
16-811: Math Fundamentals for Robotics, Fall 2025

Assignment 4

DUE: Thursday, October 30, 2025, by 11:59pm

1. Consider the following relationship between a function y(x) and its derivative y′(x) over the
interval [0, 1]:

3 y2 y′ = 1, with y(1) = 1.

(Caution: The “initial condition” is specified at the right endpoint in this problem.)

(a) By hand, obtain an exact analytic solution y(x) to this differential equation.
(You may simply guess y(x) and then show that it satisfies the differential equation.)

In the next three parts you will solve the differential equation numerically. You may not
assume that you know the solution from part (a) within your solvers. Use part (a) merely
to compute errors between your numerical solutions and the exact solution.

(b) Implement and use Euler’s method to solve the differential equation numerically over
the interval [0, 1]. Use a step size of 0.05. How accurate is your numerical solution?

(Compare the numerical solution to the exact solution, perhaps as follows: Create a
table with one row for each xi encountered using the given step size. The row might
mention xi, the true value y(xi), the estimated value yi computed using Euler’s method,
and the error y(xi) − yi. Graph the results as well. — You are about to implement
some additional methods. You may wish to combine all the methods of this problem
into one big table along with one composite graph.)

(c) Implement and use a fourth-order Runge-Kutta method to solve the differential
equation numerically. Again, use a step size of 0.05. Again, how accurate is your
numerical solution?

(d) Finally, implement and use fourth-order Adams-Bashforth for the differential equation.
Again, use a step size of 0.05. Initialize the iteration with the following four values:

y(1.15) = 1.04768955317165,

y(1.10) = 1.03228011545637,

y(1.05) = 1.01639635681485,

y(1) = 1.

Once again, how accurate is your numerical solution?

Please submit code for parts (b)–(d). Include in your pdf any relevant code snippets that
you would like the TAs to see, along with your table and graph, plus your work for (a).

2. Consider the function f(x, y) = x3 + y3 − 2x2 + 3y2 − 8 (for real x and y).

(a) Find all critical points of f by sketching in the (x, y)-plane the iso-contours ∂f
∂x = 0 and

∂f
∂y = 0. Then classify the critical points into local minima, local maxima, and saddle
points by considering either nearby gradient directions or the Hessian of f .

(b) By hand, show how steepest descent would behave starting from the point (x, y) =
(1,−1). Use the version of steepest descent that moves to the nearest local minimum
on the negative gradient line (solve that line optimization analytically). How many
such steepest descent steps are needed to converge to an overall local minimum of f?

Please explain how you got your results and show your work. No code is needed or expected.
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3. Let Q be a real symmetric positive definite n×n matrix. Show that any two eigenvectors of
Q corresponding to distinct eigenvalues of Q are Q-orthogonal. Show this directly from the
definition of eigenvector, without assuming eigenvectors are orthogonal in the usual sense.

No code is needed or expected for this problem. Please put your work into the pdf.

4. (a) Show that in the purely quadratic form of the conjugate gradient method, dT
k Qdk =

−dT
k Qgk. Consequently, show that to obtain xk+1 from xk one does not need to use Q

explicitly, assuming one already has available the vectors gk, Qgk, and dk.

(See the notes for notation:
• “Purely quadratic” means conjugate gradient applied to functions of the form

f(x) = c + bT x + 1
2 xT Qx, with Q a real symmetric positive definite matrix.

• gk is the gradient of f(x) evaluated at xk, and dk is the descent direction along
which the method moves from xk.)

(b) Show that in the purely quadratic form Qgk can be computed by taking a unit step
from xk in the direction of the negative gradient and then evaluating the gradient there.
Specifically, if yk = xk − gk and pk = ∇f(yk), then Qgk = gk − pk.

(c) Combine the results of parts (a) and (b) to derive a conjugate gradient method for
general functions f in the spirit of the algorithm presented in class, but which does not
require knowledge of the Hessian of f or a line search. (In class we used line search
to find minima of f along particular directions.) You may assume that the underlying
ideas developed in (a) and (b) for purely quadratic functions carry over to general
functions when you use the Conjugate Gradient Algorithm that appears on page 22 of
the Optimization notes. Since that algorithm is based on the algorithm of page 17 in
the notes, you will want to adapt the formulas for αk and βk that appear on page 17.

