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ABSTRACT
In prior work we introduceda pure type assignmentsystemthat
encompassesa rich setof propertytypes,including intersections,
unions,anduniversallyandexistentiallyquanti�eddependenttypes.
Thissystemwasshown soundwith respectto acall-by-valueoper-
ationalsemanticswith effects,yet is inherentlyundecidable.

In this paperwe provide a decidableformulation for this sys-
tembasedonbidirectionalchecking,combiningtypesynthesisand
analysisfollowing logical principles. Thepresenceof unionsand
existentialquanti�cationrequirestheadditionalability to visit sub-
termsin evaluationpositionbeforethecontext in which they occur,
leadingto a tridirectionaltype system.While soundnesswith re-
spectto the type assignmentsystemis immediate,completeness
requiresthe novel conceptof contextual type annotations, intro-
ducinga notionfrom thestudyof principaltypingsinto thesource
program.

1. INTRODUCTION
Over thelasttwo decades,therehasbeenasteadyincreasein the

useof typesystemsto captureprogrampropertiessuchascontrol
�o w [15], memorymanagement[22], aliasing[20], datastructure
invariants[11, 7, 28] andeffects [21, 14], to mentionjust a few.
Ideally, suchtypesystemsspecifyrigorously, yet at a high level of
abstraction,how to reasonabouta certainclassof programproper-
ties. This speci�cationusuallyservesa dualpurpose:it is usedto
relatethepropertiesof interestto theoperationalsemanticsof the
programminglanguage(for example,proving type preservation),
andit is thebasisfor concretealgorithmsfor programanalysis(for
example,via constraint-basedtypeinference).

While the type-basedapproachhasbeensuccessfulfor usein
automaticprogramanalysis(for example,for optimizationduring
compilation),it hasbeenlesssuccessfulin makingtheexpressive
typesystemsdirectly availableto theprogrammer. Onereasonfor
this is thedif�culty of �nding theright balancebetweenthebrevity
of theadditionalrequiredtypedeclarationsandthefeasibilityof the
typecheckingproblem. Anotheris the dif�culty of giving precise
andusefulfeedbackto theprogrammeron ill-typed programs.

In prior work [9] we developeda systemof pure type assign-
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mentdesignedfor call-by-valuelanguageswith effectsandproved
progressandtypepreservation.Theintendedatomicprogramprop-
ertiesaredatastructurere�nements[11, 10, 28], but our approach
doesnot dependessentiallyon this choice.Atomic propertiescan
becombinedintomorecomplex onesthroughintersections,unions,
anduniversalandexistentialquanti�cationover index domains.As
a pure type assignmentsystem,wheretermsdo not containany
typesatall, it is inherentlyundecidable[4].

In thispaperwedevelopanannotationdisciplineandtypecheck-
ing algorithmfor our earlier type assignmentsystem. The major
contribution is the typesystemitself which containsseveral novel
ideas,includinganextensionof theparadigmof bidirectionaltype-
checkingto unionandexistentialtypes,leadingto thetridirectional
system. While type soundnessfollows immediatelyby erasureof
annotations,completenessrequiresthatwe insertcontextual typing
annotationsreminiscentof principaltypings[13, 25]. Decidability
is not obvious; we prove it by showing that a slightly alteredleft
tridirectionalsystemis decidable(andsoundandcompletewith re-
spectto thetridirectionalsystem).

Thebasicunderlyingideais bidirectionalchecking [18] of pro-
gramscontainingsometypeannotations,combiningtypesynthesis
with typeanalysis, �rst adaptedto propertytypesby Davies and
Pfenning[7]. Synthesisgeneratesa type for a term from its im-
mediatesubterms.Logically, this is appropriatefor destructors(or
eliminationforms) of atype.Forexample,the�rst productelimina-
tion passesfrom e : A � B to fst(e) : A . Therefore,if wecangener-
ateA � B wecanextractA . Dually, analysisveri�es thatatermhas
a given typeby verifying appropriatetypesfor its immediatesub-
terms. Logically, this is appropriatefor constructors(or introduc-
tion forms) of atype.For example,to verify that�x: e : A ! B we
assumex : A andthenverify e : B. Bidirectionalcheckingworks
for both thenative typesof theunderlyingprogramminglanguage
andthelayerof propertytypeswe constructover it.

However, thesimplebidirectionalmodelisnotsuf�cient for what
we call inde�nite propertytypes: unionsandexistentialquanti�ca-
tion. This is becausetheprogramlackstheprerequisitestructure.
For example,if we synthesizeA _ B, theunion of A andB, for
an expressione, we now needto distinguishthe cases:the value
of e might have type A or it might have type B. Determiningthe
properscopeof thiscasedistinctiondependsonhow e is used,that
is, thepositionin which e occurs.This meanswe needa “third di-
rection” (whencethenametridirectional): we might needto move
to a subexpression,synthesizeits type, andonly thenanalyzethe
expressionsurroundingit.

Sincethe tridirectional type system(like the bidirectionalone)
requiresannotations,wewantto know thatany programwell typed
in the type assignmentsystemcanbe annotatedso that it is also
well typedin thetridirectionalsystem.But with intersectiontypes,
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sucha completenesspropertydoesnot hold for theusualnotionof
type annotation(e : A) (aspreviously noted[16, 6, 23]), a prob-
lem exacerbatedby scopingissuesarising from quanti�ed types.
We thereforeextend the notion of type annotationto contextual
typing annotation, (e : � 1 ` A 1 ; : : : ; � n ` A n ), in which the
programmercanwrite several context/type pairs. The ideais that
anannotation� k ` A k maybeusedwhene is checkedin acontext
matching� k . This ideamight alsobeapplicableto arbitraryrank
polymorphism,apossibilityweplanto explorein futurework.

Unlikethebidirectionalsystem,theinde�nite propertytypesthat
necessitatethe third direction make decidability of typechecking
nontrivial. Two ideascometo the rescue.First, to preserve type
safetyin a call-by-valuelanguagewith effects, the type of a sub-
terme canonly bebroughtout if thetermcontainingit hastheform
E[e] for someevaluationcontext E, reducingthenondeterminism;
this wasa key observation in our earlierpaper[9]. Second,one
never needsto visit a subtermmorethanoncein thesamederiva-
tion: thesystemwhichenforcesthis is soundandcomplete.

The remainderof the paperis organizedas follows. Section2
presentsasimplebidirectionaltypesystem.Section3 addsdatatypes
and a rich set of typesincluding intersectionsand unions,using
tridirectionalrules;this is thesimpletridirectionalsystem. In Sec-
tion 4, weexplainour form of typingannotationandprove thatthe
simple tridirectional systemis completewith respectto the type
assignmentsystem.Section5 restrictsthe tridirectionalrulesand
compensatesby introducingleft rules to yield a left tridirectional
system. We prove soundnessandcompletenesswith respectto the
simpletridirectionalsystem,prove decidability, andusetheresults
in [9] to prove typesafety. Finally, we discussrelatedwork (Sec-
tion 6) andconclude(Section7).

2. THE CORE LANGUAGE
In a puretypeassignmentsystem,thetyping judgmentis e : A ,

wheree containsno types(eliding contexts for themoment).In a
bidirectionaltypesystem,we have two typing judgments:e " A,
reade synthesizesA, ande # A, reade checks againstA . The
moststraightforward implementationof sucha systemconsistsof
two mutuallyrecursivefunctions:the�rst, correspondingto e " A,
takes the term e andeither returnsA or fails; the second,corre-
spondingto e # A, takes the term e and a type A andsucceeds
(returningnothing)or fails. This raisesa question:Wheredo the
typesin the judgmentse # A comefrom? More generally:what
arethedesignprinciplesbehinda bidirectionaltypesystem?

Avoiding uni�cation or similar techniquesassociatedwith full
typeinferenceis fundamentalto thedesignof thebidirectionalsys-
tem we proposehere. The motivation for this is twofold. First,
for highly expressive systemssuchastheonesunderconsideration
here,full type inferenceis oftenundecidable,sowe needlessau-
tomaticandmorerobustmethods.Second,sinceuni�cation glob-
ally propagatestypeinformation,it is oftendif�cult to pinpointthe
sourceof typeerrors.

Wethinkof theprocessof bidirectionaltypecheckingasabottom-
up constructionof a typing derivation, eitherof e " A or e # A.
Giventhatwewantto avoid uni�cation andsimilar techniques,we
needeachinferenceruleto bemodecorrect, terminologyborrowed
from logic programming. That is, for any rule with conclusion
e " A we mustbe able to determineA from the information in
thepremises.Conversely, if wehavearulewith premisee # A, we
mustbeableto determineA beforetraversinge.

