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ABSTRACT

In prior work we introduceda pure type assignmensystemthat
encompassea rich setof propertytypes,including intersections,
unions,anduniversallyandexistentiallyquanti ed dependentypes.
This systemwasshavn soundwith respecto a call-by-valueoper
ationalsemanticsvith effects,yetis inherentlyundecidable.

In this paperwe provide a decidableformulationfor this sys-
tembasedn bidirectionalchecking,combiningtype synthesisand
analysisfollowing logical principles. The presencef unionsand
existentialquanti cationrequiresheadditionalability to visit sub-
termsin evaluationpositionbeforethe context in whichthey occur
leadingto a tridir ectionaltype system. While soundnessvith re-
spectto the type assignmensystemis immediate,completeness
requiresthe novel conceptof contextual type annotations intro-
ducinga notionfrom the studyof principaltypingsinto the source
program.

1. INTRODUCTION

Overthelasttwo decadesherehasbeena steadyincreasen the
useof type systemgo captureprogrampropertiessuchascontrol
ow [15], memorymanagemeni22], aliasing[20], datastructure
invariants[11, 7, 28] andeffects[21, 14], to mentionjust a few.
Ideally, suchtype systemsspecifyrigorously yetata high level of
abstractionhow to reasorabouta certainclassof programproper
ties. This speci cationusuallysenesa dual purpose:it is usedto
relatethe propertiesof interestto the operationaemanticof the
programminglanguage(for example,proving type preseration),
andit is thebasisfor concretealgorithmsfor programanalysig(for
example,via constraint-basetypeinference).

While the type-basedapproachhasbeensuccessfufor usein
automaticprogramanalysis(for example,for optimizationduring
compilation),it hasbeenlesssuccessfuln makingthe expressie
type systemdlirectly availableto the programmerOnereasorfor
thisis thedif culty of nding theright balancebetweerthebrevity
of theadditionalrequiredtypedeclarationgandthefeasibility of the
typecheckingoroblem. Anotheris the dif culty of giving precise
andusefulfeedbacko the programmepnill-typed programs.

In prior work [9] we developeda systemof puretype assign-
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mentdesignedor call-by-valuelanguagesvith effectsandproved

progresandtypepreseration. Theintendedatomicprogramprop-

ertiesaredatastructurere nements[11, 10, 28], but our approach
doesnot dependessentiallyon this choice. Atomic propertiescan
becombinednto morecomplex onesthroughintersectionsiinions,
anduniversalandexistentialquanti cationoverindex domains.As

a pure type assignmensystem,wheretermsdo not containary

typesatall, it is inherentlyundecidablg4].

In this papemwe developanannotatiordisciplineandtypecheck-
ing algorithmfor our earliertype assignmensystem. The major
contritution is the type systemitself which containsseveral novel
ideas,includinganextensionof the paradigmof bidirectionaltype-
checkingto unionandexistentialtypes Jeadingto thetridir ectional
system While type soundness$ollows immediatelyby erasureof
annotationsgcompleteneseequireghatwe insertcontextual typing
annotationgeminiscenbf principaltypings[13, 25]. Decidability
is not ohvious; we prove it by shawing that a slightly alteredleft
tridir ectionalsystems decidablgandsoundandcompletewith re-
spectto thetridirectionalsystem).

The basicunderlyingideais bidirectionalcheding [18] of pro-
gramscontainingsometype annotationscombiningtypesynthesis
with type analysis rst adaptedo propertytypesby Davies and
Pfenning[7]. Synthesisgenerates type for a term from its im-
mediatesubtermsLogically, this is appropriatefor destructorgor
eliminationformg of atype. For example the rst productelimina-
tionpassefrome : A Btofst(e) : A. Thereforejf wecangener
ateA B wecanextractA. Dually, analysisveri es thatatermhas
a giventype by verifying appropriateypesfor its immediatesub-
terms. Logically, this is appropriatefor constructorgor introduc-
tion formg of atype. For exampletoverify that x: e:A! Bwe
assume : A andthenverify e : B. Bidirectionalcheckingworks
for boththe native typesof the underlyingprogramminganguage
andthelayerof propertytypeswe construciover it.

However, thesimplebidirectionalmodelis notsufcient for what
we call inde nite propertytypes unionsandexistentialquanti ca-
tion. This is becausehe programlacksthe prerequisitestructure.
For example,if we synthesizeA _ B, theunionof A andB, for
an expressione, we now needto distinguishthe cases:the value
of e might have type A or it might have type B. Determiningthe
properscopeof this casedistinctiondepend®nhow e is used that
is, the positionin which e occurs.This meansve needa “third di-
rection” (whencethe nametridir ectiona): we might needto move
to a subexpressionsynthesizéts type, andonly thenanalyzethe
expressiorsurroundingt.

Sincethe tridirectional type system(lik e the bidirectionalone)
requiresannotationswe wantto know thatary programwell typed
in the type assignmensystemcan be annotatedso that it is also
well typedin thetridirectionalsystem.But with intersectiortypes,



sucha completenespropertydoesnot hold for the usualnotion of
type annotation(e : A) (aspreviously noted[16, 6, 23]), a prob-
lem exacerbatedy scopingissuesarising from quanti ed types.
We thereforeextend the notion of type annotationto contextual
typing annotation (e : 1 ~ Ai1;:::; o An), in which the
programmeicanwrite several contet/type pairs. Theideais that
anannotation = Ak maybeusedwhene is checledin acontet
matching . This ideamight alsobe applicableto arbitraryrank
polymorphisma possibilitywe planto explorein futurework.

Unlikethebidirectionalsystemtheinde nite propertytypesthat
necessitatehe third direction make decidability of typechecking
nontrivial. Two ideascometo the rescue.First, to presere type
safetyin a call-by-value languagewith effects, the type of a sub-
terme canonly bebroughtoutif thetermcontainingit hastheform
E[e] for someevaluationcontet E, reducingthe nondeterminism;
this was a key obseration in our earlierpaper[9]. Second,one
never need<o visit a subtermmorethanoncein the samederiva-
tion: the systemwhich enforceghisis soundandcomplete.

The remainderof the paperis organizedasfollows. Section2
presentsasimplebidirectionaltypesystem.Section3 addsdatatypes
and a rich setof typesincluding intersectionsand unions, using
tridirectionalrules;this is the simpletridir ectionalsystemIn Sec-
tion 4, we explain our form of typing annotatiorandprove thatthe
simple tridirectional systemis completewith respectto the type
assignmensystem. Section5 restrictsthe tridirectionalrulesand
compensateby introducingleft rulesto yield a left tridir ectional
system We prove soundnesandcompleteneswith respecto the
simpletridirectionalsystem prove decidability andusetheresults
in [9] to prove type safety Finally, we discussrelatedwork (Sec-
tion 6) andconclude(Section7).

2. THE CORE LANGUAGE

In apuretype assignmensystemthetypingjudgmentise : A,
wheree containsno types(eliding contets for the moment).In a
bidirectionaltype system,we have two typing judgments:e " A,
reade synthesized\, ande # A, reade chedks againstA. The
moststraightforvard implementatiorof sucha systemconsistsof
two mutuallyrecursve functions:the rst, correspondingoe " A,
takesthe term e andeitherreturnsA or fails; the second corre-
spondingto e # A, takestheterme and atype A andsucceeds
(returningnothing)or fails. This raisesa question:Wheredo the
typesin the judgmentse # A comefrom? More generally: what
arethedesignprinciplesbehinda bidirectionaltype system?

Avoiding uni cation or similar techniquesassociatedvith full
typeinferences fundamentato thedesignof thebidirectionalsys-
tem we proposehere. The motivation for this is twofold. First,
for highly expressie systemsuchasthe onesunderconsideration
here,full typeinferenceis often undecidableso we needlessau-
tomaticandmorerobustmethods.Secondsinceuni cation glob-
ally propagategypeinformation,it is oftendif cult to pinpointthe
sourceof typeerrors.