No code is needed or expected for this problem. Please answer all parts in the pdf.

5. Find the rectangle of a given perimeter that has the greatest area, by solving the Lagrange
multiplier first-order necessary conditions. Verify the second-order sufficiency conditions.

No code is needed or expected for this problem. Please put your work into the pdf.

6. In this problem, you are going to use trajectory optimization to find obstacle-free paths
for a robot. You will start with an obstacle cost world and a straight line path that blasts
through the obstacles, as in Figures 1 and 2 on page 4. We are providing some starter code
to make it easier – see the files trajectory optimization.{m|py}. For your code, you
mainly just need to add the actual optimization code to one of these files.

(a) Starting from the straight line path that goes across the obstacle field as in Figure 2,
perform gradient descent to find a path with locally optimal cost. You should represent
the path as a sequence of 2D points, view that sequence as a higher-dimensional point
in some finite-dimensional space, and take gradient steps in that space. Rather than
optimize along the entire gradient line as we did in lecture, simply scale the negative
gradient by 0.1 and take a corresponding step.
Remember, this is a path for your robot, so make sure you don’t accidentally optimize
its start and goal as well; those should remain fixed.
Plot the path after one iteration — notice that it is moving away from the obstacles.
Pick convergence criteria and plot the path after convergence. What happened to it?
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(b) To avoid the issue from part (a), you need to tell the optimizer that this is a path
instead of some independent 2D points.
One possibility is to consider an additional cost term, min (1

2 ||ξi − ξi−1||2), that tells
each 2D point ξi to be close to the previous 2D point ξi−1 on the path. This additional
term is sometimes called a smoothness cost.
Augment your negative gradient from part (a) with a new negative gradient, obtained
for each ξi from the single term 1

2 ||ξi − ξi−1||2.
(The gradient of this new term with respect to ξi is (ξi − ξi−1). Include this term for
ξi, but ignore this term when taking a gradient with respect to any other ξj , including
ξi−1. This means we are really specifying a vector field for the optimizer to follow
rather than an overall cost function. Another perspective is that each 2D point on the
path is optimizing its own cost function, chosen in a convenient way.)
Weight the negative obstacle gradient from part (a) with 0.8 and the new negative
gradient term with 4, add them together, then again scale that vector by 0.1 and take
a corresponding step. (Weights like this are never set in stone; if you wish, you should
feel free to experiment with other values.)
Plot the path after 100, 200 and 500 iterations. Why doesn’t this work?

(c) Finally, try augmenting the obstacle gradient with a different smoothness cost, telling
each 2D point to be close to both its previous and next points on the path:

min
(

1
2
||ξi − ξi−1||2 +

1
2
||ξi+1 − ξi||2

)
.

Taking the gradient with respect to ξi yields (ξi − ξi−1) + (ξi − ξi+1), which is
−ξi−1 + 2ξi − ξi+1. (We can now view this gradient as derived from an overall cost
function or we can again view it as derived for each 2D point from its own cost function.)
Perform another optimization using this new smoothness cost to compute gradient
updates:

i. Use 0.8 to weight the obstacle cost and 4 to weight the smoothness cost. Then use
a step-size scaling of 0.1 as before.

ii. Again, you should feel free to use different weights if your code works better with
those, so long as the weights are not too different from those we suggested.

Plot the path after 100 and 5000 iterations. Why is this version better?

(d) What will happen if you were to start the procedure from different initial paths?
Will the final answer be the same every time? Why?

(e) Suppose that the final solution path found by gradient descent, given some initial
path and given our original cost function, is not feasible for the robot to execute (it
still passes through some high cost regions that you would rather not have the robot
pass through)? What simple common-sense strategy can you come up with to try to
mitigate this problem? (No need to write code unless necessary. We expect a very
short description of the strategy only.)

Please submit code for parts (a), (b), and (c), but none is required for (d) and (e). Please
provide answers for all parts in your pdf, as usual. In particular, replicate any code snippets
in your pdf that you think the TAs will need for grading.
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Figure 1: A 2D world with obstacles depicted as cost functions. Shown in red is a straight line
path between two locations. The path has high cost because it passes through/near obstacles.

Figure 2: Another 2D obstacle world and straight line path with moderately-high cost,
corresponding to the code appearing in trajectory optimization.{m|py}.
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