However, modecorrectnessby itself is only a consistency re-
quirement,not a designprinciple. We �nd sucha principle in the
realmof logic, andtransferit to our setting. In naturaldeduction,
we distinguishintroductionrulesandeliminationrules. An intro-

ductionrule speci�eshow to infer a propositionfrom its compo-
nents;whenreadbottom-up,it decomposesthe proposition. For
example,the introductionrule for the conjunctionA � B decom-
posesit to the goalsof proving A andB. Therefore,a rule that
checksatermagainstA � B usinganintroductionrulewill bemode
correct.

� ` e1 # A 1 � ` e2 # A 2

� ` (e1 ; e2 ) # A 1 � A 2
(� I )

Conversely, aneliminationrulespeci�eshow to usethefactthat
a certainpropositionholds;whenreadtop-down, it decomposesa
proposition. For example,the two elimination rules for the con-
junctionA � B decomposeit to A andB, respectively. Therefore,
a rule that infersa typefor a termusinganeliminationrulewill be
modecorrect.

� ` e " A � B
� ` fst(e) " A

(� E1 )
� ` e " A � B
� ` snd(e) " B

(� E2 )

If we employ this designprinciple throughout,theconstructors
(correspondingto theintroductionrules)for theelementsof a type
arecheckedagainstagiventype,while thedestructors(correspond-
ing to the eliminationrules)for the elementsof a type synthesize
their type.This leadsto thefollowing rulesfor functions.

� ; x:A ` e # B
� ` �x: e # A ! B

(! I )
� ` e1 " A ! B � ` e2 # A

� ` e1 (e2 ) " B
(! E)

Whatdo we do whenthedifferentjudgmentdirectionsmeet?If
we are trying to checke # A thenit is suf�cient to synthesizea
typee " A 0 andcheckthatA 0 = A. More generally, in a system
with subtyping,it is suf�cient to know thatevery valueof typeA 0

alsohastypeA, thatis, A 0 � A .

� ` e " A 0 � ` A 0 � A
� ` e # A

(sub)

In theoppositedirection,if wewantto synthesizeatypefor e but
canonly checke againsta giventype,thenwe donothave enough
information. In the realmof logic, sucha stepwould correspond
to a proof that is not in normalform (andmight not have thesub-
formulaproperty).Thestraightforwardsolutionwould beto allow
sourceexpressions(e : A) via a rule

� ` e # A
� ` (e : A) " A

Unfortunately, this is not generalenoughdueto thepresenceof
intersectionsanduniversallyandexistentially quanti�ed property
types.Wediscusstheissuesandoursolutionin detailin Section4.
For now, only normaltermswill typecheckin our system.These
correspondexactly to normalproofsin naturaldeduction.We can
thereforealreadypinpoint whereannotationswill be requiredin
thefull system:exactly wherethetermis not normal.This will be
the casewheredestructorsareappliedto constructors(that is, as
redexes)andat certainlet forms.

In addition we permit datatypes� with constructorsc(e) and
correspondingcaseexpressionscasee of ms, wherethematchex-
pressionsms havetheform c1 (x1 ) ) e1 | : : : cn (xn ) ) en . The
constantsc aretheconstructorsandcasethedestructorof elements
of type� . This meansexpressionsc(e) arecheckedagainsta type,
while thesubjectof acasemustsynthesizeits type.Assumingcon-
structorshave typeA ! � , this yieldsthefollowing rules.

c : A ! � � ` e # A
� ` c(e) # �

(�I )
� ` e " � � ` ms #� C

� ` casee of ms # C
(�E )

� ` � #� C
c : A ! � � ; x:A ` e # C � ` ms #� C

� ` c(x) ) e | ms #� C
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Types A; B; C; D ::= 1 j A ! B j A � B j �
Terms e ::= x j u j �x: e j e1 e2 j �x u: e

j () j (e1 ; e2 ) j fst(e) j snd(e)
j c(e) j casee of ms

Matchesms ::= � j c(x) ) e| ms
Values v ::= x j �x: e j () j (v1 ; v2 )

Eval. contexts E ::= [] j E(e) j v(E)
j (E;e) j (v; E) j fst(E) j snd(E)
j c(E) j caseE of ms

e0 7! R e00

E[e0] 7! E[e00]

(�x: e) v 7! R [v=x] e fst(v1 ; v2 ) 7! R v1

�x u: e 7! R [�x u: e=u] e snd(v1 ; v2 ) 7! R v2

casec(v) of : : : c(x) ) e : : : 7! R [v=x] e

Figure1: Syntax and semanticsof the core language

Wehaveelidedhereasyntacticconditionthattheleft-handsides
of acaseexpressionwith subject� coverall constructorsfor a type
� . Note that in the eliminationrule �E , we move from e " � to
x:A (whichshouldbereadx" A) , checkingeachbranchagainstC.
This hasits logical counterpartin disjunctionelimination,which
canbe formulatedmorecompactlysinceit hasexactly two cases.
NotethataddingdisjointsumsA + B wouldbestraightforwardand
follow thesamediscipline.

In additionwe have �x edpoints,which involve bothdirections:
to check�x u: e # A we assumeu:A (whichshouldbereadu" A)
then the checke againstA . Note that we introducea new form
of variableu that doesnot standfor a value,but for an arbitrary
term, becausethe reductionform for �x ed point expressionsre-
duces�x u: e to [�x u: e=u] e (thesubstitutionof �x u: e for u in
e). We do not exploit this generalityhere,but our designis clearly
consistentwith commonsyntacticrestrictionon the formationof
�x edpointsin call-by-valuelanguages.

Thesyntaxandsemanticsof ourcorelanguageis givenin Figure
1. A capitalE denotesan evaluationcontext—a term with a hole
[] representingthe part of the term wherea reductionmay occur.
Thesemanticsis a straightforwardcall-by-valuesmall-stepformu-
lation. [e0=x] e denotesthesubstitutionof e0 for x in e.

Figure2 shows thesubtypingandtyping rulesfor theinitial lan-
guage. The subtypingrulesarestandardexcept for the presence
of thecontext � , usedby thesubtypingrulesfor index re�nements
andindex quanti�ers,which we addin thenext section.Variables
mustappearin � , so(var) is a synthesisrule deriving x " A. The
subsumptionrule (sub) is an analysisrule deriving e # B, but its
�rst premiseis a synthesisrule e " A. This meansbothA andB
areavailablewhenthesubtypingjudgmentA � B is invoked; no
complex constraintmanagementis necessary. For introductionand
elimination rules,we follow the principlesoutlinedabove. Note
that in practice,in applicationse1 e2 , the functione1 will usually
be a variableor, in a curriedstyle,anotherapplication—sincewe
synthesizetypesfor these,e1 e2 itself needsno annotation.

This is not theonly plausibleformulationof bidirectionality;see
[26] for a contrastingstyle. However, oursseemsto be the sim-
plest plausibleformulation and hasa clear logical foundationin
the notion of introductionandelimination forms that correspond
to constructorsand destructorsfor elementsof a type under the
Curry-Howardisomorphism.Consequently, asystematicextension
shouldsuf�ce to addfurtherlanguageconstructs.Furthermore,any
term in normal form will needno annotationexceptat the outer-

Types A; B; C; D ::= : : : j � (i ) j A ^ B j > j �a :
: A
j A _ B j ? j �a :
: A

Figure3: Languageadditions for property types

most level, so we shouldneedannotationsin few placesbesides
functionde�nitions.

3. PROPERTY TYPES
The typespresentin the languageso far are tied to construc-

tors anddestructorsof terms. For example,the type A ! B is
realizedby constructor�x: e anddestructore1 (e2 ), relatedto the
introductionandeliminationformsof ! by a Curry-Howard cor-
respondence.

In this sectionwe areconcernedwith expressingricherproper-
ties of termsalreadypresentin the language.The only changeto
the term languageis to addtyping annotations,discussedin Sec-
tion 4; otherwise,only the languageof types is enriched. The
basicpropertiesaredatastructureinvariants,that is, propertiesof
termsof theform c(e). All otherpropertiesareindependentof the
term languageandprovide generalmechanismsto combinesim-
pler propertiesinto more complex ones,yielding a very general
typesystem.In this paperwe do not formally distinguishbetween
ordinary typesand propertytypes,thoughsucha distinction has
beenusefulin thestudyof re�nementtypes[11, 10].

Our formulationof propertytypesis fully explainedand justi-
�ed in [9] for a pure type assignmentsystem;here,we focuson
thebidirectionalityof therules. We do not extendtheoperational
semantics:it is easiestto eraseannotationsbeforeexecutingthe
program.Hence,thesoundnessof thetypesystemfollows directly
from theresultfor thetypeassignmentsystemin [9].

