Chapter 5

The Inverse Method

After the definition of logic via natural deduction, we have developed a succession of techniques for theorem proving based on sequent calculi. We considered a sequent Γ =⇒ C as a goal, to be solved by backwards-directed search which was modeled by the bottom-up construction of a derivation. The critical choices were disjunctive non-determinism (resolved by guessing and backtracking) and existential non-determinism (resolved by introducing existential variables and unification). The limiting factor in more refined theorem provers based on this method is generally the number of disjunctive choices which have to be made. It is complicated by the fact that existential variables are global in a partial derivation, which means that choices in one conjunctive branch have effects in other branches. This effects redundancy elimination, since subgoals are not independent of each other.

The diametrically opposite approach would be to work forward from the initial sequents until the goal sequent is reached. If we guarantee a fair strategy in the selection of axioms and inference rules, every goal sequent can be derived this way. Without further improvements, this is clearly infeasible, since there are too many derivations for us to hope that we can find one for the goal sequent in this manner.

The inverse method is based on the property that in a cut-free derivation of a goal sequent, we only need to consider subformulas of the goal and their substitution instances. For example, when we have derived both A and B in the forward direction, we only derive their conjunction A ∧ B if A ∧ B is a subformula of the goal sequent.

The nature of forward search under these restrictions is quite different from the backward search. Since we always add new consequences to the sequents already derived, knowledge grows monotonically and no disjunctive non-determinism arises. Similarly for existential non-determinism, if we keep sequents in their maximally general form. On the other hand, there is a potentially very large amount of conjunctive non-determinism, since we have to apply all applicable rules to all sequents in a fair manner in order to guarantee completeness. The critical factor in forward search is to limit conjunctive non-determinism. We

Draft of October 15, 1999

can view this as redundancy elimination: among the many ways that a given sequent may be derived, we try to actually consider a few as possible. The techniques developed in the preceding chapters, with some modifications, can be applied in this new setting.

Historically, the inverse method is due to Maslov [Mas64]. It has been adapted to intuitionistic and other non-classical logics by Voronkov [Vor92], Mints [Min94], and Tammet [Tam96, Tam97].

5.1 Forward Sequent Calculus

As a first step towards the inverse method, we write out a sequent calculus appropriate for forward search. This stems from a basic reinterpretation of a sequent during search. Previously, Γ =⇒ C expressed that we may use all hypotheses in Γ to prove that C is true. Now we will think of Γ −→ C to mean that we needed all the hypotheses in Γ in order to prove that C is true.

This means that weakening is no longer valid for sequents Γ −→ C and we have to take special care when we formulate correctness theorems. Secondly, we do not need to keep duplicate assumptions, so we view Γ in the sequent Γ −→ C as a set of assumptions. We write Γ_1 ∪ Γ_2 for the union of two sets of assumptions, and Γ, A stands for Γ ∪ {A}.^1

Initial Sequents. Previously, we allowed Γ, A =⇒ A, since the assumptions in Γ can be used, but are just not needed in this case. In the forward calculus, initial sequents init A −→ A express that only the hypothesis A is needed to derive the truth of A and nothing else.

Conjunction. In the right rule for conjunction, we previously concluded Γ =⇒ A ∧ B from Γ =⇒ A and Γ =⇒ B. This expressed that all assumptions Γ are available in both branches. Now we need to take the union of the two sets of assumptions, expressing that both are needed to prove the conclusion.

Γ_1 −→ A Γ_2 −→ B ∧R Γ_1 ∪ Γ_2 −→ A ∧ B

On the left rules, so such considerations arise. Γ, A −→ C ∧L_1 Γ, A ∧ B −→ C Γ, B −→ C ∧L_2 Γ, A ∧ B −→ C Note that if A ∧ B is already present in Γ in the two left rules, it will not be added again.

1In the language of judgments, Γ �! A is a strict hypothetical judgment.

Draft of October 15, 1999

5.1 Forward Sequent Calculus 83

Truth. As in the backward sequent calculus, there is only a right rule. Unlike the backward sequent calculus, it does not permit any hypotheses. ⊤R · −→ ⊤ Implication. In the backward sequent calculus, the right rule for implication has the form Γ, A =⇒ B ⊃R. Γ =⇒ A ⊃ B In the forward direction this would not be sufficient, because it would allow us to conclude A ⊃ B only if A is actually needed in the proof of B. To account for this case, we introduce two separate rules. Γ, A −→ B ⊃R_1 Γ −→ A ⊃ B Γ −→ B ⊃R_2 Γ −→ A ⊃ B Another, more efficient possibility combines these rules into one which removes A from the context of the premise if it is there and otherwise leaves it unchanged (see Section ??). In the left rule we have to take a union as in the right rule for conjunction.