Wethink of theproces®f bidirectionaltypechecking@sabottom-
up constructionof a typing derivation, eitherof e " A ore # A.
Giventhatwe wantto avoid uni cation andsimilar techniqueswe
needeachinferenceruleto bemodecorrect terminologyborroved
from logic programming. That s, for ary rule with conclusion
e " A we mustbe ableto determineA from the informationin
thepremisesConversely if we have arule with premisee # A, we
mustbe ableto determineA beforetraversinge.

However, mode correctnesdy itself is only a consisteng re-
quirement,not a designprinciple. We nd sucha principlein the
realmof logic, andtransferit to our setting. In naturaldeduction,
we distinguishintroductionrules andeliminationrules An intro-

ductionrule speci eshow to infer a propositionfrom its compo-
nents;whenreadbottom-up,it decomposeghe proposition. For
example,the introductionrule for the conjunctionA B decom-
posesit to the goalsof proving A andB. Therefore,a rule that
checksatermagainstA B usinganintroductionrulewill bemode
correct.

: e, #A1 h eZ#Az(I)
h (el;ez) #Al Az

Conversely aneliminationrule speci eshow to usethefactthat
a certainpropositionholds; whenreadtop-davn, it decomposea
proposition. For example, the two elimination rulesfor the con-
junctionA B decomposét to A andB, respectiely. Therefore,
arule thatinfersatypefor atermusinganeliminationrule will be

modecorrect.
"e"A B "e"A B
i (B) ————%
fst(e) " A snd(e) " B
If we emplagy this designprinciple throughoutthe constructors
(correspondingdo theintroductionrules)for the elementof atype
arechededagainstagiventype,while thedestructorgcorrespond-

ing to the eliminationrules)for the elementsf a type synthesize
theirtype. This leadsto thefollowing rulesfor functions.

;XA e#B et "A!l B e #A
_XR CEB r L ——" (! E)
x: e#A! B ei(e) " B
Whatdo we do whenthe differentjudgmentdirectionsmeet?If
we aretrying to checke # A thenit is sufcient to synthesizea
typee " ACandcheckthatA®= A. More generallyin asystem
with subtyping,it is sufcient to know thatevery valueof type A °
alsohastypeA, thatis, A® A.
Ce" A° T A
T e#A
In theoppositedirection,if wewantto synthesizetypefor e but
canonly checke againsta giventype, thenwe do nothave enough
information. In the realmof logic, sucha stepwould correspond
to a proofthatis notin normalform (andmight not have the sub-

formulaproperty).The straightforvard solutionwould beto allow
sourceexpressionge : A) viaarule
T e#A
T (e:A)" A

Unfortunately this is not generalenoughdueto the presencef
intersectionsand universally and existentially quanti ed property
types.We discusgheissuesandour solutionin detailin Section4.
For now, only normaltermswill typecheckin our system.These
correspondxactly to normalproofsin naturaldeduction.We can
thereforealreadypinpoint where annotationswill be requiredin
thefull system:exactly wherethetermis notnormal. Thiswill be
the casewheredestructorsare appliedto constructorgthatis, as
redees)andat certainlet forms.

In addition we permit datatypes with constructorsc(e) and
correspondingaseexpressiongasee of ms, wherethematchex-
pressionsns havetheformc; (x1) ) €] :::cn(Xn) ) €n.The
constantg aretheconstructorandcasethedestructoof elements
of type . Thismeansxpressions(e) arechecledagainstatype,
while thesubjectof acasemustsynthesizéts type. Assumingcon-

( E2)

A (sub)

structorshavetype A ! | thisyieldsthefollowing rules.
c:A! T e#A Te" "ms# C
S (1) < (E)
c(e) # casee of ms #C
c:A! XA e#C "ms# C
# C “c(x)) elms # C



TypesA; B;C;D :=1jA! BjA Bj
Termse:=Xjuj X: ejejeyj x u:e
jQ j(ei;e2)jfst(e) jsnd(e)
jc(e) j casee of ms
Matchesms ::= j ¢(x) ) el ms
Valuesv:=xj x: €j() j(vi;vz2)
Eval. contts E ::=[]j E(e) j V(E)
j (E;€) j (v;E) jfst(E) j snd(E)
j c(E) j caseE of ms
e R g%
E[e? ¥ E[e%9
(x:e)v g [vxe fst(vi;v2) 7 r V21
Xxueblg[xue=ule snd(vi;Vv2) 7 r V2
casec(v) of :::c(x)) e::: 7 g [v=X]e

Figure 1: Syntaxand semanticsof the core language

We have elidedherea syntacticconditionthattheleft-handsides
of a caseexpressionwith subject coverall constructorgor atype
. Note thatin the eliminationrule E, we move frome " to
x:A (whichshouldbereadx" A) , checkingeachbranchagainsiC.
This hasits logical counterparin disjunctionelimination, which
canbe formulatedmore compactlysinceit hasexactly two cases.
NotethataddingdisjointsumsA + B would bestraightforvardand
follow the samediscipline.

In additionwe have x ed points,which involve bothdirections:
tocheck x u: e # A weassumai:A (whichshouldbereadu"A)
thenthe checke againstA. Note that we introducea new form
of variableu thatdoesnot standfor a value, but for an arbitrary
term, becausehe reductionform for x ed point expressionge-
ducesx u: eto[x u: e=u]e (thesubstitutiorof x u: eforu in
e). We do not exploit this generalityhere,but our designis clearly
consistentwith commonsyntacticrestrictionon the formation of
x edpointsin call-by-valuelanguages.

Thesyntaxandsemantic®f our corelanguages givenin Figure
1. A capitalE denotesan evaluationcontext—a termwith a hole
[] representinghe part of the term wherea reductionmay occur
Thesemanticss a straightforvard call-by-valuesmall-steformu-
lation. [e®=x] e denoteghe substitutionof e® for x in e.

Figure2 shaws the subtypingandtyping rulesfor theinitial lan-

guage. The subtypingrules are standardexcept for the presence
of thecontext , usedby the subtypingrulesfor index re nements
andindex quanti ers, which we addin the next section.Variables
mustappeaiin , so(var) is asynthesigule dervingx " A. The
subsumptiorrule (sub) is ananalysisrule derving e # B, but its
rst premiseis a synthesigulee " A. This meanshothA andB
areavailablewhenthe subtypingjudgmentA B is invoked; no
comple constraintmanagemeris necessaryFor introductionand
elimination rules, we follow the principlesoutlined above. Note
thatin practice,in applicationse; ez, the functione; will usually
be a variableor, in a curriedstyle, anotherapplication—sinceve
synthesizaypesfor theseg; e; itself needso annotation.

Thisis nottheonly plausibleformulationof bidirectionality;see
[26] for a contrastingstyle. However, ours seemsto be the sim-
plest plausibleformulation and hasa clear logical foundationin
the notion of introductionand elimination forms that correspond
to constructorsand destructorgor elementsof a type underthe
Curry-Howvardisomorphism Consequentlya systemati@xtension
shouldsufce to addfurtherlanguageconstructsFurthermoreary
termin normalform will needno annotationexceptat the outer

TypesA;B;C;D :=:::j (i)jA™ Bj>ja:: A
jA_Bj?ja:: A

Figure 3: Languageadditions for property types

mostlevel, so we shouldneedannotationdn few placesbesides
functionde nitions.

3. PROPERTY TYPES

The typespresentin the languageso far are tied to construc-
tors and destructorsof terms. For example,thetype A ! B is
realizedby constructorx: e anddestructore; (ez), relatedto the
introductionandeliminationformsof ! by a Curry-Howard cor
respondence.