3.1 Intersections
A valuev hastypeA ^ B if it hastypeA andtypeB. Because

this is an introductionform, we proceedby checking v againstA
andB. Conversely, if e hastypeA ^ B thenit musthavebothtype
A andtypeB, proceedingin thedirectionof synthesis.

� ` v # A 1 � ` v # A 2

� ` v # A 1 ^ A 2
(^ I )

� ` e " A ^ B
� ` e " A

(^ E1 )
� ` e " A ^ B

� ` e " B
(^ E2 )

While theserulescombinepropertiesof thesameterm(andare
thereforenot anexampleof a Curry-Howardcorrespondence),the
erasureof the termsstill yields the ordinarylogical rulesfor con-
junction. Therefore,by the samereasoningasfor ordinarytypes,
thedirectionalityof therulesfollows from logicalprinciples.

Usually, theeliminationrulesarea consequenceof thesubtyp-
ing rules (via the (sub) typing rule), but oncebidirectionality is
enforced,this is not thecaseandtherulesmustbe takenasprim-
itive. Note that the introductionform (^ I ) is restrictedto values
becauseits generalform for arbitraryexpressionse is unsoundin
thepresenceof mutablereferencesin call-by-valuelanguages[7].

The subtypingrules for our systemaredesignedfollowing the
well-known principlethatA � B only if any (closed)valueof type
A alsohastypeB. Thus,whenever wemustcheckif anexpression
e hastypeB wearesafeif wecansynthesizea typeA andA � B.
The subtypingrules thennaturallydecomposethe structureof A
andB by so-calledleft andright rulesthatcloselymirror theright
and left rulesof a sequentcalculus. In fact, ignoring � for now,
we canthink of subtypingasa single-antecedent,single-succedent
form of thesequentcalculus.
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� ` B1 � A 1 � ` A 2 � B2

� ` A 1 ! A 2 � B1 ! B2
(! )

� ` 1 � 1
(1)

� ` A 1 � B1 � ` A 2 � B2

� ` A 1 � A 2 � B1 � B2
(� )

� ` � � �
(� )

� (x) = A
� ` x " A

(var)
� ; x:A ` e # B

� ` �x: e # A ! B
(! I )

� ` e1 " A ! B � ` e2 # A
� ` e1 (e2 ) " B

(! E)

� ` e " A � ` A � B
� ` e # B

(sub)
� (u) = A
� ` u " A

(�xva r)
� ; u:A ` e # A
� ` �x u: e # A

(�x )

� ` e1 # A 1 � ` e2 # A 2

� ` (e1 ; e2 ) # A 1 � A 2
(� I )

� ` e " A � B
� ` fst(e) " A

(� E1 )
� ` e " A � B
� ` snd(e) " B

(� E2 )
� ` () # 1

(1I )

c : A ! � � ` e # A
� ` c(e) # �

(�I )
� ` e " � � ` ms #� C

� ` casee of ms # C
(�E )

� ` � #� C
c : A ! � � ; x:A ` e # C � ` ms #� C

� ` c(x) ) e| ms #� C

Figure2: Subtyping and typing in the core language

P ::= ? j i := j j : : :

� ::= � j � ; x:A j � ; a:
 j � ; P

� = �
� ; x:A = �
� ; a:
 = � ; a:


� ; P = � ; P

Figure 4: PropositionsP, contexts� , and the restriction func-
tion �

� ` A � B1 � ` A � B2

� ` A � B1 ^ B2
(^ R)

� ` A 1 � B
� ` A 1 ^ A 2 � B

(^ L1 )
� ` A 2 � B

� ` A 1 ^ A 2 � B
(^ L2 )

Weomit thecommondistributivity rule relatingintersectionand
function types,which is unsoundwith mutablereferences[7] and
doesnotdirectly �t into thelogicalpatternof our rules.

3.2 GreatestType
A greatesttype > canbe thoughtof asthe0-ary form of inter-

section(^ ). Therulesaresimply

� ` v # >
(> I )

� ` A � >
(> R)

Thereis no eliminationor left subtypingrule for > . Its typing
rule is a 0-aryversionof (^ I ), andthevaluerestrictionis alsore-
quired[9].

3.3 Re�ned Datatypes
In our system,eachdatatypeis re�ned as in [6, 8, 9] by an

atomicsubtypingrelation � over datasorts� . Eachdatasortiden-
ti�es a subsetof valuesof the form c(v). For example,datasorts
true andfalseidentify singletonsubsetsof valuesof thetypebool.
We furtherre�ne datatypesby indicesdrawn from someconstraint
domain, exactly as in [9] which closely followed Xi and Pfen-
ning [28], Xi [26, 27], andDun�eld [8]. Thetype� (i ) is thetype
of valueshaving datasort� andindex i .

To accommodateindex re�nements,we extend� to allow index
variablesa; b andpropositionsP aswell asprogramvariables.Be-
causetheprogramvariablesareirrelevantto theindex domain,we
cande�ne arestrictionfunction� thatyieldsits argument� without
programvariabletypings(Figure4). No variablemaybedeclared
twicein � , but orderingis now signi�cant becauseof dependencies.

Our formulation,like Xi' s, requiresonly a few propertiesof the
constraintdomain:Theremustbea way to decidea consequence
relation� j= P whoseinterpretationis thatgiventheindex variable
typingsandpropositionsin � , thepropositionP musthold. Because
we have bothuniversalandexistentialquanti�ersover elementsof

theconstraintdomain,theconstraintsmustremaindecidablein the
presenceof quanti�ers,thoughwe have not encounteredquanti�er
alternationsin our examples.Theremustalsobe a relationi := j
denotingindex equality, anda judgment� ` i : 
 whoseinterpre-
tation is that i hasindex sort 
 in � . Notethestrati�cation: terms
have types,indiceshave index sorts;termsandindicesaredistinct.
Theproof of safetyin [9] requiresthat j= be a consequencerela-
tion, that := beanequivalencerelation,that� 6j= ? , andthatj= and
` have expectedsubstitutionandweakeningproperties[8].

Eachdatatypehasan associatedatomic subtypingrelation on
datasorts,andanassociatedsortwhoseindicesre�ne thedatatype.
In this paper, theonly index sort is thenaturalnumbersN with :=
andthe arithmeticoperations+ , - , � . Then� j= P is decidable
providedtheequalitiesin P arelinear.

Weaddanin�nitary de�nite type�a :
: A , introducinganindex
variablea universallyquanti�ed over indicesof sort 
 . Onecan
also view � as a dependentfunction type on indices(insteadof
arbitraryterms).

Example.Assumewe de�ne a datatypeof integer lists: a list is
eitherNil() or Cons(h; t ) for someinteger h and list t . Re�ne
this typeby a datasortodd if the list's lengthis odd,by a datasort
evenif it is even.Wealsore�ne thelistsby their length,soNil has
type 1 ! even(0), andConshastype (�a :N : int � even(a) !
odd(a + 1)) ^ (�a :N : int � odd(a) ! even(a + 1)) . Thenthe
function

�x repeat: �x:

casex of Nil ) Nil | Cons(h; t ) ) Cons(h; Cons(h; repeat(t )))

checksagainst�a :N : list(a) ! even(2 � a).

Thesubtypingrule for datatypeschecksthedatasorts� 1 ; � 2 and
(separately)theindicesi; j :

� 1 � � 2 � ` i := j
� ` � 1 (i ) � � 2 (j )

(� )

To maintainre�exivity andtransitivity of subtyping,we require
that � mustbere�exive andtransitive.

We assumetheconstructorsc aretypedby a judgment� ` c :
A ! � (i ) whereA is any type and � (i ) is somere�ned type.
Now, however, the type A ! � (i ) neednot be unique;indeed,a
constructorshouldoftenhave morethanonere�ned type.Therule
for constructorapplicationis

� ` c : A ! � (i ) � ` e # A

� ` c(e) # � (i )
(�I )

To derive� ` casee of ms # C, wecheckthatall thematchesin
ms checkagainstC, underacontext appropriatetoeacharm;thisis

4



how propositionsP arise.Thecontext � maybecontradictory(� j=
? ) if thecasearmcanbeshown to beunreachableby virtueof the
index re�nementsof theconstructortype andthe casesubject. In
orderto not typecheckunreachablearms,we have

� j= ?
� ` e # A

(contra)

We alsodo not checkcasearmsthat areunreachableby virtue
of thedatasortre�nements.For a completeaccountingof how we
typecaseexpressionsandconstructors,see[8].

Thetyping rulesfor � are

� ; a:
 ` v # A
� ` v # �a :
: A

(�I )
� ` e " �a :
: A � ` i : 


� ` e " [i=a] A
(�E )

By our generalassumption,the index variablea addedto the
context mustbenew, which canalwaysbeachievedvia renaming.
Thedirectionalityof theserulesfollowsourgeneralscheme.As for
intersections,theintroductionrule is restrictedto valuesin orderto
maintaintypepreservationin thepresenceof effects.