Γ_1 −→ A Γ_2, B −→ C ⊃L Γ_1 ∪ Γ_2, A ⊃ B −→ C

Note that the principal proposition A ⊃ B does not occur in the premises. However, it might occur in Γ_1 or Γ_2, in which case it is not added again in the conclusion.

Disjunction. This introduces no new considerations. Γ −→ A ∨R_1 Γ −→ A ∨ B Γ −→ B ∨R_2 Γ −→ A ∨ B Γ_1, A −→ C Γ_2, B −→ C ∨L Γ_1, Γ_2, A ∨ B −→ C

Falsehood. There is only a left rule. ⊥L ⊥ −→ C We postpone the consideration of negation and quantifiers. The soundness of the forward sequent calculus is easy to establish.

Theorem 5.1 If Γ −→ C then Γ =⇒ C

Draft of October 15, 1999

Proof: By induction on the structure of the derivation F of Γ −→ C. We show only some of the cases, since the patterns are very similar in the remaining ones. In order to avoid confusion, we write Γ, A and Γ ∪ {A} for forward sequents to be more explicit about possible contractions.

Case:

F = init C −→ C C =⇒ C By rule init

Case:

F = F_1 Γ_1 −→ C_1

F_2 Γ_2 −→ C_2 ∧R Γ_1 ∪ Γ_2 −→ C_1 ∧ C_2

Γ_1 =⇒ C_1 By i.h. on F_1 Γ_1 ∪ Γ_2 =⇒ C_1 By weakening Γ_2 =⇒ C_2 By i.h. on F_2 Γ_1 ∪ Γ_2 =⇒ C_2 By weakening Γ_1 ∪ Γ_2 =⇒ C_1 ∧ C_2 By rule ∧R

Case:

F = F_1 Γ_1 −→ A

F_2 Γ_2, B −→ C ⊃L Γ_1 ∪ Γ_2 ∪ {A ⊃ B} −→ C Γ_1 =⇒ A By i.h. on F_1 Γ_1 ∪ Γ_2, A ⊃ B =⇒ A By weakening Γ_2, B =⇒ C By i.h. on F_2 Γ_1 ∪ Γ_2, A ⊃ B, B =⇒ C By weakening Γ_1 ∪ Γ_2, A ⊃ B =⇒ C By rule ⊃L Γ_1 ∪ Γ_2 ∪ {A ⊃ B} =⇒ C By contraction (if needed) 2 Completeness is more difficult. In fact, it is false! For example, for atomic propositions P and Q we can not derive P, Q =⇒ P . Fortunately, the absence of weakening is the only source of difficulty and can easily be taken into account.

Theorem 5.2 If Γ =⇒ C then Γ^0 −→ C for some Γ^0 ⊆ Γ.

Proof: By induction on the structure of S for Γ =⇒ C.

Draft of October 15, 1999

Case:

S = init Γ_1, C =⇒ C

C −→ C By rule init {C} ⊆ Γ_1, C By definition of ⊆

Case:

S = S_1 Γ, A =⇒ B ⊃R Γ =⇒ A ⊃ B Γ^{00} −→ B for some Γ^{00} ⊆ Γ, A By i.h. on S_1 Γ^{00} = Γ^0, A and Γ^0 ⊆ Γ First subcase Γ^0 −→ A ⊃ B By rule ⊃R_1 Γ^{00} ⊆ Γ Second subcase Γ^{00} −→ A ⊃ B By rule ⊃R_2

Case:

S = S_1 Γ_1, A ⊃ B =⇒ A S_2 Γ_1, A ⊃ B, B =⇒ C ⊃L Γ_1, A ⊃ B =⇒ C Γ^0_1 −→ A for some Γ^0_1 ⊆ Γ_1, A ⊃ B By i.h. on S_1 Γ^0_2 −→ C for some Γ^0_2 ⊆ Γ_1, A ⊃ B, B By i.h. on S_2 Γ^0_2 = Γ^{00}_2 , B and Γ^{00}_2 ⊆ Γ_1, A ⊃ B First subcase Γ^0_1 ∪ Γ^{00}_2 ∪ {A ⊃ B} −→ C By rule ⊃L Γ^0_1 ∪ Γ^{00}_2 ∪ {A ⊃ B} ⊆ Γ_1 ∪ {A ⊃ B} By properties of ⊆ Γ^0_2 ⊆ Γ_1, A ⊃ B Second subcase Γ^0 = Γ^0_2 satisfies claim 2 5.2 Negation and Empty Succedents

In the backward sequent calculus, the rules for negation Γ, A =⇒ p ¬R^p Γ =⇒ ¬A Γ, ¬A =⇒ A ¬L Γ, ¬A =⇒ C require propositional parameters p. In Gentzen’s original formulation of the sequent calculus he avoided this complication by allowing an empty right-hand side. A sequent of the form Γ =⇒ · Draft of October 15, 1999

can then be interpreted as

Γ =⇒ p for a parameter p not in Γ

As a result we can substitute an arbitrary proposition for the right-hand side (the defining property for parametric judgments) and obtain an evident judgment. In the sequent calculus with empty right-hand sides, this can be accomplished by weakening on the right:

If Γ =⇒ · then Γ =⇒ C for any proposition C.

