q = \G" ^ b = \G" )

+ P ( Q = \T" ^ b = \T" )
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Case I I: d = 1

P ( H ( Q; b ) = 1)

= P ( Q 6= \A" ^ b = \A"

+ P ( Q 6= \C" ^ b = \C" )

+ P ( Q 6= \G" ^ b = \G" )

+ P ( Q 6= \T" ^ b = \T" )

=
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4
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S (1) is true

Assume S ( k ) is true, consider S ( k + 1)

Case I: 1 � d � k

P ( H ( Q; b ) = d )

= P ( H ( Q [1 :::k ] ; b [1 :::k ]) = d ) P ( H ( Q [ k + 1] ; b [ k + 1]) = 0)

+ P ( H ( Q [1 :::k ] ; b [1 :::k ]) = d � 1) P ( H ( Q [ k + 1] ; b [ k + 1]) = 1)

=
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Case I I: d = 0

P ( H ( Q; b ) = d )

= P ( H ( Q [1 :::k ] ; b [1 :::k ]) = 0) P ( H ( Q [ k + 1] ; b [ k + 1]) = 0)
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Case I I I: d = k + 1

P ( H ( Q; b ) = d )

= P ( H ( Q [1 :::k ] ; b [1 :::k ]) = k ) P ( H ( Q [ k + 1] ; b [ k + 1]) = 1)
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Therefore S ( k + 1) is true.
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By induction, S ( l ) is true for all p ositiv e in teger l > 0.

Since the probabilit y that H ( Q; b ) = d is
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the probabilit y that the H ( Q; b ) � d is

d
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T able 1: Results of AlignA CE and MEME on Gal4

n B

�

Min B E ( L

E

; B

�

) AlignA CE MEME

Find? rank Find? rank

9 seq. 762 18 9 3 : 055 � 10

� 52

y es 1 y es 1

3 seq. 787 11 7 1 : 491 � 10

� 23

y es 1 y es 1

8 seq. 736 13 9 8 : 925 � 10

� 25

y es 1 y es 1

7 seq. 746 9 9 2 : 298 � 10

� 7

y es 1 no -

6 seq. 749 7 9 2534 no - no -

Min B is the minim um v alue of B suc h that E ( L

E

; B ) � 1. The bac kground probabilities P

0

are f 0 : 2 ; 0 : 3 ; 0 : 3 ; 0 : 2 g

whic h are calculated according to the n um b er of \A", \C", \G" and \T" o ccurrences in the in tergenic regions of y east.
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T able 2: Results on sim ulated data

E ( L

E

; B ) EBMF AlignA CE MEME

Find? rank Find? rank Find? rank

B = 7 149475 y es 1 no - no -

B = 8 0.000439 y es 1 no - y es 1

B = 9 7 : 70349 � 10

� 7

y es 1 y es 1 y es 1

W e generated 200 length-700 sequences. Then w e plan ted B length-17 binding sites with exp ected lik eliho o d -10 in these

sequences. EBMF, AlignA CE and MEME w ere used to disco v er the motif.
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T able 3: Results on sim ulated data

E ( L

E

; B ) EBMF AlignA CE MEME

Find? rank Find? rank Find? rank

B = 6 619609 y es 1 no - no -

B = 7 0.000439 y es 1 no - y es 1

B = 8 7 : 70353 � 10

� 7

y es 1 y es 1 no -

W e generated 200 length-700 sequences. Then w e plan ted B length-17 binding sites with exp ected lik eliho o d -8.8 in

these sequences. EBMF, AlignA CE and MEME w ere used to disco v er the motif.
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T able 4: Results of the algorithms on Gal4

EBMF AlignA CE MEME

Find? rank Find? rank Find? rank

Using the top 100 sequences y es 2 y es 1 y es 1

in the original data

Using the top 100 sequences y es 1 no - no -

except sequences 2,3,4 and 6

Using the top 100 sequences y es 10 no - no -

except sequences 1 to 6

Using the top 100 sequences y es 5 no - no -

except sequences 1 to 8

W e set the n um b ers of input sequences b e di�eren t v alues for AlignA CE and MEME. W e sa y AlignA CE and MEME

can �nd the motif if they can �nd the CGGN11CCG pattern in at least one setting.
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