One potentially subtle issuewith the introduction rule is that
v cannotreferencea in an internal type annotation,becausethat
would violate� -conversion:onecouldnotsafelyrenamea to b in
�a :
: A , whichis thenaturalscopeof a. Wedescribeoursolution,
contextual typingannotations, in Section4.

Thesubtypingrulesfor � are

� ` [i=a]A � B � ` i : 

� ` �a :
: A � B

(� L)
� ; b:
 ` A � B

� ` A � �b :
: B
(� R)

Theleft ruleallows oneto instantiatea quanti�ed index variable
a to an index i of appropriatesort. The right rule statesthat if
A � B for an arbitraryb:
 thenA is alsoa subtypeof �b :
: B.
Of course,b cannotoccurfree in A. Note thateven if therewere
no existentialtypesin thesystem,the left rule (� L) aswell asthe
eliminationrule (�E ) requiresthesolver for theconstraintdomain
to handleexistentiallyquanti�ed variables.

3.4 Inde�nite Property Types
We now have a systemwith de�nite types^ , > , � . Thetyping

andsubtypingrulesarebothorthogonalandinternally regular: no
rule mentionsboth > and^ , (> I ) is a 0-aryversionof (^ I ), and
so on. However, onecannotexpressthe typesof functionswith
indeterminateresulttype.A standardexampleis the�lter function
on lists of integers: �lter f l returnstheelementsof l for which f
returnstrue. It hastheordinarytype�lter : (int! bool) ! list !
list. Indexing listsby their length,there�ned typeshouldlook like

�lter : �n :N : (int! bool) ! list(n ) ! list( )

To �ll in theblank,we adddependentsums�a :
: A , quantifying
existentiallyover index variables,asin [28, 26]. Thenwe canex-
pressthefactthat�lter returnsa list of someinde�nite lengthm as
follows1:

�lter : �n :N : (int! bool) ! list(n ) ! (�m :N : list(m))

Forsimilarreasons,wealsooccasionallywouldliketheuniontypes
andtheemptytype,whichshouldalsobeconsideredinde�nite. We
discussunions�rst.

On values,the binary inde�nite type is simply a union in the
ordinarysense:if v : A _ B theneitherv : A or v : B. The
introductionrulesdirectlyexpressthesimplelogical interpretation,
againusingcheckingfor theintroductionform.

1Theadditionalconstraintm � n couldbeexpressedby a subset
sort [27, 26].

� ` e # A
� ` e # A _ B

(_ I 1 )
� ` e # B

� ` e # A _ B
(_ I 2 )

No restrictionto valuesis neededfor theintroductions,but, du-
ally to intersections,the eliminationmustbe restricted. A sound
formulationof the eliminationrule in a type assignmentform [9]
(without a syntacticmarker [17]) requiresanevaluationcontext E
aroundthesubtermof uniontype.

� ` e0 : A _ B
� ; x:A ` E[x] : C
� ; y :B ` E[y ] : C

� ` E[e0] : C

This is wherethe “third direction” is necessary. We no longer
movefrom termsto their immediatesubterms,but whentypecheck-
ing e wemayhaveto decomposeit into anevaluationcontext E and
subterme0. Usingtheanalysisandsynthesisjudgmentswe have

� ` e0 " A _ B
� ; x:A ` E[x] # C
� ; y :B ` E[y ] # C

� ` E[e0] # C
(_ E)

Here,if we cansynthesizea union type for e0—which is in eval-
uationpositionin E[e0]—andcheckE[x] andE[y ] againstC, as-
sumingthat x andy have typeA andtypeB respectively, we can
concludethat E[e0] checksagainstC. Note that the assumptions
x:A andy:B canbereadasx" A andy" B sowe do indeedtransi-
tion from " A _ B to " A and " B. While typecheckingstill
somehow follows thesyntax,theremaybemany choicesof E and
e0, leadingto excessive nondeterminism.

The subtypingrules are standardand dual to the intersection
rules.

� ` A 1 � B � ` A 2 � B
� ` A 1 _ A 2 � B

(_ L)

� ` A � B1

� ` A � B1 _ B2
(_ R1 )

� ` A � B2

� ` A � B1 _ B2
(_ R2 )

The0-ary inde�nite type is theemptyor void type? ; it hasno
valuesandthereforeno introductionrules.For aneliminationrule
(? E), we proceedby analogywith (_ E):

� ` e0 " ?

� ` E[e0] # C
(? E)

As before,the expressiontypedmustbe an evaluationcontext E
with e0 in evaluationposition. For > we hadoneright subtyping
rule; for ? , following the principle of duality, we have one left
rule:

� ` ? � A
(? L)

For existentialdependenttypes,theintroductionrulepresentsno
dif�culties, andproceedsusingtheanalysisjudgment.

� ` e # [i=a] A � ` i : 

� ` e # �a :
: A

(�I )

For theeliminationrule,we follow (_ E) and(? E):

� ` e0 " �a :
: A � ; a:
; x:A ` E[x] # C

� ` E[e0] # C
(�E )

Again, thereis a potentiallysubtleissue: the index variablea
mustbenew andcannotbementionedin anannotationin E[].

Thesubtypingfor � is dualto thatof � .

� ; a:
 ` A � B
� ` �a :
: A � B

(� L)
� ` A � [i=b ] B � ` i : 


� ` A � �b :
: B
(� R)

3.5 Propertiesof Subtyping
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Oursubtypingrulesarethesameasin [9] exceptfor theaddition
of productsA � B. Sincethe premisesaresmallerthanthe con-
clusionin eachrule, andwe assumedecidabilityfor theconstraint
domain,we immediatelyobtainthat � ` A � B is decidable.Re-
�e xivity and transitivity areadmissible,which follows quite eas-
ily [9].

3.6 The Tridir ectional Rule
Considering? E to bethe0-aryversionof the_ E for thebinary

inde�nite type,whatis theunaryversion?It is:

� ` e0 " A � ; x:A ` E[x] # C

� ` E[e0] # C
(direct)

Onemight expectthis rule to be admissible.However, dueto the
restrictionto evaluationcontexts, it is not. As a simpleexample,
consider

append : �a :N : list(a) ! �b :N : list(b) ! list(a + b)
�lterpos : �n :N : list(n ) ! �m :N : list(m)

` �lterpos [: : : ] " �m :N : list(m)
Goal: 6` append[42] (�lterpos [: : : ]) # �k :N : list(k)

where[42] is shorthandfor Cons(42;Nil) and[:::] is someliteral
list. Herewe cannotderive thegoal,becausewe cannotintroduce
the k on the type checked against. To do so, we would needto
introducethe index variablem representingthe lengthof the list
returnedby �lterpos [: : : ], andusem + 1 for k. But �lterpos [: : : ]
is not in evaluation position, becauseappend[42] will needto
be evaluated�rst. However, append[42] synthesizesonly type
�b :N : list(b) ! list(1 + b), so we arestuck. However, using
rule (direct) we reduce

append[42] (�lterpos [: : : ]) # �k :N : list(k)

to
x : �b :N : list(b)! list(1+ b) ` x (�lterpos [: : : ]) # �k :N : list(k)

Sincex is a value,(�lterpos [: : :]) is in evaluationpositionandwe
canusetheexistentialeliminationrule

x:�b :N : list(b)! list(1+ b); m:N ; y :list(m) ` x y # �k :N : list(k)

Now we cancompletethederivationwith (�I ), using1 + m for k
andseveralstraightforwardsteps.

4. CONTEXTUAL TYPING ANNOTATIONS
Our tridirectionalsystemsofar hasthepropertythatonly terms

in normalform have types.For example,(�x: x)() neithersynthe-
sizesnorchecksagainsta type.This is becausethefunctionpartof
anapplicationmustsynthesizea type,but thereis no rule for �x: e
to synthesizea type.

But annotationsarenot asstraightforward asthey might seem.
In oursetting,two issuesarise:checkingagainstintersections,and
index variablescoping.

