15-212-ML, 12/7/98 Sample Reductions Mark Plesko

Halting problem: Given f : int -> int and x : int, does f x halt? This was proven undecidable in class and will be used as the basis for the reductions here. In every case, we will assume the problem is decidable and hence has a decision procedure D. We then use D to solve the halting problem (H(f,x)). Important: You must explain the steps in a proof as done above for any problem of this sort.

1. Boolean Halting Problem: Given f : bool -> bool and x : bool, does f x halt?

H(f,x) = D(fn b => (f x; b))

2. Given f : int -> int, does there exist an x:int such that f x => 0 ?

H(f,x) = D(fn => (f x; 0))

3. Given f : int -> int and g : int -> int, do f x and g x halt for all x ?

H(f,x) = D(fn => 0, fn => f x)

4. Given f : int -> int and P : int -> bool, does f x terminate for all x such that P x => true ?

H(f,x) = D(fn => f x, fn => true)

5. Given f : int -> int and g : int -> int, does f x terminate for all x such that g x loops forever?

H(f,x) = D(fn => f x, fn => loop())

6. Given f : int -> int, for each x, does f x => x or f x loop forever?

H(f,x) = not D(fn y => (f x; y+1))

7. Given f : int -> int and g : int -> int, does f x loop forever on all x such that g x halts?

H(f,x) = not D(fn => f x, fn => 0)

Additional question: Which of these are properties are semi-decidable?