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To & large extent, this paper antici-
pated not enly Heyting’s formalization of
intuitionistic logic, but also results on the
translatability of classical mathematics
into intuitionistic mathemedics, Tt pro.
vides an important link between intui-
tioniem and other works on the founda-
tlons of mathematics.

Two formal systems B and § {Brou-
wer's and Hilberts) of the propositional
caloulus are proposed., Both contain a
(somewhat uneconomical but) complets
set of axioms of the positive Implicational
caloulus (I, § 8, 1), Axioms 1, 2, 3, 4)
and rules of modus ponens and substitu-
tion. In addition, B contains also (I1,
§6): L

Axiom 5. (4 — B)— ({4 — B}-» 4).
The system © i obfained from 8 by the
adsdition (11, § 7} of

Axiom 6. A — 4.

It is proved that § Is equivalent to
Hilbert's formulation of the eclassical
propositional ealovlus,

The system B is nowndays known as
the minimal calevlug and differs from
Heyting's system in that the latter con-
taing, in addition to Axioms 1-8, also

Axiom b A > {4 -» B,

The status of & in intuitionistic logic is
not without question, Thas, aceording to
Kolmogorov, it “is used only in a sym-
bolie presentation of the logic of judg-
ments; therefore it g not affected by
Brouwer's eritique™ (1, § 8), and it “ does
not have and cannot have any tuitive

foundation singe it asserts something
about the conseguences of something im-
possible : we have to accept B if the true
judgment 4 is regarded as false” (I,
§4). Heyting appears rather diffident
about defending the inelusion of 4. Thus,
avcording to him {1946, p. 102}, iff we
have deduced o contradiction from the
supposition that the congtruction 4 was
earried out, “then, in a gense, this ean be
considered as a sonstruction. ... I shall
interpret implication in this wider sense’™,

Henee it is fair to say that, as a codifi-
cation of Brouwer's idess, 38 is no less
reasenable than Heyting's propesitionsl
ealonlus,

Kolmogorov makes no atterapt in this
paper to formalize inboitionistic quanti-
fication theory completely. Rather, he
just lizks as intuitively obvious the rule P
of peneralization, which allovws 18 %o
prefix {a) to any given formula, and four
axioms, T, TT, THL, TV (V, §3). In the
game conbext, however, he also argues
to the effect that

Axiom g. {m)d{c) — Af)
in intuitively frue. If, therefore, fo the
system B we adjoin the explicitly stafed
rule P and Axioms I-1V plus Axiom g,
we obtain an adequate axiomatization
654 of intuitionistic logic thas differs from
Heyting’s system only in the omission of
the questionable Axjom #. This is the ex-
tent of the anticipssion of Heyting's
formalization.

The main purpose of the paper is to
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prove that classionl mathemadics is trans-
latable into intuitionistic mathematics,
For this purpose, with each fovmula & of
mathematios $hore s associated a trans-
lation % in a perfectly general manner
(IV. 52 I ™7, >, (&), and (Ha) ave the
only symbols we use for forming new
formulas from given formulas, the defini-
tion amounts to: for atomic ©, ©* is its
double negation ©, or »& ; (B)* is n{ B¥};
(e — BY* is n{d* — B*); ((@)A{a))* is
) A(@))*; {(Ba)d(a))* is n{Ba){ (),

The following results are proved ex-
actly (ITT, § 3):

Lomms 1. Fgnd — 4.

Lemma 2. If rgand— A4 and vyab
~» B, then by uld — B) - (4 — B}

Theorem L If &,,..., &, are all the
atomic formulas in A and 4 is construe-
ted from &, ..., &, by negation and
implication only, then, provided

s e &y, .., BB, By

are troe (or taken as additional axioms),
(1) bmnd > A4 and (2} pg A if Fg4.

W ={0,..., W}is a set of axdoms
and U is (U, .. ., 11}, then (IV, § 3):

Theorsm I1. If W kg &, then UP |y &,

The proof of this theorem uses Lemma
2 for the rule of modus ponens and fin
1V, §4) the fact that the translations
sF ..., &* of the atomic formulas have
the property

e ok =
by &7 > BT, ... b a8 o @k,

This last fact and Theorem 1 vield the
result that the translation of Axioms
1-6 all are theorems of B,

Strictly speaking, Theorem IT is estab.
lished only for the ease in which & is
built up by implication and negation {in
partienlar, & does not contain guanti-
fters). However, Kolmogorov does en-
visage a much stronger result and illus-
trates by an example the freatment of
axioms about quantifiers, axioms that
he tends to take as being on the same
footing as axioms about numbers and
sets (TV, § B).

If we take his system BG {Axioms 1-5,

LIV, g, with rules of inferenee) of graanii-
fication theory and extend his illustra.
tion to cover also the rule P and the
remaining axioms, and if we lot 5 be
B plus Axiom 8, then we have also:

Theorem ITI.  If 41 Foo D, then
0¥ pbme &%

In that casc, oll the derivations in V,
§ 4, can be dispensed with hecause they
would follow from Theorem T

A very suggestive remark (beginning
of IV, §5, and last two paragraphs of
1V, § 6) is that every axiom 4 of mathe-
matios is of type &, that is, A* is (intni-
tHonistically) true. From this ¥ would
seern 1o follow that all clessical mathe-
matios is intuitiondstically consistent {V,
§1). Az wo know, however, this son-
alusion, even today, has not yet been
firmly established so far as classical
analysis and set theory are concernad.
On the other hand, ¥ seems nob -
reasonable to assert that Kolmogorov did
foreseo that the system of classical num.
ber theory is franslatable into intnitionds.
tie theory and therefore is intuitionistic-
ally consistent. In fact, it is not hard to
work out his general indications and
verify such a conelusion.