4.1 CheckingAgainst Intersections
Considerthe following function, which conses42 to its argu-

ment.

cons42= (�x: (�y: 42:: x)() ) : (odd ! even) ^ (even! odd)

This doesnot typecheck: �y: 42:: x needsan annotation. Ob-
serve thatby rule (^ I ), cons42will becheckedtwice: �rst against
odd ! even, thenagainsteven! odd. Hence,we cannotwrite
(�y: 42:: x) : (1 ! even)—it iscorrectonlywhencheckingcons42
againstodd ! even. Moreover, wecannotwrite

(�y: 42:: x) : (1 ! even) ^ (1 ! odd)

We needto use1 ! evenwhile checkingcons42againstodd !
even, and1 ! odd while checkingcons42againsteven ! odd.
Exasperatingly, uniontypesareno helphere:(�y: 42:: x) : (1 !
even) _ (1 ! odd) is a valueof type1 ! evenor of type1 !
odd, but wedonotknow which; following (_ E), wemustsuppose
it hastype1 ! evenandthencheckits applicationto 1, andthen
supposeit hastype1 ! odd andcheckits applicationto 1. Only
oneof thesecheckswill succeed—adifferentone,dependingon
which conjunctof (odd ! even) ^ (even! odd) we happento
be checkingcons42against—but accordingto (_ E) both needto
succeed.

Pierce[16] andReynolds[19] addressedthis problemby allow-
ing a function to be annotatedwith a list of alternative types;the
typechecker choosesthe right one. Daviesfollowed this approach
in his datasortre�nementchecker, allowing a termto beannotated
with (e : A; B; : : : ). In thatnotation,theabove functioncouldbe
writtenas

cons42 = �x: ((( �y: 42:: x) : 1 ! even; 1 ! odd)() )

: (odd ! even) ^ (even! odd)

Now thetypechecker canchoose1 ! evenwhencheckingagainst
1 ! odd. This notation is easyto useand effective but intro-
ducesadditionalnondeterminism,sincethetypecheckermustguess
which typeto use.

4.2 Index Variable Scoping
Somefunctionsneedtype annotationsinsidetheir bodies,such

asthis (contorted)identity functionon lists.

id = �x: (�z: x)() : �a :N : list(a) ! list(a)

In a bidirectionalsystem,the functionpartof anapplicationmust
synthesizea type,but we have no rule to synthesizea typefor a � -
abstraction.Soweneedanannotationon(�z: x). Weneedto show
thatthewholeapplicationchecksagainstlist(a), sowe might try

�z: x : 1 ! list(a)

But this would violate variablescoping. � -convertibility dictates
that �a :N : list(a) ! list(a) and�b :N : list(b) ! list(b) must
beindistinguishablewhichwould beviolatedif wepermitted

�x: (( �z: x) : 1 ! list(a)) () # �a :N : list(a) ! list(a)

but not

�x: (( �z: x) : 1 ! list(a)) () # �b :N : list(b) ! list(b)

Xi alreadynoticedthis problemandintroduceda term-level ab-
stractionoverindex variables,�a:e , tomirroruniversalindex quan-
ti�cation �a :
: A [26]. But this violates the basicprinciple of
propertytypesthat the term shouldremainunchanged,and fails
in thepresenceof intersections.For example,we would expectthe
reversefunctionon lists,rev, to satisfy

rev : (�a :N : list(a) ! list(a))
^ (( �b :N : list(b)) ! (�c :N : list(c)))

but the �rst componentof the intersectionwould demanda term-
level index abstraction,while thesecondwouldnot tolerateone.

4.3 Contextual Subtyping
We addressthesetwo problemsby a methodthat extendsand

improvesthenotationof comma-separatedalternatives.Theessen-
tial ideais to allow acontext to appearin theannotationalongwith
eachtype:

e ::= : : : j (e : � 1 ` A 1 ; : : : ; � n ` A n )
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whereeachcontext � k declaresthetypesof some,but notnecessar-
ily all, freevariablesin e.

In the�rst approximationwecanthink of suchanannotatedterm
asfollows: if � k ` e # A k then� ` (e : � 1 ` A 1 ; : : : ; � n `
A n ) " A k if thecurrentassumptionsin � validatetheassumptions
in � k . For example,

x:even` (( �y: 42:: x) : x:even` 1 ! odd;
x:odd ` 1 ! even) " 1 ! odd

but

x:even6`(( �y: 42:: x) : x:even` 1 ! odd;
x:odd ` 1 ! even) " 1 ! odd

sincex:evendoesnotvalidatex:odd (becauseevenis notasubtype
of odd). In practice,this shouldsigni�cantly reducethenondeter-
minism associatedwith type annotationsin the presenceof inter-
section. However, we still needto generalizethe rule in order to
correctlyhandleindex variablescoping.

Returningto ourearlierexample,wewould like to �nd ananno-
tationAs allowing usto derive

` �x: (( �z: x) : As)() # �a :N : list(a) ! list(a)

Theideais to usea locally declaredindex variable(here,b)

�x: (( �z: x) : (b:N ; x:list(b) ` 1 ! list(b)))

to makethetypingannotationself-contained.Now, whenwecheck
if thecurrentassumptionsfor x validatelocalassumptionfor x, we
arepermittedto instantiateb to any index objecti . In this exam-
ple, we couldsubstitutea for b. As a result,we endup checking
(�z: x) # 1 ! list(a), even thoughtheannotationdoesnot men-
tion a. Note that in an annotatione : (� 0 ` A 0 ); As, all index
variablesdeclaredin � 0 areconsideredboundandcanberenamed
consistentlyin � 0 andA 0 . In contrast,thefreetermvariablesin � 0

mayactuallyoccurin e andsocannotberenamedfreely.
Theseconsiderationsleadus to a contextual subtypingrelation

. :

(� 0 ` A 0 ) . (� ` A)

which is contravariantin thecontexts � 0 and� . It would becovari-
ant in A 0 andA, exceptthat in theway it is invoked, � 0 , A 0 , and
� areknown andA is generatedasaninstanceof A 0 . This should
becomemoreclearwhenweconsiderits usein thenew typingrule

(� 0 ` A 0 ) . (� ` A) � ` e # A

� ` (e : (� 0 ` A 0 ); As) " A
(ctx-anno)

wherewe regardtheannotationsasunordered(so � 0 ` A 0 could
occuranywherein thelist). In thebidirectionalstyle,� , e, � 0 , A 0

andAs areknown whenwetry thisrule. While �nding aderivation
of (� 0 ` A 0 ) . (� ` A) we generateA, which is the synthe-
sizedtypeof theoriginalannotatedexpressione, if in facte checks
againstA . It is alsopossiblethat (� 0 ` A 0 ) . (� ` A) fails to
have a derivation (when� 0 and� have incompatibledeclarations
for thetermvariablesoccurringin them),in whichcaseweneedto
try anotherannotation(� k ` A k ).

Theformal rulesfor contextual subtypingaregivenin Figure6.
Besidestheconsiderationsabove,wealsomustmake surethatany
possibleassumptionsP aboutthe index variablesin � 0 areindeed
entailedby thecurrentcontext, afterany possiblesubstitutionhas
beenapplied(this is why we traverse� 0 from left to right).

While the examplesabove arearti�cial, similar situationsarise
in ordinaryprogramsin thecommonsituationwhenlocal function
de�nitions referencefree variables. Two small examplesof this
kind aregivenin Figure7, presentedin thestyleof ML, wherewe
have omittedtheevidentconstructortypes.

Typings As ::= � ` A j � ` A; As
Terms e ::= : : : j (e : As)
Values v ::= : : : j (v : As)

Eval. contexts E ::= : : : j (E : As)

Figure5: Languageadditions for contextualtyping annotations

(� ` A) . (� ` A)
(. -empty)

� ` i : 
 0 ([i=a] � 0 ` [i=a] A 0 ) . (� ` A)

(a:
 0 ; � 0 ` A 0 ) . (� ` A)
(. -ivar)

� j= P (� 0 ` A 0 ) . (� ` A)

(P; � 0 ` A 0 ) . (� ` A)
(. -prop)

� ` � (x) � B0 (� 0 ` A 0 ) . (� ` A)

(x:B0 ; � 0 ` A 0 ) . (� ` A)
(. -pvar)

Figure6: Contextual subtyping

Theessenceof thecompletenessresultwe prove in Section4.5
is that annotationscan be addedto any term that is well typed
in the type assignmentsystemto yield a well typed term in the
tridirectionalsystem.For this resultto hold, . mustbere�exive,
(� ` A) . (� ` A). Furthermore,in a judgment

� ` (e : (� 1 ` A 1 ; : : : ; � n ` A n )) " A

we mustbe able to consistentlyrenameindex variablesin � , all
� k , and e. This different treatmentof index variablesand term
variablesarisesfrom the fact that index variablesare associated
with propertytypesandso do not appearin expressions,only in
types.

Re�exivity (togetherwith proper� -conversion)is suf�cient for
completeness:in the proof of completeness,wherewe see� `
e : A we cansimply addanannotation(� ` A). But it would be
absurdto makeprogrammerstypein entirecontexts(notonly is the
lengthimpracticalby itself, whenever a declarationis addedevery
contextualannotationin thenew declaration'sscopewouldhave to
bechanged!).

Re�exivity of . follows easilyfrom thefollowing lemma.