In this sectionwe areconcernedvith expressingricher proper
ties of termsalreadypresentn the language.The only changeto
the term languagds to addtyping annotationsdiscussedn Sec-
tion 4; otherwise,only the languageof typesis enriched. The
basicpropertiesare datastructureinvariants,thatis, propertiesof
termsof theform c(e). All otherpropertiesareindependensf the
term languageand provide generalmechanismdo combinesim-
pler propertiesinto more complex ones,yielding a very general
type system.In this paperwe do not formally distinguishbetween
ordinary typesand propertytypes, thoughsucha distinction has
beenusefulin the studyof re nementtypes[11, 10].

Our formulation of propertytypesis fully explainedandjusti-
ed in [9] for a puretype assignmensystem;here,we focuson
the bidirectionality of the rules. We do not extendthe operational
semantics:it is easiestto eraseannotationdefore executingthe
program.Hence the soundnessf thetype systemfollows directly
from theresultfor thetypeassignmensystemin [9].

3.1 Intersections

A valuev hastypeA ~ B if it hastype A andtypeB. Because
this is anintroductionform, we proceedy chedking v againstA
andB. Corverselyif e hastypeA N B thenit musthave bothtype
A andtypeB, proceedingn thedirectionof synthesis.

h VH#HA, : V#A

- *n
VH#AL N A,
Te"AMNB Te"AMNB
W("El) W(AEZ)

While theserulescombinepropertiesof the sameterm (andare
thereforenot an exampleof a Curry-Howard correspondencehe
erasureof the termsstill yieldsthe ordinarylogical rulesfor con-
junction. Therefore by the samereasoningasfor ordinarytypes,
thedirectionalityof therulesfollows from logical principles.

Usually, the eliminationrulesare a consequencef the subtyp-
ing rules (via the (sub) typing rule), but oncebidirectionality is
enforced this is not the caseandthe rulesmustbe taken as prim-
itive. Note thatthe introductionform (" 1) is restrictedto values
becausets generafform for arbitraryexpression is unsoundn
the presencef mutablereferencesn call-by-valuelanguage$7].

The subtypingrulesfor our systemare designedollowing the
well-known principlethatA B only if ary (closed)valueof type
A alsohastypeB. Thus,when&erwe mustcheckif anexpression
e hastypeB we aresafeif we cansynthesizetypeA andA  B.
The subtypingrulesthen naturally decomposehe structureof A
andB by so-calledeft andright rulesthatcloselymirror theright
andleft rules of a sequentalculus. In fact, ignoring  for now,
we canthink of subtypingasa single-antecedensjngle-succedent
form of thesequentalculus.



"B Aj A B A B A B
1 -
TA!l Ay B! B ¢) 1 1(1) A A, B B ) 0)
x)=A XA e#B "er"Al B T ey #A
! - I'E
Tx"A (var) X e#A! B ¢ N ei(e2)" B ¢ B
Te" A A B (w=A TUA T e#A
7B (sub) 7\u,,A(xvar) ——— xu:e#A(X)
e #A Tey #A “e"A B “e"A B
S - (n N o (E) — s (E) —— )
(e1;e2) #A1 Az fst(e) " A snd(e) " B 0 #1
c:A! ‘e#A(I) Te" "ms# C E C:A! XA e#C "ms# C
T c(e) # " caseeofms #C (E) # C “c(x)) ems# C
Figure2: Subtyping and typing in the core language
. = theconstraintdomain the constraintsnustremaindecidabldan the
Pu=2jiZjj::: XA = presencef quanti ers, thoughwe have notencountereduanti er
e a = a alternationdn our examples. Theremustalsobe a relationi = j
= JaxAj AP Q. denotingindex equality andajudgment * i :  whoseinterpre-
P= P i

Figure 4: PropositionsP, contexts , and the restriction func-
tion

A B A B,

“A B " B " R)
AL B A, B
TALN A, g ("L TALN A, g ("L2)

We omit thecommondistributivity rule relatingintersectiorand
function types,which is unsoundwith mutablereference$7] and
doesnotdirectly t into thelogical patternof ourrules.

3.2 GreatestType

A greatestype > canbethoughtof asthe 0-ary form of inter
section(” ). Therulesaresimply
= (>R)

—vEs O SRS

Thereis no eliminationor left subtypingrule for > . Its typing
rule is a 0-ary versionof (* 1), andthe valuerestrictionis alsore-
quired[9].

3.3 Re ned Datatypes

In our system,eachdatatypeis re ned asin [6, 8, 9] by an
atomicsubtypingrelation  over datasorts . Eachdatasoriden-
ti es a subsetof valuesof the form c(v). For example,datasorts
true andfalseidentify singletonsubset®f valuesof thetypebool.
We furtherre ne datatypedy indicesdravn from someconstraint
domain, exactly asin [9] which closely followed Xi and Pfen-
ning [28], Xi [26, 27],andDun eld [8]. Thetype (i) is thetype
of valueshaving datasort andindexi.

To accommodaténdex re nements,we extend to allow index
variablesa; b andpropositions? aswell asprogramvariables Be-
causethe programvariablesareirrelevantto theindex domain,we
cande ne arestrictionfunction thatyieldsits argument without
programvariabletypings(Figure4). No variablemay be declared
twicein , butorderingis now signi cant becausef dependencies.

Ourformulation,like Xi' s, requiresonly a few propertiesof the
constraintdomain: Theremustbe a way to decidea consequence
relation | P whoseinterpretatioris thatgiventheindex variable
typingsandpropositionsn —, thepropositionP musthold. Because
we have bothuniversalandexistentialquanti ers over elementsf

tationis thati hasindexsort in . Notethe strati cation: terms
have types,indiceshave index sorts;termsandindicesaredistinct.
The proof of safetyin [9] requiresthatF be a consequenceela-
tion, that= beanequvalencerelation,that B ?,andthatE and
* have expectedsubstitutiorandwealeningpropertieq8].

Eachdatatypehas an associatedatomic subtypingrelation on
datasortsandanassociategortwhoseindicesre ne the datatype.
In this paper the only index sortis the naturalnumbersN with =
andthe arithmeticoperationst+, - , . Then” F P is decidable
providedtheequalitiesn P arelinear.

We addanin nitary de nite type a :: A, introducinganindex
variablea universally quanti ed over indicesof sort . Onecan
alsoview asa dependenfunction type on indices (insteadof
arbitraryterms).

Example.Assumewe de ne a datatypeof integerlists: alist is
eitherNil() or Congh;t) for someinteger h andlistt. Re ne
this type by a datasoriodd if thelist's lengthis odd, by a datasort
evenif it is even. We alsore ne thelists by theirlength,soNil has

typel ! ever(0), andConshastype(a :N:int ever(a) !
odd(a+ 1)) » (a :N:int odd(a)! ever{a+ 1)). Thenthe
function

X repeat X:

casex of Nil ) Nil | Congh; t)) Congh; Congh; repeatt)))
checksagainsta N :list(a) ! ever(2 a).

Thesubtypingrule for datatypesheckshedatasorts ;; , and
(separatelyjheindicesi; j:

1 2 =]
RORETOIR

To maintainre exivity andtransitivity of subtyping,we require
that mustbere exive andtransitive.