When the right-hand side can be either empty or a singleton we write Γ =⇒ γ. In a forward sequent calculus we can take advantage of this in order to avoid overcommitment in the rules for negation and falsehood. We first show the forward rules for negation; then we reexamine all the previous rules.

Negation. We just take advantage of the new form of judgment, avoiding, for example, a commitment to a particular proposition C in the ¬L rule. Γ, A −→ · ¬R Γ −→ ¬A Γ −→ A ¬L Γ, ¬A −→ · Interestingly, we do not need a second right rule for negation as for implication (see Exercise ??).

Falsehood. Falsehood can similarly benefit from avoiding commitment. Note that previously the rule stated ⊥ −→ C, although there is a lot of possible non-determinism for C. Now we just replace this by ⊥L ⊥ −→ · There still is no right rule.

Initial Sequents. They do not change.

init A −→ A Conjunction. This requires no change, except that the right hand side might be empty.

Γ_1 −→ A Γ_2 −→ B ∧R Γ_1 ∪ Γ_2 −→ A ∧ B

On the left rules, so such considerations arise. Γ, A −→ γ ∧L_1 Γ, A ∧ B −→ γ Γ, B −→ γ ∧L_2 Γ, A ∧ B −→ γ Draft of October 15, 1999

Truth. Does not change. ⊤R · −→ ⊤ Implication. The possibility of empty right-hand sides requires a third right rule for implication. Again, in an implementation the three rules might be combined into a more efficient one. Γ, A −→ B ⊃R_1 Γ −→ A ⊃ B Γ −→ B ⊃R_2 Γ −→ A ⊃ B Γ, A −→ · ⊃R_3 Γ −→ A ⊃ B Γ_1 −→ A Γ_2, B −→ γ ⊃L Γ_1 ∪ Γ_2, A ⊃ B −→ γ

Disjunction. The rule for disjunction on the right remains the same, but the left rule now has to account for several possibilities, depending on whether the right-hand sides are empty. Essentially, we take the union of the right-hand sides of the two premises, except that the result must be a singleton for the sequent to be well-formed. Γ −→ A ∨R_1 Γ −→ A ∨ B Γ −→ B ∨R_2 Γ −→ A ∨ B Γ_1, A −→ γ_1 Γ_2, B −→ γ_2 ∨L Γ_1, Γ_2, A ∨ B −→ γ_1 ∪ γ_2

In detail, either γ_1 or γ_2 is empty, or γ_1 = γ_2 = C = γ_1 ∪ γ_2. The rule does not apply otherwise.

Draft of October 15, 1999

Draft of October 15, 1999

Bibliography

[And92] Jean-Marc Andreoli. Logic programming with focusing proofs in linear logic. Journal of Logic and Computation, 2(3):197–347, 1992.

[Byr99] John Byrnes. Proof Search and Normal Forms in Natural Deduction.

PhD thesis, Department of Philosophy, Carnegie Mellon University, May 1999.

[Cur30] H.B. Curry. Grundlagen der kombinatorischen Logik. American Journal of Mathematics, 52:509–536, 789–834, 1930.

[Gen35] Gerhard Gentzen. Untersuchungen über das logische Schließen. Mathematische Zeitschrift, 39:176–210, 405–431, 1935. Translated under the title Investigations into Logical Deductions in [Sza69].

[Her30] Jacques Herbrand. Recherches sur la théorie de la démonstration.

Travaux de la Société des Sciences et de Lettres de Varsovic, 33, 1930.

[Her95] Hugo Herbelin. Séquents qu’on calcule. PhD thesis, Universite Paris 7, January 1995.

[Hil22] David Hilbert. Neubegründung der Mathematik (erste Mitteilung). In Abhandlungen aus dem mathematischen Seminar der Hamburgischen Universität, pages 157–177, 1922. Reprinted in [Hil35].

[Hil35] David Hilbert. Gesammelte Abhandlungen, volume 3. Springer-Verlag, Berlin, 1935.