LEMMA 1. (� 2 ` A) . (� 1 ; � 2 ` A).

PROOF. By inductionon � 2 .

COROLLARY 2 (REFLEXIVITY). (� ` A) . (� ` A).

4.4 Soundness

DEFINITION 3 (TYPE ERASURE). jej denotesthe erasure of
all typingannotationsfrome.

THEOREM 4 (SOUNDNESS, TRIDIRECTIONAL ). If � ` e "
A or � ` e # A then� ` jej : A .

PROOF. By straightforwardinductionon thederivation.

4.5 Completeness
Wecannotjusttakeaderivation� ` e : A in thetypeassignment

systemand obtain a derivation � ` e " A in the tridirectional
system.For example,` �x: x : A ! A for any typeA, but in the
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true � bool; false� bool

even� nat; odd � nat

evenlist� list; oddlist � list;
emptylist � evenlist; emptylist � oddlist

eq : (even� odd ! false)
^ (odd � even! false)
^ (nat � nat ! bool)

(� member: ` (even� oddlist ! false)
^ (odd � evenlist! false)
^ (nat � list ! bool) � )

fun member(x; xs) =
(� mem: x:even` (evenlist! bool) ^ (oddlist ! false);

x:odd ` (evenlist! false) ^ (oddlist ! bool);
x:nat ` natlist ! bool � )

let fun memxs =
casexs of Nil ) False
j Cons(y; ys) ) eq(x; y) orelsememys

in memxs end

(� append: �a :N : �b :N : list(a) � list(b) ! list(a + b)� )
fun append(xs; ys) =

(� app: (c:N ; ys:list(c) ` �a :N : list(a) ! list(a + c)) � )
let fun appxs = casexs of Nil ) ys

j Cons(x; xs) ) Cons(x; appxs)
in appxs end

Figure7: Exampleof contextualannotations

tridirectionalsystem�x: x doesnot synthesizea type. However, if
we adda typingannotation,we canderive

` (�x: x : (` A ! A)) " A ! A

Clearly, thecompletenessresultmustbealongthelinesof “If � `
e : A , then thereis an annotatedversione0 of e suchthat � `
e0 " A .” To formulatethis result(Corollary13, a specialcaseof
Theorem12)we needa few de�nitions andlemmas.

DEFINITION 5. A term is in synthesizingform if it hasany of
theformsx; e1 e2 ; u; �x u: e; (e : As); fst(e); snd(e).

DEFINITION 6. e0 extendsa terme, written e0 w e iff e0 is e
with zero or moreadditionaltypingannotationsande0 containsno
typeannotationson therootsof termsin synthesizingform.

DEFINITION 7. e0 lightly extendsa terme, written e0 w ` e iff
e0 is e with zero or more typingannotationsaddedto listsof typing
annotationsalreadypresentin e. That is, wecanreplace(e : As)
with (e : As; A 0), but cannotreplacee with (e : A 0).

PROPOSITION 8. w andw ` are re�exiveandtransitive.

PROOF. Obviousfrom thede�nitions.

LEMMA 9. If e valueande0 w e thene0 value.

PROOF. By a straightforwardinductionon e0 (in thebasecase,
makinguseof (v : As) value).

LEMMA 10 (L IGHT EXTENSION). If e0 w ` e then(1) � `
e " A implies� ` e0 " A , (2) � ` e # A implies� ` e0 # A.

� ` jej : A

Type
assignment
system[9]

Thm.12
?

6
Thm.4

� ` e " A
� ` e # A

Simple
tridirectional
system

Thm.21
?

6
Thm.19

� ; � ` e " L A
� ; � ` e #L A

Left
tridirectional
system

Figure9: Connectionsbetweenour type systems

PROOF. By inductionon thederivationof thetyping judgment.
All casesarestraightforward:eithere ande0 mustbeidentical(for
instance,for (1I )), or we applytheIH to all premises,which leads
directly to theresult.

Remark1. Recallthattherule(^ I ) ledto theneedfor morethan
onetypingannotationonaterm.It shouldbenosurprise,then,that
the (^ I ) casein the completenessproof is interesting. Applying
the inductionhypothesisto eachpremisev : A , v : B yields two
possiblydifferentannotatedtermsv0 andv00suchthatv0 # A and
v00 # B. But givena notionof monotonicityunderannotation,we
canincorporatebothannotationsinto a singlev 0 suchthatv0 # A
andv0 # B. However, theobviousformulationof monotonicity

If e # A ande0 w e thene0 # A

doesnot hold: givena list of annotationsAs thetypesystemmust
useat leastoneof them—itcannotignorethemall. Thus` (() :
(` > )) # 1 is notderivable,eventhough` () # 1 is derivableand
(() : (` > )) w () . However, furtherannotating(() : (` > )) to
(() : (` > ); (` () )) yieldsa termthatchecksagainstboth> and
() . Notethatthis furtherannotationwaslight—we addeda typing
to anexistingannotation.Thisobservationleadsto Lemma11.

LEMMA 11 (MONOTONICITY UNDER ANNOTATION).

(1) If � ` e # A ande0 w e thenthere existse00 w ` e0 such that
� ` e00# A.

(2) If � ` e " A ande0 w e thenthere existse00 w ` e0 such that
� ` e00" A .

PROOF. By inductiononthederivationof thetypingjudgment.

THEOREM 12 (COMPLETENESS, TRIDIRECTIONAL ). If � `
e : A ande0 w e then

(i) there existse00
1 such thate00

1 w e0 and� ` e00
1 # A

(ii) there existse00
2 such thate00

2 w e0 and� ` e00
2 " A

PROOF. By inductionon thederivationof � ` e : A .

COROLLARY 13. If � ` e : A thenthere existse0 w e such
that � ` e0 # A andthere existse00w e such that � ` e00" A .

5. THE LEFT TRIDIRECTION AL SYSTEM
In thesimpletridirectionalsystem,thecontextualrulesarehighly

nondeterministic.Not only mustwe choosewhich contextual rule
to apply, but eachrule can be appliedrepeatedlywith the same
context E; for (direct), whichdoesnotevenbreakdown thetypeof
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Rulesof thesimpletridirectionalsystemabsentin
theleft tridirectionalsystem:

Rulesnew or substantiallyalteredin the left tri-
directionalsystem:

� ;x:A ` x " L A
(var)

� ` e0 " A � ; x:A ` E[x] # C

� ` E[e0] # C
(direct)

e0 nota linearvar
� ; � 1 ` e0 " L A � ; � 2 ; x:A ` E[x] #L C

� ; � 1 ; � 2 ` E[e0] #L C
(directL)

� ` e0 " ?

� ` E[e0] # C
(? E) �; x:? 
 e

� ; �; x:? ` e #L C
(? L)

� ` e0 " A _ B
� ; x:A ` E[x] # C
� ; y :B ` E[y ] # C

� ` E[e0] # C
(_ E)

� ; �; x:A ` e #L C � ; �; x:B ` e #L C
� ; �; x:A _ B ` e #L C

(_ L)

� ` e0 " �a :
: A � ; a:
; x:A ` E[x] # C

� ` E[e0] # C
(�E )

� ; a:
 ; �; x:A ` e #L C
� ; �; x:�a :
: A ` e #L C

(� L)

� ; �; x:A ` e #L C
� ; �; x:A ^ B ` e #L C

(^ L 1 )
� ; �; x:B ` e #L C

� ; �; x:A ^ B ` e #L C
(^ L 2 )

� ` i : 
 � ; �; x:[i=a]A ` e #L C
� ; �; x:�a :
: A ` e #L C

(� L)

Rulesof theleft tridirectionalsystemidenticalto thesimpletridirectionalsystem,exceptfor thelinearcontexts � :

� (x) = A
� ; � ` x " A

(var)
� ; x:A ; � ` e # B

� ; � ` �x: e # A ! B
(! I )

� ; � 1 ` e1 " A ! B � ; � 2 ` e2 # A
� ; � 1 ; � 2 ` e1 (e2 ) " B

(! E)

� ; � ` e " A � ` A � B
� ; � ` e # B

(sub)
� (u) = A

� ; � ` u " A
(�xva r)

� ; u:A ; � ` e # A
� ; � ` �x u: e # A

(�x )

� ; � ` () # 1
(1I )

� ; � 1 ` e1 # A 1 � ; � 2 ` e2 # A 2

� ; � 1 ; � 2 ` (e1 ; e2 ) # A 1 � A 2
(� I )

� ; � ` e " A � B
� ; � ` fst(e) " A

(� E1 )
� ; � ` e " A � B
� ; � ` snd(e) " B

(� E2 )

� ` c : A ! � 2 (i ) � ` � 2 (i ) � � 1 (j ) � ; � ` e # A

� ; � ` c(e) # � 1 (j )
(�I )