We assumehe constructorss aretypedby ajudgment = ¢ :
Al (i) whereA is ary typeand (i) is somere ned type.
Now, however, thetype A ! (i) neednot be unique;indeed,a
constructoshouldoftenhave morethanonere ned type. Therule
for constructorapplicationis

YAl (i)
S c(e) # (i)
Toderive ~ casee of ms # C, wecheckthatall thematchesn
ms checkagainsC, underacontet appropriateéo eacharm;thisis

Te#

A
(M)



how propositions arise.Thecontext maybecontradictory( [
?) if thecasearmcanbeshawvn to beunreachabldy virtue of the
index re nementsof the constructotype andthe casesubject. In
orderto nottypecheckunreachablarms,we have
“& 0
T e#A
We alsodo not checkcasearmsthat are unreachabléy virtue
of thedatasortre nements.For a completeaccountingof how we
type caseexpressionsandconstructorssee[8].
Thetypingrulesfor are
;ar T VHA Te"a il A T
‘v#a::A(I) T e [i=a]A (E)
By our generalassumptionthe index variablea addedto the
context mustbe new, which canalwaysbe achiezed via renaming.
Thedirectionalityof theserulesfollows ourgenerakchemeAs for
intersectionstheintroductionruleis restrictedo valuesin orderto
maintaintype preserationin the presencef effects.
One potentially subtle issuewith the introductionrule is that
v cannotreferencea in aninternaltype annotation becausehat
wouldviolate -corversion:onecouldnotsafelyrenamea tob in
a :: A,whichisthenaturalscopeof a. Wedescribeoursolution,
contetual typingannotationsin Section4.
Thesubtypingrulesfor are
li=aJA B i b A B
Ta::A B (b TA b::B(R)
Theleft rule allows oneto instantiatea quanti ed index variable
a to anindex i of appropriatesort. The right rule statesthat if
A B for anarbitraryb: thenA is alsoasubtypeof b :: B.
Of course b cannotoccurfreein A. Notethatevenif therewere
no existentialtypesin the systemtheleft rule ( L) aswell asthe
eliminationrule ( E ) requiresthe solver for the constraintdomain
to handleexistentially quanti ed variables.

(contra)

3.4 Inde nite Property Types

We now have a systemwith de nite types™ , >, . Thetyping
andsubtypingrulesare both orthogonalandinternally regular: no
rule mentionsboth> and” , (>1) is a 0-ary versionof (* I), and
so on. However, one cannotexpressthe typesof functionswith
indeterminateesulttype. A standardxampleis the lter function
on lists of integers: Iter f | returnsthe elementwf | for which f
returnstrue. It hastheordinarytype Iter : (int! bool) ! list!
list. Indexing lists by theirlength,there ned typeshouldlook like

Iter : n :N:(int! bool) ! list(n)! list(-)

To II in the blank,we adddependensums a :: A, quantifying
existentially over index variables,asin [28, 26]. Thenwe canex-
presshefactthat Iter returnsalist of someinde nite lengthm as
follows":

Iter : n :N:(int! bool)! list(n)! (m :N:list(m))

For similarreasonswe alsooccasionallyouldliketheuniontypes
andtheemptytype,which shouldalsobeconsiderednde nite. We
discusaunions rst.

On values,the binary inde nite type is simply a unionin the
ordinarysense:if v : A _ B theneitherv : A orv : B. The
introductionrulesdirectly expresshesimplelogicalinterpretation,
againusingcheckingfor theintroductionform.

1The additionalconstraintm
sort[27, 26].

n couldbe expressedy a subset

T e#A T e#B
“e#A _B Ch) — e#A _B Cl2)

No restrictionto valuesis neededor theintroductions but, du-
ally to intersectionsthe elimination mustbe restricted. A sound
formulation of the eliminationrule in a type assignmenform [9]
(without a syntacticmarker [17]) requiresan evaluationcontext E
aroundthe subtermof uniontype.

;XA E[x]:C
*e’:A_ B ;yB EJy]:C
" E[e9:C

This is wherethe “third direction” is necessaryWe no longer
move from termsto theirimmediatesubtermsbut whentypecheck-
ing e we mayhaveto decomposé into anevaluationcontet E and
subterme®. Usingthe analysisandsynthesigudgmentswve have

XA T EX]#C
e A_ B ;yB Ey]#C
* E[e9#C

Here, if we cansynthesizea union type for e>—which is in eval-
uation positionin E[e®]—andcheckE[x] and E[y] againstC, as-
sumingthatx andy have type A andtype B respectiely, we can
concludethat E[e?] checksagainstC. Note thatthe assumptions
x:A andy B canbereadasx"A andy" B sowe do indeedtransi-
tionfrom_" A _ Bto_" A and_" B. While typecheckingstill
somehwv follows the syntax,theremaybe mary choicesof E and
e% leadingto excessie nondeterminism.

The subtypingrules are standardand dual to the intersection
rules.

A1 B A, B
TAi_ A, B CL

TA

A Bl BZ
A Bl_Bz(—Rl) A Bl_Bz(—Rz)

The0-aryinde nite typeis the emptyor void type ? ; it hasno
valuesandthereforeno introductionrules. For aneliminationrule
(? E), we proceedby analogywith (_ E):

Celn e
—5;~ (7B
E[eq#C
As before,the expressiontyped mustbe an evaluationcontext E
with e? in evaluationposition. For > we hadoneright subtyping

rule; for ?, following the principle of duality, we have one left
rule:

—~% A (?L)
For existentialdependentypes theintroductionrule present$o
dif culties, andproceedsaisingthe analysigudgment.
S e#fi=alA T Vi ()
Te#a:il A
For theeliminationrule, we follow (_ E) and(? E):
e’ a:ii A al; xAT E[X]#C
: (E)
E[eq#C
Again, thereis a potentially subtleissue: the index variablea

mustbenew andcannotbe mentionedn anannotationin EJ].
Thesubtypingfor is dualto thatof

ca: A B A [i=b]B i
Tail A B(L) A b::B ( R)

3.5 Propertiesof Subtyping



Our subtypingrulesarethesameasin [9] exceptfor theaddition
of productsA  B. Sincethe premisesare smallerthanthe con-
clusionin eachrule, andwe assumealecidabilityfor the constraint
domain,we immediatelyobtainthat = A B is decidable.Re-
e xivity andtransitivity are admissible which follows quite eas-

ily [9].

3.6 The Tridir ectional Rule

Considering? E to bethe0-aryversionof the_ E for thebinary
inde nite type,whatis theunaryversion?lt is:
e’ A xAC E[x]#C
* E[e9#C
Onemight expectthis rule to be admissible.However, dueto the

restrictionto evaluationcontets, it is not. As a simpleexample,
consider

(direct)

append : a :N:list(a)! b :N:list(b)! list(a+ b)
lterpos : n :N:list(n)! m :N:list(m)

lterpos [:::]" m :N:list(m)
Goal: 6" append4?] (lterpos [:::]) # k :N :list(k)

where[42] is shorthandor Cong42;Nil) and[:::] is someliteral
list. Herewe cannotderive the goal, becauseve cannotintroduce
the k on the type checled against. To do so, we would needto
introducethe index variablem representinghe lengthof the list
returnedby Iterpos [ ::], andusem + 1 for k. But Iterpos [:::]
is not in evaluation position, becauseappend[42] will needto
be evaluated rst. However, append[42] synthesizenly type
b :N:list(b) ! list(1+ b), sowe arestuck. However, using
rule (direct) wereduce

append42] (lterpos [:::]) # k N :list(k)
to
x 1 b :N:list(b)! list(1+b) * x(lterpos[:::]) # k :N :list(k)

Sincex is avalue,( Iterpos [: ::]) is in evaluationpositionandwe
canusetheexistentialeliminationrule

x:b :N:list(b)! list(1+b); m:N ;y:list(m) * xy # k :N :list(k)

Now we cancompletethe derivationwith (1 ), usingl + m for k
andseveralstraightforvard steps.

4. CONTEXTUAL TYPING ANNOTATIONS

Our tridirectionalsystemso far hasthe propertythatonly terms
in normalform have types.For example,( x: x)() neithersynthe-
sizesnor checksagainstatype. Thisis becausghefunctionpartof
anapplicationmustsynthesizeatype,but thereis norulefor x: e
to synthesizeatype.

But annotationsare not as straightforvard asthey might seem.
In our setting,two issuesarise:checkingagainstintersectionsand
index variablescoping.

4.1 Checking Against Intersections

Considerthe following function, which conses42 to its amgu-
ment.

cons42= (x: (y: 42:x)() ) : (odd!