[How69] W. A. Howard. The formulae-as-types notion of construction. Unpublished manuscript, 1969. Reprinted in To H. B. Curry: Essays on Combinatory Logic, Lambda Calculus and Formalism, 1980.

[How98] Jacob M. Howe. Proof Search Issues in Some Non-Classical Logics.

PhD thesis, University of St. Andrews, Scotland, 1998.

[Hua94] Xiarong Huang. Human Oriented Proof Presentation: A Reconstructive Approach. PhD thesis, Universität des Saarlandes, 1994.

[Hue76] Gérard Huet. Résolution d’équations dans des langages d’ordre 1, 2, . . . , ω. PhD thesis, Université Paris VII, September 1976.

Draft of October 15, 1999

[Kle52] Stephen Cole Kleene. Introduction to Metamathematics. North- Holland, 1952.

[Kni89] Kevin Knight. Unification: A multi-disciplinary survey. ACM Computing Surveys, 2(1):93–124, March 1989.

[LS86] Joachim Lambek and Philip J. Scott. Introduction to Higher Order Categorical Logic. Cambridge University Press, Cambridge, England, 1986.

[Mas64] S. Maslov. The inverse method of establishing deducibility in the classical predicate calculus. Soviet Mathematical Doklady, 5:1420–1424, 1964.

[Min94] G. Mints. Resolution strategies for the intuitionistic logic. In Constraint Programming, pages 289–311. NATO ASI Series F, Springer- Verlag, 1994.

[ML85a] Per Martin-Löf. On the meanings of the logical constants and the justifications of the logical laws. Technical Report 2, Scuola di Specializzazione in Logica Matematica, Dipartimento di Matematica, Università di Siena, 1985.

[ML85b] Per Martin-Löf. Truth of a proposition, evidence of a judgement, validity of a proof. Notes to a talk given at the workshop Theory of Meaning, Centro Fiorentino di Storia e Filosofia della Scienza, June 1985.

[ML94] Per Martin-Löf. Analytic and synthetic judgements in type theory.

In Paolo Parrini, editor, Kant and Contemporary Epistemology, pages 87–99. Kluwer Academic Publishers, 1994.

[MM76] Alberto Martelli and Ugo Montanari. Unification in linear time and space: A structured presentation. Internal Report B76-16, Ist. di Elaborazione delle Informazione, Consiglio Nazionale delle Ricerche, Pisa, Italy, July 1976.

[MM82] Alberto Martelli and Ugo Montanari. An efficient unification algorithm. ACM Transactions on Programming Languages and Systems, 4(2):258–282, April 1982.

[Par92] Michel Parigot. λμ-calculus: An algorithmic interpretation of classical natural deduction. In A. Voronkov, editor, Proceedings of the International Conference on Logic Programming and Automated Reasoning, pages 190–201, St. Petersburg, Russia, July 1992. Springer-Verlag LNCS 624.

[Pfe95] Frank Pfenning. Structural cut elimination. In D. Kozen, editor, Proceedings of the Tenth Annual Symposium on Logic in Computer Science, pages 156–166, San Diego, California, June 1995. IEEE Computer Society Press.

Draft of October 15, 1999

[Pra65] Dag Prawitz. Natural Deduction. Almquist & Wiksell, Stockholm, 1965.

[PW78] M. S. Paterson and M. N. Wegman. Linear unification. Journal of Computer and System Sciences, 16(2):158–167, April 1978.

[Rob65] J. A. Robinson. A machine-oriented logic based on the resolution principle. Journal of the ACM, 12(1):23–41, January 1965.

[Rob71] J. A. Robinson. Computational logic: The unification computation.

Machine Intelligence, 6:63–72, 1971.

[Sza69] M. E. Szabo, editor. The Collected Papers of Gerhard Gentzen. North- Holland Publishing Co., Amsterdam, 1969.

[Tam96] T. Tammet. A resolution theorem prover for intuitionistic logic. In M. McRobbie and J. Slaney, editors, Proceedings of the 13th International Conference on Automated Deduction (CADE-13), pages 2–16, New Brunswick, New Jersey, 1996. Springer-Verlag LNCS 1104.

[Tam97] T. Tammet. Resolution, inverse method and the sequent calculus.

In A. Leitsch G. Gottlog and D. Mundici, editors, Proceedings of the 5th Kurt Gödel Colloquium on Computational Logic and Proof Theory (KGC’97), pages 65–83, Vienna, Austria, 1997. Springer-Verlag LNCS 1289.

[Vor92] Andrei Voronkov. Theorem proving in non-standard logics based on the inverse method. In D. Kapur, editor, Proceedings of the 11th International Conference on Automated Deduction, pages 648–662, Saratoga Springs, New York, 1992. Springer-Verlag LNCS 607.

Draft of October 15, 1999