� j= ? � 
 e
� ; � ` e # A

(contra)

� ; � ` e " � (i ) � ; � ` ms #� ( i ) C

� ; � ` casee of ms # C
(�E )

� 
 v
� ; � ` v # >

(> I )
� ; � ` v # A 1 � ; � ` v # A 2

� ; � ` v # A 1 ^ A 2
(^ I )

� ; � ` e " A ^ B
� ; � ` e " A

(^ E1 )
� ; � ` e " A ^ B

� ; � ` e " B
(^ E2 )

� ; a:
 ; � ` v # A
� ; � ` v # �a :
: A

(�I )
� ; � ` e " �a :
: A � ` i : 


� ; � ` e " [i=a] A
(�E )

� ; � ` e # [i=a] A � ` i : 

� ; � ` e # �a :
: A

(�I )
� ; � ` e # A

� ; � ` e # A _ B
(_ I 1 )

� ; � ` e # B
� ; � ` e # A _ B

(_ I 2 )

(� 0 ` A 0 ) . (� ` A) � ` e # A

� ` (e : (� 0 ` A 0 ); As) " A
(ctx-anno)

Figure 8: The left tridir ectional system,with the part of the simple tridir ectional system(upper left corner) fr om which it substan-
tially differs. The �gur e also summarizesthe simple tridir ectional system: The completetyping rules for the simple tridir ectional
systemcan be obtained by removing the secondcontext � , including premisesof the form � 
 e, fr om the lower rules, along with
the rules in the upper left corner. Hencethe subscripts" L , #L are elided.
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e0, this repeatedapplicationis quitepointless.Thesystemin this
sectionhasonly onecontextual rule anddisallows repeatedappli-
cation. Inspiredby thesequentcalculusformulationof Barbanera
et al. [2], it replacesthe contextual ruleswith onecontextual rule
(directL), closelycorrespondingto (direct), andseveral left rules,
shown in theupperright handcornerof Figure8. In combination,
theserulessubsumethecontextual rulesof thesimpletridirectional
system.

Thetyping judgmentsin theleft tridirectionalsystemare

� ; � ` e " L A � ; � ` e #L A

where� is linear context whosedomainis a new syntacticcate-
gory, the linear variablesx; y andsoforth. Theselinearvariables
correspondto thevariablesintroducedin evaluationpositionin the
(direct) rule, andappearexactly oncein the term e, in evaluation
position.Weconsidertheselinearvariablesto bevalues,like ordi-
naryvariables.

Therule(directL) is theonly rule thataddsto thelinearcontext,
andis thetruesourceof linearity: x appearsexactly oncein evalu-
ationpositionin E[x]. It requiresthatthesubterme0 beingbrought
outcannotitself bea linearvariable,soonecannotbringoutaterm
morethanonce,unlike with (direct).

To maintainlinearity, thelinearcontext is split amongsubterms.
For example,in (� I ) (Figure8), the context � = � 1 ; � 2 is split
betweene1 ande2 . To maintainthepropertythat linearvariables
appearin evaluationposition,in rulessuchas(! I ) thattypeterms
thatcannotcontainavariable,thelinearcontext is empty.

After somepreliminaryde�nitions and lemmas,we prove that
this new left tridirectionalsystemis soundandcompletewith re-
spectto thesimpletridirectionalsystemfrom Section3. (Seealso
Figure9).

DEFINITION 14. LetFLV(e) (resp.FLV(ms)) denotethesetof
linear variablesappearingfreein e (resp.ms). Furthermore, let
� 
 e if andonly if (1) for everyx 2 dom(� ), x appears exactly
oncein e, and(2) FLV(e) � dom(� ).

PROPOSITION 15 (L INEARITY). If � ; � ` e " L C or � ; � `
e #L C then� 
 e. Similarly, if � ; � ` ms #� ( i ) C then� 
 ms.

PROOF. By induction on the derivation. For (contra), (> I ),
(? L), usetheappropriatepremise.

DEFINITION 16. Let � � e if and only if (1) for every x 2

dom(� ), thereexistsanE such thate = E[x] andx =2 FLV(E), and
(2) FLV(e) � dom(� ). (It is clear that � � e implies� 
 e.)

LEMMA 17. If D derives� ; � ` e " L C or � ; � ` e #L C by
a rule R and � � e, thenfor each premise� 0; � 0 ` e0 " L C0 or
� 0; � 0 ` e0 #L C0 of R, it is thecasethat � 0 � e0.

PROOF. Straightforward.

5.1 Soundness

DEFINITION 18. A renaming� is a variable-for-variablesub-
stitutionfromonesetof variables(dom(� )) to another, disjointset.

Whenarenamingisappliedtoaterm,[� ]e, it behavesasasubsti-
tution, andcansubstitutethesamevariablefor multiple variables.
Unlike a substitution,however, it canalsobe appliedto contexts.
A renamingfrom linear variablesto ordinary programvariables,
� = x=x; : : : , may be appliedto a linear context � : [� ]� yields
anordinarycontext � by renamingall variablesin dom(� ). In the
otherdirection,a renaming� from ordinaryprogramvariablesto
linearvariablesmaybeappliedto anordinarycontext � : [� ]� yields
a zonedcontext � 0; � , wheredom(� 0) = dom(� ) - dom(� ) and
dom(� ) is theimageof � on � restrictedto dom(� ).

THEOREM 19 (SOUNDNESS, LEFT TRIDIRECTIONAL SYSTEM).
If � renameslinear variablesto ordinary program variablesand
� ; � ` e " L C (resp.� ; � ` e #L C) and � � e anddom(� ) �
dom(� ), then� ; [� ]� ` [� ]e " C (resp.� ; [� ]� ` [� ]e # C).

Remark2. The condition� � e is trivially satis�ed if � = �
ande containsno linearvariables,which is preciselythesituation
for thewholeprogram.

PROOF. By inductionon thetyping derivation. We useLemma
17 to satisfy the linearity condition whenever we apply the IH.
Mostcasesarecompletelystraightforward,exceptfor therulesnot
presentin thesimpletridirectionalsystem.

For (var), it is given that dom(� ) � dom(� ), so we canapply
(var). For (directL), usethe IH on the �rst premise,let x benew,
andusethe IH on the secondpremisewith renaming�; x=x; ap-
ply propertiesof substitutionandweakeningto yield derivationsto
which (direct) canbeapplied.For theleft rules,usea differentre-
naming�; x 0=x wherex 0 isnew for eachpremise,thenapplytheIH
to yield derivation(s)typing [�; x 0=x] E[x] (by � � e, e = E[x]).
Use(var) to obtaina typing of [� ]x. Finally, applythecorrespond-
ing tridirectionalrule,suchas(_ E) for the(_ L) case.

5.2 Completeness
We now show completeness:If a termcanbetypedin thesim-

ple tridirectional system,it can be typed in the left tridirectional
system.First,a smalllemma:

LEMMA 20. If � ;x:A ` x " L B and � ; �; x:B ` e #L C then
� ; �; x:A ` e #L C.

PROOF. By inductionon the�rst derivation.

THEOREM 21 (COMPLETENESS, LEFT RULE SYSTEM). If �
renamesordinary program variablesto linear variablesand � `
e " C (resp.� ` e # C) and � � [� ]e where [� ]� = � 0; � , then
[� ]� ` [� ]e " L C (resp.[� ]� ` [� ]e #L C).

PROOF. By induction on the typing derivation. Most of the
casescanbehandledasfollows: Restrict� to variablesappearing
in subtermsof e (if any). Apply theIH to all premises.Reasonthat
if � 0 is a restrictionof � to asubterme0, thentheresultof applying
the IH—namely[� 0]� ` [� 1 ]e0 # A—implies [� ]� ` [� ]e0 # A.
Finally, reapplytheoriginal rule.

However, thisfails for therulesthatareabsentor modi�ed in the
left tridirectionalsystem:(direct), (? E), (_ E), (�E ). In eachof
thecasesfor theserules,therearetwo subcases:

� If thesubterme0 is notavariablerenamedby � , thenweap-
ply theIH to thepremisetyping e0, make a new linearvari-
ablex, applytheIH to thecontextualpremisesasneeded,ap-
ply thecorrespondingleft rule (or do nothingin the(direct)
case)to show E[x] #L C, thenapply(directL).

� If e0 is avariablein dom(� ), weapplytheIH to all premises,
applythecorrespondingleft rule(or donothingin the(direct)
case),thenuseLemma20.

5.3 Decidability of Typing

THEOREM 22. � ; � ` e #L A is decidable.