This doesnot typecheck: y: 42:: x needsan annotation. Ob-

senethatby rule (" 1), cons42will bechecledtwice: rst against
odd ! even thenagainsteven! odd. Hence,we cannotwrite

(y: 42::x) : (1! even—itiscorrectonlywhencheckingcons42
againstodd ! even Moreover, we cannotwrite

(y: 42:x) : (1! even”™ (1! odd)

ever) A (even! odd)

We needto usel ! evenwhile checkingcons42againstodd !
even andl! odd while checkingcons42againsteven! odd.
Exasperatinglyuniontypesareno helphere:(y: 42::x) : (1!
ever) _ (1! odd)isavalueoftypel! evenoroftypel!
odd, but we do notknow which; following (_ E), we mustsuppose
it hastypel! evenandthencheckits applicationto 1, andthen
supposét hastypel! odd andcheckits applicationto 1. Only
one of thesecheckswill succeed—alifferentone, dependingon
which conjunctof (odd ! even * (even! odd) we happerto
be checkingcons42against—t accordingto (_ E) both needto
succeed.

Pierce[16] andReynolds[19] addressethis problemby allow-
ing a function to be annotatedvith a list of alternatve types;the
typecheckr choosegheright one. Daviesfollowed this approach
in his datasorte nementchecler, allowing atermto be annotated
with (e : A; B;:::). In thatnotation,the abore function could be
writtenas

cons42= x: (((y: 42:x):1! evenl!

:(odd! even * (even! odd)
Now thetypecheckr canchoosel ! evenwhencheckingagainst
1! odd. This notationis easyto useand effective but intro-

ducesadditionalnondeterminismsincethetypecheckr mustguess
whichtypeto use.

4.2 Index Variable Scoping
Somefunctionsneedtype annotationsnsidetheir bodies,such

asthis (contorted)dentity functionon lists.
id = x: (z2x)() : a :N:list(a)!

In a bidirectionalsystem the function part of an applicationmust
synthesizeatype, but we have norule to synthesizextypefora -
abstractionSowe needanannotatioron( z: x). We needto shav
thatthewholeapplicationchecksagainstist(a), sowe mighttry

list(a)

odd)() )

list(a)

z.x 1!

But this would violate variablescoping. -corvertibility dictates
that a :N:list(a) ! list(a) and b :N:list(b) ! list(b) must
beindistinguishablavhich would be violatedif we permitted

x: ((z:x):1! list(a))() # a :N:list(a) ! list(a)
but not
x: ((z:x):1! list(a))() # b :N:list(b) ! list(b)

Xi alreadynoticedthis problemandintroduceda term-level ab-
stractionoverindex variables,a:e , to mirror universalindex quan-
tication a :: A [26]. But this violatesthe basic principle of
propertytypesthat the term should remain unchangedand fails
in the presencef intersectionsFor example,we would expectthe
reversefunctionon lists, rev, to satisfy

rev : (a :N:list(a) ! list(a))
N ((b :N:list(b)) ! (c :N:list(c)))

but the rst componenbf the intersectionwould demanda term-
level index abstractionwhile the secondvould not tolerateone.

4.3 Contextual Subtyping

We addresghesetwo problemsby a methodthat extendsand
improvesthenotationof comma-separatealternatves. Theessen-
tial ideais to allow a contet to appeatn theannotatioralongwith
eachtype:

e = :iij(e:r 1 A i on T An)



whereeachcontext ¢ declareghetypesof some put notnecessar
ily all, freevariablesin e.

In the rst approximatiorwe canthink of suchanannotatederm
asfollows: if « ~ e# Acxthen ~ (e: 1" Azp;:::; n°
An) " Ay if thecurrentassumptiongn  validatetheassumptions
in . Forexample,

x:even® ((y: 42:x):xeven 1! odd;

xiodd™ 1! evep" 1! odd
but
x:even6 ((y: 42::x) :x:even 1! odd;
xiodd™ 1! evep" 1! odd

sincex:evendoesnotvalidatex:odd (becausevenis notasubtype
of odd). In practice this shouldsigni cantly reducethe nondeter
minism associatedvith type annotationsn the presencef inter
section. However, we still needto generalizethe rule in orderto
correctlyhandleindex variablescoping.

Returningto our earlierexample,we would liketo nd ananno-
tationAs allowing usto derive

x: ((z: x):As)() # a :N:list(a)!
Theideais to usealocally declaredndex variable(here,b)
X: ((z: x) :(b:N;xlist(b) ~ 1! list(b)))

to make thetyping annotatiorself-containedNow, whenwe check
if thecurrentassumption$or x validatelocal assumptiorfor x, we
are permittedto instantiateb to ary index objecti. In this exam-
ple, we could substitutea for b. As aresult,we endup checking
(z: x) #1! list(a), eventhoughthe annotationdoesnot men-
tion a. Notethatin anannotatione : ( o = Ap);As, all index
variablesdeclaredn ¢ areconsideredoundandcanberenamed
consistentlyin ¢ andAyp. In contrastthefreetermvariablesn ¢
may actuallyoccurin e andsocannotberenamedreely.
Theseconsiderationsead usto a contextual subtypingrelation

list(a)

(o Ad). (A

whichis contravariantin thecontexts o and . It would becovari-
antin Aog andA, exceptthatin theway it is invoked, o, Ao, and

areknown andA is generate@saninstanceof Ao . This should
becomemoreclearwhenwe consideiits usein thenew typingrule

(o Ad). (" A) "~ e#A
T(e:( o Ag)As)" A

wherewe regardthe annotationsasunorderedso o = Ao could
occurarywherein thelist). In thebidirectionalstyle, , e, o, Ao
andAs areknowvn whenwetry thisrule. While nding aderivation
of (o~ Ag) . ( ° A) wegeneratéA, which is the synthe-
sizedtypeof theoriginalannotateaxpressiore, if in facte checks
againstA. It is alsopossiblethat( ¢ © Ag) . ( = A) failsto
have a derivation (when o and have incompatibledeclarations
for thetermvariablesoccurringin them),in which casewe needto
try anotherannotation( « =~ Ax).

Theformal rulesfor contetual subtypingaregivenin Figure6.
Besideghe considerationabove, we alsomustmake surethatary
possibleassumption® aboutthe index variablesin o areindeed
entailedby the currentcontet, afterary possiblesubstitutionhas
beenapplied(thisis why we traverse  from left to right).

While the examplesabove arearti cial, similar situationsarise
in ordinaryprogramsn the commonsituationwhenlocal function
de nitions referencefree variables. Two small examplesof this
kind aregivenin Figure7, presentedn the style of ML, wherewe
have omittedthe evidentconstructotypes.

(ctx-anno)

TypingsAs:= "Aj A As
Termse:=:::j(e:As)
Valuesv :=:::j(v:As)

'::j(E:As)

Eval. contets E ::

Figure5: Languageadditions for contextualtyping annotations

C A (A (. -empty)

i o ([i=a] o [=a]Ao) . (" A)

(@050 Ao). (A (- -van)
"EP (o0 A). (A
P o A . (A PP
(xX) Bo (o Ao). (A
(- -pvar)

(xBo; o~ Ag) . ( T A)

Figure 6: Contextual subtyping

The essencef the completenesgesultwe prove in Section4.5
is that annotationscan be addedto ary term that is well typed
in the type assignmensystemto yield a well typedtermin the
tridirectionalsystem.For this resultto hold, . mustbere exive,
( " A). ( ° A).Furthermorein ajudgment

Ter(1 T At T A)TA

we mustbe ableto consistentlyrenameindex variablesin , all
k, ande. This differenttreatmentof index variablesand term
variablesarisesfrom the fact that index variablesare associated
with propertytypesand so do not appearin expressionspnly in
types.
Re exivity (togethemwith proper -corversion)is sufcient for
completenessin the proof of completenessywherewe see
e : A we cansimply addanannotation( ~ A). Butit would be
absurdo make programmersypein entirecontets (notonly is the
lengthimpracticalby itself, when&er a declaratioris addedevery
contectual annotatiorin the new declaratiors scopewould have to
bechanged!).
Re exivity of . follows easilyfrom thefollowing lemma.