PROOF. Weimposeanorder< ontwo judgmentsJ 1 = � 1 ; � 1 `
e1 #" A 1 andJ 2 = � 2 ; � 2 ` e2 #" A 2 . Whenorderingterms,
we considerany linearvariableto besmallerthanany otherterm;
for example,(x; e2 ) is smallerthan(y; e2 )). Whenorderingtypes,
we considerall index expressionsto beequivalentin size.

Theorderis de�ned asfollows.
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1. If e1 is smallerthane2 thenJ 1 < J 2 . If e1 is thesamesize
ase2 :

2. If thedirectionsof the judgmentsdiffer, thesynthesisjudg-
mentis smallerthanthecheckingjudgment.If thedirections
arethesame:

3. If bothjudgmentsarecheckingjudgmentsandA 1 is smaller
than A 2 then J 1 < J 2 . If both judgmentsare synthesis
judgments,� 1 = � 2 , � 1 = � 2 , A 1 is at leastassmall as
sometypein � 1 ; � 1 andA 1 is larger thanA 2 , thenJ 1 < J 2 .
Otherwise:

4. If thenumberof timesany of thetypeconstructors_ , � , ? ,
^ , � , > appearin � 1 is lessthanthenumberof timesthey
appearin � 2 thenJ 1 < J 2 .

Now wemustcheckthatfor everyrule,eachpremiseissmallerthan
theconclusion.For mostpremises,the �rst criterionalonemakes
thepremisesmaller. Thesecondcriterionis for (sub). Thethird cri-
terionisneededfor rulessuchas(�I ) and(�E ). Notethatasynthe-
sis judgmentwhosetype expressionbecomeslarger is considered
smaller!Synthesisjudgmentseventually“bottom out” at ruleslike
(ctx-anno) and (� E1 ), in which the term becomessmaller, or at
rules (var), (�xva r) or (var), wherethe type synthesizedis taken
from � or � . Sinceall the type expressionsin � and� are�nite,
thereis noproblem.Thefourthcriterionis for theleft rules,where
theterm,direction,andtypedonotchange.

The secondpremiseof (directL) is smallerthan its conclusion
becausewe considerlinearvariablesto bethesmallestterms.

5.4 Type Safety
If �; � ` e #L A in the left tridirectionalsystem,from Theorem

19 we know � ` e # A. Thenby Theorem4, � ` jej : A in our type
assignmentsystem[9]. Thatis, typeerasuresuf�ces to getatyping
derivationin thetypeassignmentsystem.It follows from Theorem
3, TypePreservationandProgress,of [9] that jej eitherdivergesor
evaluatesto a valueof typeA.

6. RELATED WORK
Re�nements, Intersections, Unions. The notion of datasortre-
�nementcombinedwith intersectiontypeswasintroducedby Free-
manandPfenning[11]. They showed that full type inferencewas
decidableundertheso-calledre�nementrestrictionby usingtech-
niquesfrom abstractinterpretation. Interactionwith effects in a
call-by-valuelanguagewas�rst addressedconclusively by Davies
andPfenning[7] who introducedthevaluerestrictionon intersec-
tion introduction,pointedout theunsoundnessof distributivity, and
proposeda practicalbidirectionalcheckingalgorithm.

Index re�nementswereproposedby Xi andPfenning[28]. As
mentionedearlier, thenecessaryexistentialquanti�er � led to dif-
�culties [26] becauseelaborationmustdeterminethescopeof the
quanti�ers which is not syntacticallyapparentin the sourcepro-
gram. Xi addressedthis by translatingprogramsinto a let-normal
form beforecheckingindex re�nements,which is akin to type-
checkingthe original term in evaluation order. Becauseof the
speci�c form of Xi' s translation,our tridirectionalsystemadmits
moreprograms,evenwhenrestrictedto just index re�nementsand
quanti�ers. Nonetheless,we conjecturethat Xi' s ideaof travers-
ing the entire programstrictly in evaluation order is applicable
in our signi�cantly morecomplex settingto eliminatesomenon-
determinisminherentin the(directL) rule. We planto pursuethis
line of investigationin furtherresearch.

Intersectiontypes[4] were�rst incorporatedinto apracticallan-
guageby Reynolds[19]. Pierce[17] gave examplesof program-
ming with intersectionandunion typesin a pure� -calculususing
a typecheckingmechanismthat relied on syntacticmarkers. The
�rst systematicstudyof unionsin atypeassignmentframework [2]
identi�ed several issues,including the failureof typepreservation
evenfor thepure� -calculuswhentheunioneliminationrule is too
unrestricted.It alsoprovideda framework for ourmorespecialized
studyof acall-by-valuelanguagewith possibleeffects.

Somework on programanalysisin compilationusesforms of
intersectionand union typesto infer control �o w properties[24,
15]. Becauseof the goalsof thesesystemsfor programanalysis
andcontrol�o w information,thespeci�c formsof intersectionand
union typesarequite different from ours. Systemsof soft typing
designedfor typeinferencein dynamicallytypedlanguages[3] are
somewhatsimilarandalsoallow intersection,union,andevencon-
ditional types[1]. Again, however, thedifferentsettingandgoals
meanthat the technicalrealizationdiffers substantiallyfrom our
proposalhere.
Partial Infer enceSystems.Our systemsharesseveral properties
with PierceandTurner's local typeinference[18]. Their language
hassubtypingandimpredicative polymorphism,makingfull type
inferenceundecidable.Their partial inferencestrategy is formu-
latedasa bidirectionalsystemwith synthesisandcheckingjudg-
ments,in a stylenot too far removedfrom ours.However, in order
to handleparametricpolymorphism(withoutusingnonlocalmeth-
ods suchas uni�cation), they infer type argumentsto polymor-
phic functions,which seemsto substantiallycomplicatematters.
Hosoya andPierce[12] further discussthis style, particularly its
effectivenessin achieving a reasonablenumberof annotations.

Thepresentsystemdoesnot includeparametricpolymorphism,
whichwe planto studyin futurework. Prior research,with [26] or
without [7] a syntacticdistinctionbetweenordinaryandproperty
typeshave not yet beenconclusive, but from the work on local
type inferenceit seemslikely thatat leastpre�x polymorphismin
thestyleof ML shouldbeamenableto a consistenttreatmentwith
bidirectionalrules.
Principal Typings. A principal type of e is a type that repre-
sentsall typesof e—for someparticularcontext � . More gener-
ally, a principal typing [13] of e is a pair (� ; A ) of a context and
a type, suchthat this pair representsall pairs (� 0; A 0) suchthat
� 0 ` e : A 0. Thesede�nitions dependon someidea of repre-
sentation,which variesfrom type systemto type system,making
comparisonsbetweensystemsdif�cult. Wells [25] improved the
situationby introducinga generalnotion of representation.Since
full typeinferenceseemsin any caseunattainable,we have not in-
vestigatedwhetherprincipal typingsmight exist for our language.
However, theideaof assigninga typingto a term(ratherthanjusta
type) is presentin our systemin theform of thecontextual typing
annotationsthatallowsusto solvesomeotherwiseveryunpleasant
problemsregardingthescopeof quanti�ed index variables.

7. CONCLUSION
In [9], we developeda typeassignmentsystemwith a rich setof

propertytype constructors.That systemwassoundin a standard
call-by-value semantics,but was inherentlyundecidable. In this
paper, by takinga tridirectionalversionof thetypeassignmentsys-
tem,wehaveobtainedarich,yetdecidabletypesystem.Everypro-
gramwell-typedunderthe typeassignmentsystemhasanannota-
tion with contextual typingsthatwill checkunderthetridirectional
rules.Contextual typing annotationsshouldbeusefulin othersys-
tems,suchassystemsof parametricpolymorphismin which sub-
typing is decidable.
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In order to show decidability, andas a �rst importantstepto-
wardsa practicalimplementation,we alsopresenteda lessnonde-
terministic left tridirectionalsystemandproved it to be decidable
andsoundandcompletewith respectto thetridirectionalsystem.

We arein theprocessof formulatinga soundandcompletelet-
normal version of the left tridirectional system. Sucha system
would drasticallyreducethenondeterminismin (directL) by forc-
ing thetypechecker to traversesubtermsin evaluationorder.

Oncethis is done,we plan to develop a prototypeimplementa-
tion of thelet-normalsystemthatshouldhelpusanswerquestions
regardingthepracticalityof our designon realisticprograms.The
mainquestionswill be(1) if therequiredannotationsarereasonable
in size,(2) if typecheckingis ef�cient enoughfor interestingpro-
gramproperties,and(3) if thetyping disciplineis accurateenough
to track propertiesin complex programs.Thepreliminaryexperi-
encewith re�nement types,including both regular tree types[5]
andindexedtypes[28], givessomereasonsfor optimism,but more
researchandexperimentationis needed.
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