LEMMA 1. (2 A) . (1; 2  A).

PROOF. By inductionon ,. [

COROLLARY 2 (REFLEXIVITY). ( ~A) . ( ~ A).

4.4 Soundness

DEFINITION 3 (TYPE ERASURE). jej denoteghe erasue of
all typingannotationdrome.

THEOREM 4 (SOUNDNESS, TRIDIRECTIONAL). If ~ e "
Aor " e#Athen " jg:A.

PROOF. By straightforvardinductiononthederiation. [

4.5 Completeness

We cannofusttake aderivation e : A inthetypeassignment
systemand obtaina derivation ~ e " A in the tridirectional
system.Forexample,” x: x : A'! A forarny typeA, butin the



true bool; false bool
even nat; odd nat

evenlist list; oddlist list;

emptylist evenlist emptylist oddlist

eq:(even odd! falsg
A (odd even! false
A (nat nat! bool)

( member. * (even oddlist! falsg
A (odd evenlist! false
A (nat list! bool) )
fun member(x; xs) =

( mem: x:even' (evenlist! bool) » (oddlist! false;

x:odd * (evenlist! falsg ~ (oddlist! bool);
x:nat * natlist! bool )
let fun memxs =
casexs of Nil ) False
jCongy; ys)) eqx;y) orelsememys
in memxs end
( append: a :N: b :N:list(a) list(b)! list(a+ b))
fun append(xs; ys) =
( app:(c:iN;ysiist(c) ® a :N:list(a)! list(a+ c)) )

let fun appxs = casexs of Nil ) ys
jCongx; xs) ) CongXx; appxs)
in appxs end

Figure 7: Example of contextual annotations

tridirectionalsystemx: x doesnot synthesizea type. However, if
we addatyping annotationwe canderive

T(xix:(C A A)Y"TAL A

Clearly, the completenesegesultmustbe alongthe lines of “If
e : A, thenthereis an annotatedversione® of e suchthat
e®" A’ To formulatethis result(Corollary 13, a specialcaseof
Theoreml2) we needafew de nitions andlemmas.

DEFINITION 5. Atermis in synthesizingdorm if it hasany of
theformsx; eiez; u; x u: e; (e:As); fst(e); snd(e).

DEFINITION 6. e®extendsa terme, writtene® w e iffe’ise
with zeo or more additionaltypingannotationsande® containsno
typeannotationson therootsof termsin synthesizingorm.

DEFINITION 7. e°lightly extendsa terme, writtene® w- e iff
e’is e with zeo or more typingannotationsaddedto lists of typing
annotationsalreadypresenin e. Thatis, we canreplace(e : As)
with (e : As; A9, but cannotreplacee with (e : A 9).

PROPOSITION 8. w andw- arere exiveandtransitive

Proor. Obviousfrom thede nitions. [

LEMMA 9. If evalueande®w e thene®value

PROOF. By astraightforvardinductionon e® (in the basecase,
makinguseof (v : As) value). [

LEMMA 10 (LIGHT EXTENSION). If e® w- e then(1)
e" Aimplies ~ e’ A, (2) " e#A implies "~ e’#A.

/" Thm.12 /" Thm.21

| [? | [?
T jg A Te"A ;T e"LA
T e#A e A
Type Simple Left
assignment tridirectional tridirectional
system[9] system system

6 6
Thm.4 Thm.19

Figure 9: Connectionsbetweenour type systems

PrROOF. By inductiononthederiation of thetyping judgment.
All casesrestraightforvard: eithere ande® mustbeidentical(for
instancefor (1)), or we applythe IH to all premiseswhich leads
directlyto theresult. [

Remarkl. Recallthattherule (" ) ledtotheneedfor morethan
onetyping annotatioronaterm. It shouldbenosurprisethen,that
the (" I) casein the completenesgroof is interesting. Applying
the inductionhypothesido eachpremisev : A, v : B yieldstwo
possiblydifferentannotatedermsv® andv®suchthatv® # A and
v®# B. But givena notion of monotonicityunderannotationwe
canincorporateboth annotationsnto a singlev® suchthatv® # A
andv®# B. However, the obvious formulationof monotonicity

If e # A ande®w ethene®# A

doesnothold: givenalist of annotationsAs thetype systemmust
useat leastone of them—itcannotignorethemall. Thus™ (() :
(* >)) # lisnotderivable,eventhough™ () # 1isderivableand
(O :C >)) w( . However, furtherannotating(() : (C >)) to
(O :C >);C () yieldsatermthatchecksagainstboth> and
() . Notethatthis furtherannotationvaslight—we addeda typing
to anexisting annotation.This obserationleadsto Lemmall.

LEMMA 11 (MONOTONICITY UNDER ANNOTATION).

(L) If ~ e#A ande’w e thenther existse®w: e°sud that
S el%A.

2 f ~ e" A ande’w e thenther existse®w- e suc that
T e A,

ProoF. By inductiononthederivationof thetypingjudgment. [

THEOREM 12 (COMPLETENESS, TRIDIRECTIONAL). If
e:A ande’w ethen

() thereexistseXPsudthate®®w e®and  eXP# A

(i) ther existsed’suct thate?®w e®and * e A

PROOF. By inductiononthederiationof ~ e:A. O
COROLLARY 13.If ° e : A thenther existse® w e suh
that * e®# A andther existse®w e sudthat ~ e%" A.

5. THE LEFT TRIDIRECTION AL SYSTEM

In thesimpletridirectionalsystemthecontectual rulesarehighly
nondeterministicNot only mustwe choosewhich contectual rule
to apply but eachrule canbe appliedrepeatedlywith the same
contet E; for (direct), which doesnotevenbreakdown thetype of



Rulesof the simpletridirectionalsystemabsenin | Rulesnew or substantiallyalteredin the left tri-
theleft tridirectionalsystem: directionalsystem:
XA XA
e%notalinearvar
e’ A I xA EX]#C ;10 e%"LA ) XA ER#ALC
N (direct) N (directL)
E[e9#C i 15 2 EeT#C
Y el o ?E) ; X:? e 2L
C E[e9#C ;;X:?‘e#LC(' )
;XA T E[x]#C
“e®A_B yB' Ely]#C (| XA e# C ;; XB  e# C (L)
* E[e9#C i XA _B  e# C
e an A ;a:;x:A‘E[x]#C(E) ‘ar s XA e# C .
* E[e9#C ;;X:a::A‘e#LC( )
s XA e#H C i, XBT e#i C "
7y XANB® e#LC( La) 7y XANBS e#LC( L2)
i 7, X[i=al]A T e# C
= A (L
o Xa A e# C

Rulesof theleft tridirectionalsystemidenticalto the simpletridirectionalsystemgxceptfor thelinearcontexts

x)=A (XA e#B | ;1 ete"Al' B ;o2 e #A

_ ! I E
;\X,,A(var) DX e#A! B( ) ;1 2 e(e2)" B ¢ B
T e"A A B (w=A WA T e#A
;. e#B (sub) ;U A (xvar) ;X i e#A (x)
) 1‘ e, #A, ; 2‘ e #A> ; Te"A B ; “e"A B
T T e Ea A, ) T T sie AL T T sae e (P
TUciAL (i) ()] 1(J) ;o e#A () TE? e(contra)
yoce# () ;o e#A
;e (i) ;o ms#(i)C
; ~ caseeofms #C (E)
v T VHA, ; ‘V#AZA ; ‘e"A"BA ; ‘e"A"BA
R VE - >n T VHALN A S T e" A (" Eu) ;. "~ e"B (" E2)
car ;O VH#A T e"a A i
! ! E
; ‘v#a::A(I) ;e [i=alA (E)
o e#fizal]A i ;. e#A ;. C e#B
;T e#ail A () ; ‘e#A_B(—ll) ; ‘e#A_B(—IZ)
(o> Ag). (A Ce#A
(ctx-anno)

T(e:( o Ag)As)" A

Figure 8: The left tridir ectional system,with the part of the simple tridir ectional system(upper left corner) from which it substan-
tially differs. The gur e also summarizesthe simple tridir ectional system: The completetyping rules for the simple tridir ectional
systemcan be obtained by removing the secondcontext , including premisesof the form e, from the lower rules, along with
the rulesin the upper left corner. Hencethe subscripts” |, #_ are elided.



e this repeatedapplicationis quite pointless. The systemin this
sectionhasonly onecontetual rule anddisallovs repeatedappli-
cation. Inspiredby the sequentalculusformulationof Barbanera
etal. [2], it replaceghe contectual ruleswith onecontectual rule
(directL), closelycorrespondindo (direct), andseveralleft rules
shavn in the upperright handcornerof Figure8. In combination,
theserulessubsumehe contextual rulesof thesimpletridirectional

system.
Thetypingjudgmentsn theleft tridirectionalsystemare
T e"LA T eH# A
where s linear context whosedomainis a new syntacticcate-

gory, thelinear variablesX; y andsoforth. Theselinearvariables
correspondo thevariablesintroducedn evaluationpositionin the
(direct) rule, andappearexactly oncein theterme, in evaluation
position. We considertheselinearvariablesto be values ik e ordi-
naryvariables.

Therule (directL) is theonly rule thataddsto thelinearcontext,
andis thetrue sourceof linearity: X appeargxactly oncein evalu-
ationpositionin E[X]. It requiresthatthe subterme® beingbrought
outcannottself bealinearvariable,soonecannotoringoutaterm
morethanonce,unlike with (direct).

To maintainlinearity, thelinearcontet is split amongsubterms.
For example,in ( I) (Figure8), thecontet = ; » issplit
betweere; ande;. To maintainthe propertythatlinearvariables
appeaiin evaluationposition,in rulessuchas(! 1) thattypeterms
thatcannotcontainavariable thelinearcontet is empty

After somepreliminary de nitions andlemmas,we prove that
this new left tridir ectional systemis soundand completewith re-
spectto the simpletridirectionalsystemfrom Section3. (Seealso
Figure9).

DEFINITION 14. LetFLV(e) (resp.FLV(ms)) denotehesetof
linear variablesappearingfreein e (resp.ms). Furthermoe, let
e if andonlyif (1) for everyX 2 dom( ), X appeas exactly

oncein e, and(2) FLV(e) dom( ).
ProPOSITION 15 (LINEARITY). If ; ~ e"_  Cor ;
e#_ Cthen e. Similarly,if ; ~ ms # (;, Cthen ms.

PrROOF. By induction on the derivation. For (contra), (> 1),
(? L), usetheappropriatgpremise. [

DEFINITION 16. Let e if andonly if (1) for everyX 2
dom( ), ther existsanE sud thate = E[X] andX = FLV(E), and

(2)FLV(e) dom( ). (Itisclearthat e implies e.)
LEMMA 17.If D derives ; "~ e"_  Cor ; "~ e# Chy

arule Rand e, thenfor eadh premise % % e°" C%or
0. O 0

- 0 %% CP0ofR,itisthecasethat ° e
PrROOF. Straightforvard. [

5.1 Soundness

DEFINITION 18. Arenaming is a variable-forvariable sub-
stitutionfromonesetof variables(dom( )) to anotherdisjointset.

Whenarenamings appliedtoaterm,[ ]e, it behaesasasubsti-
tution, and cansubstitutethe samevariablefor multiple variables.
Unlike a substitution,however, it canalsobe appliedto contexts.
A renamingfrom linear variablesto ordinary programvariables,

= x=X;:::, maybeappliedto alinearcontext : [ ] vyields
anordinarycontext by renamingall variablesin dom( ). In the
otherdirection,a renaming from ordinary programvariablesto
linearvariablesnaybeappliedto anordinarycontext : [ ] yields
azonedcontext % , wheredom( 9 = dom( ) - dom( ) and
dom( ) istheimageof on restrictedto dom( ).
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THEOREM 19 (SOUNDNESS, LEFT TRIDIRECTIONAL SYSTEM).

If  renamedinear variablesto ordinary program variablesand
; ~e" . C(esp.; "~ e# C)and e anddom( )
dom( ),then;[] " []e" C(resp.;[] " []e#C).

Remark2. The condition eis trivially satisedif =
ande containsno linearvariables which is preciselythe situation
for thewholeprogram.

PrROOF. By inductionon thetyping derivation. We useLemma
17 to satisfy the linearity condition wheneer we apply the IH.
Most casesaarecompletelystraightforvard, exceptfor therulesnot
presenin thesimpletridirectionalsystem.

For (var), it is giventhatdom( )  dom( ), sowe canapply
(var). For (directL), usetheIH onthe rst premise et x be new,
andusethe IH on the secondpremisewith renaming ; x=X; ap-
ply propertiesof substitutionrandwealeningto yield derivationsto
which (direct) canbeapplied.For theleft rules,usea differentre-
naming; x°=x wherex’is new for eachpremisethenapplythelH
to yield derivation(s)typing [ ; x°=X] E[X] (by e, e = E[X]).
Use(var) to obtainatypingof [ JX. Finally, applythecorrespond-
ing tridirectionalrule, suchas(_ E) for the(_L) case. [

5.2 Completeness

We now shav completenessif atermcanbetypedin the sim-
ple tridirectional system,it canbe typedin the left tridirectional
system.First,asmalllemma:

LEMMA 20. If
i XA T e# C.
PROOF. By inductiononthe rst derivation. [

XA T X"  Band ;; XB" e# Cthen

THEOREM 21 (COMPLETENESS, LEFT RULE SYSTEM). If
renamesrdinary program variablesto linear variablesand
e" C(resp. * e#C)and % | then

[ lewhee[] = 7
[1 "[le"cC(esp[] " []e# C).

PrROOF. By induction on the typing derivation. Most of the
caseganbe handledasfollows: Restrict to variablesappearing
in subtermf e (if ary). Apply thelH to all premisesReasorthat
if Cisarestrictionof toasubterme? thentheresultof applying
thelH—namely[ 9 [ 1]e®# A—implies[ ] ~ [ ]e®# A.
Finally, reapplytheoriginal rule.

However, thisfails for therulesthatareabsenbr modi ed in the
left tridirectional system: (direct), (? E), (_E), (E ). In eachof
the casedor theserules,therearetwo subcases:

If thesubterme? s notavariablerenamedy , thenwe ap-
ply thelH to the premisetyping e°, male a new linear vari-
ableX, applythelH to thecontextual premisesasneededap-
ply the correspondingdeft rule (or do nothingin the (direct)
case)o shav E[X] #_ C, thenapply (directL).

If e%is avariablein dom( ), we applythelH toall premises,
applythecorrespondinggft rule (or donothingin the(direct)
case)thenuseLemma20. [

5.3 Decidability of Typing

* e#_ A isdecidable

PROOF. Weimposeanorder< ontwojudgmentsl; = 1; 1~
er #' ApandJ, = 3; 2" e #' A,. Whenorderingterms,
we considerary linearvariableto be smallerthanary otherterm;
for example(X; e2) is smallerthan(y; ez)). Whenorderingtypes,
we considerall index expressiongo beequialentin size.

Theorderis de ned asfollows.

THEOREM 22. :



1. If e; issmallerthane; thend; < J,. If e; isthesamesize
ase;:

2. If the directionsof the judgmentddiffer, the synthesigudg-
mentis smallerthanthecheckingludgment.If thedirections
arethesame:

3. If bothjudgmentsarecheckingiudgmentsandA ; is smaller
than A, thenJ; < J,. If bothjudgmentsare synthesis

judgments,; = 2, 1 = 2, A; isatleastassmallas
sometypein 1; 1 andA; islargerthanA,,thend; < J,.
Otherwise:

4. If thenumberof timesary of thetypeconstructors , ,?,
N, > appealin ; is lessthanthe numberof timesthey
appeain ; thenJ; < J,.

Now we mustcheckthatfor everyrule,eachpremiseds smallerthan
the conclusion.For mostpremisesthe rst criterion alonemalkes
thepremisesmaller Thesecondriterionis for (sub). Thethird cri-
terionis neededor rulessuchas( | )and( E ). Notethatasynthe-
sisjudgmentwhosetype expressiorbecomedargeris considered
smaller! Synthesigudgmentseventually“bottom out” atruleslike
(ctx-anno) and( E;), in which the term becomessmaller or at
rules (var), (xvar) or (var), wherethe type synthesizeds taken
from or . Sinceall thetypeexpressionsn and are nite,
thereis no problem.Thefourth criterionis for theleft rules,where
theterm,direction,andtypedonotchange.

The secondpremiseof (directL) is smallerthanits conclusion
becauseve considellinearvariableso bethesmallesterms. [

5.4 Type Safety

If ; ° e#_ A intheleft tridirectionalsystemfrom Theorem
19weknov " e#A. Thenby Theoremd4, ° jej: A inourtype
assignmensysten{9]. Thatis, typeerasuresufces to getatyping
derivationin thetypeassignmensystem.t follows from Theorem
3, TypePreserationandProgressof [9] thatjej eitherdivergesor
evaluatego avalueof typeA.

6. RELATED WORK

Re nements, Intersections, Unions. The notion of datasortre-
nementcombinedwith intersectiortypeswasintroducecdby Free-
manandPfenning[11]. They shawvedthatfull typeinferencewas
decidableunderthe so-calledre nementrestrictionby usingtech-
niguesfrom abstractinterpretation. Interactionwith effectsin a
call-by-valuelanguagewas rst addressedonclusvely by Davies
andPfenning[7] who introducedthe valuerestrictionon intersec-
tion introduction pointedouttheunsoundnessf distributivity, and
proposed practicalbidirectionalcheckingalgorithm.

Index re nementswere proposeddy Xi and Pfenning[28]. As
mentionedearlier the necessargxistentialquanti er  ledto dif-
culties [26] becauselaborationrmustdeterminethe scopeof the
quanti ers which is not syntacticallyapparentn the sourcepro-
gram. Xi addressethis by translatingprogramsinto a let-normal
form before checkingindex re nements, which is akin to type-
checkingthe original term in evaluation order Becauseof the
speci ¢ form of Xi's translation,our tridirectional systemadmits
moreprogramsgvenwhenrestrictedto justindex re nementsand
quanti ers. Nonethelessywe conjecturethat Xi' s idea of travers-
ing the entire programstrictly in evaluation order is applicable
in our signi cantly more comple settingto eliminatesomenon-
determinisminherentin the (directL ) rule. We planto pursuethis
line of investigationin furtherresearch.
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Intersectiortypes[4] were rst incorporatednto a practicallan-
guageby Reynolds[19]. Pierce[17] gave examplesof program-
ming with intersectioranduniontypesin a pure -calculususing
a typecheckingmechanisnthat relied on syntacticmarlkers. The
rst systematicstudyof unionsin atypeassignmentramenork [2]
identi ed severalissuesjncludingthe failure of type preseration
evenfor thepure -calculuswhentheunioneliminationrule is too
unrestrictedlt alsoprovideda framework for our morespecialized
studyof acall-by-valuelanguagewith possibleeffects.

Somework on programanalysisin compilationusesforms of
intersectionand union typesto infer control o w properties[24,
15]. Becauseof the goalsof thesesystemdor programanalysis
andcontrol o w information,thespeci ¢ formsof intersectiorand
union typesare quite differentfrom ours. Systemsof softtyping
designedor typeinferencein dynamicallytypedlanguage$3] are
somevhatsimilarandalsoallow intersectionunion,andevencon-
ditional types[1]. Again, however, the differentsettingandgoals
meanthat the technicalrealizationdiffers substantiallyfrom our
proposahere.
Partial InferenceSystems.Our systemsharesseveral properties
with PierceandTurners local typeinference[18]. Theirlanguage
hassubtypingandimpredicatve polymorphism,makingfull type
inferenceundecidable. Their partial inferencestratgy is formu-
lated asa bidirectionalsystemwith synthesisand checkingjudg-
ments,in astylenottoo farremoved from ours.However, in order
to handleparametriqpolymorphism(without usingnonlocalmeth-
ods such as uni cation), they infer type agumentsto polymor
phic functions, which seemsto substantiallycomplicatematters.
Hosoya and Pierce[12] further discussthis style, particularly its
effectivenessn achieving areasonabl@umberof annotations.

The presensystemdoesnot include parametrigpolymorphism,
which we planto studyin futurework. Prior researchwith [26] or
without [7] a syntacticdistinction betweenordinary and property
types have not yet beenconclusve, but from the work on local
typeinferenceit seemdikely thatat leastpre x polymorphismin
the style of ML shouldbe amenabldo a consistentreatmentwvith
bidirectionalrules.
Principal Typings. A principal type of e is a type that repre-
sentsall typesof e—for someparticularcontext . More gener
ally, a principal typing[13] of e is a pair ( ; A) of a contet and
a type, suchthat this pair representsall pairs ( % A9 suchthat

9~ e : A% Thesede nitions dependon someidea of repre-
sentationwhich variesfrom type systemto type system,making
comparisondetweensystemsdif cult. Wells [25] improved the
situationby introducinga generalnotion of representationSince
full typeinferenceseemsn ary caseunattainableywe have notin-
vestigatedvhetherprincipal typings might exist for our language.
However, theideaof assigningatypingto aterm (ratherthanjusta
type)is presenin our systemin the form of the contextual typing
annotationsghatallows usto solve someotherwisevery unpleasant
problemsregardingthe scopeof quanti ed index variables.

7. CONCLUSION

In [9], we developeda type assignmensystemwith arich setof
propertytype constructors.That systemwas soundin a standard
call-by-value semantics put was inherentlyundecidable. In this
paper by takingatridirectionalversionof thetypeassignmensys-
tem,we have obtainedarich, yetdecidablaypesystem.Every pro-
gramwell-typedunderthe type assignmensystemhasan annota-
tion with contextual typingsthatwill checkunderthetridirectional
rules. Contextual typing annotationshouldbe usefulin othersys-
tems,suchas systemsf parametrigpolymorphismin which sub-
typingis decidable.



In orderto shav decidability andasa rst importantstepto-
wardsa practicalimplementationye alsopresented lessnonde-
terministicleft tridir ectional systemand provedit to be decidable
andsoundandcompletewith respecto thetridirectionalsystem.

We arein the procesof formulatinga soundand completelet-
normal version of the left tridirectional system. Sucha system
would drasticallyreducethe nondeterminisnin (directL) by forc-
ing thetypecheckr to traversesubtermsn evaluationorder

Oncethis is done,we planto develop a prototypeimplementa-
tion of thelet-normalsystemthatshouldhelp us answermuestions
regardingthe practicalityof our designon realisticprograms.The
mainquestionwill be(1) if therequiredannotationgrereasonable
in size,(2) if type checkingis ef cient enoughfor interestingpro-
grampropertiesand(3) if thetyping disciplineis accurateenough
to track propertiesn complex programs.The preliminary experi-
encewith re nementtypes,including both regular tree types|[5]
andindexedtypes[28], givessomereasondor optimism,but more
researclandexperimentatioris needed.
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