This completes the summary of the
anticipations of results on the intuition.
istic consistency of classioa] mathematics.
It remains to mention a few of the in.
sidental rernarks,

Koimogorov (¥, § 1.1) states that, con-
trary to a remark by Brouwer, o finitary
conclusion established by nonintuitionis-
tie methods is {intuitionistioally) true.

Two new examples are given of pro-
positions not provable withowt the help
of illegitimate uses of the principle of
exeluded middle, One of them, suggested
by Novikov, is that every point in the
complement  of a closed set is contained
in an interval in O (V, §5). The other
example iz the Cantor-Bendixson theo-
rem {V, § 6).

With respect to system B, if is stated
explicitly (II, §8) that “the question
whether this axiom system is a complete
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axiom system for the intoitionigtic gene-
ral logic of judgments remains open’.
At the end of 1, § 2, the quesiion of
the clagsieal completeness of Axioms 14
for implication alone is raised. As we
kmow, the answer to the question is
negstive. In fact, it is now 3 ferniliar
resulb that it is necessary to add Peirce’s
taw, (A — B)-— 4) -4, to render the

positive implicational caloulus classioally

eomplete. o W
a0 Wang

The paper was translated by the editor.
When informed of the projected publi-
cation of the translation of his paper,
Professor Kalmogorov rignified his acqui-
escence.

INTRODGCTION

Brouwer’s wrikings have revealed hat it is illegitimate to use the prix%cip% of
excluded middle in the domain of trensfinite argoments. Our task here will be to
explain why this illegitimate use has not yes led to contradictions and alse why the
very illegitimaey has offen gone unnotiead. . ' o

Only the finitary conclusions of mathematics can have sagmﬁe,?.nce in z%pphcai:mns.
Bub transfinite arguments are often used to provide foundation for ﬂmt&r}f con-
alusions, Brouwer congiders, therefore, that even $hose who are interested only in the
finitary results of mathematics cannot ignore the intuitionistic critique of the
prineiple of exeluded middle, _

We shall prove thab all the finitary conclugions ohtained by means of & tmm‘%ﬁmt@
use of the principle of excluded middle are correct and can be proved even without
it hadp, ‘

A ﬂgﬁwﬂd question is whether the transfinite premisses that are used to obtain
correct finibary conclusions have any meaning. o ’

We shall prove that every conclusion obtained with the help §f 1311@ wmelplea' of
excluded middle is correct provided every judgment that enters in Its formﬁia,%;:ga
is veplaced by a judgment asserting its double negation. We call the double n@ga}no}f;
of & judgment s ““psendotrath’™. Thus, in the mathematies of peeudotruth it I8
legitimate to apply the principle of excluded middle. ‘ ) .

The necessity of introducing such notions as “psaadoemstem‘:e and 'E}katlfiﬂ-
truth” has long been folt in mathematies, if only in conmection with the question of
Zermelo’s axiom. Tt is only now, however, that one of the forms of psead()‘truth has
recoived a striot determination and has been given a firm basis through axioms used
in the domain of peeudotruth but not used for fruth proper.

1. FORMALISTIC AND INTUTTIONIBTIC POINTS OF VIBW

§ 1. From the formalistic paint of view mathematies is a ﬁﬂueﬂti()ﬁ' of formulss.'
Tormulas are combinations of elementary symbols taken from 2 dafinite supply. é;s;i,
the basis of mathematios lie a, certain group of formulas, ealled axioms, and Gf}?f&a’l‘l‘l
rules that enable ns $o construst new formulas from given formulas; as rules of ﬁ!ns
kind we have at the present time the inference according o the schema &, & -+ EI: |
and the rule of substitution of particular values for the symbols of variables of various
kinds,

t See Hilbert 1932a, p. 182
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In confradistinetion to the axioms, wittingly taken as “Hrue™, a certain group of
formulas are wittingly taken as “false™, A system of axioms is said o be * consistent”
if no Tormula considered “false” can be obtained from them by a derivstion osiried
ont according to the rales,

§ 2. The formalistic point of view in mathematios asserts that the selechion of the
s¥ioms congtitubing ite hasis is arbitrary and subject only to considerations of practinal
convenience that lis ontside of mathematics and are, of course, more or less eonven-
tional.? The gole absolute demand mede upon every mathematical systam is, from the
point of view now considered, the demand that the axioms constituting its basis be
eonsistent.

The formulas proved on $he basis of the sxioms arve said $o be true, those leading
to u confradiction false, The question of the truth or falsity of a consistent but un-
provahle formula has no meaning from the formalistic point of view. The existence of
such formulas shows that the system of axioms is incomplete. We can compleie an
incomplete system of axioms, if for some reason this is desirable, by taking as an
sxiom an unprovable and consistent formula, or, with the same right, its contradic.
tory. The selection of the formula taken as the new axiom, from eash pair of contea-
dictory formulas, is thus subjecs only to considerations of emivenience.

£ 3, The point of departure of the intuitionistic conception is the recognition of the
real meaning of mathematical propositions, The axioms that constitute the basis of
mathematios sre adopted in order to express facts given to us. This conception
tolerstes the formalistic method in the study of mathematical constructions as one
among other possihle methods butb goes against she formalistio conoeption of mathe.
matics a8 & whole,

To the question of the nature of unprovable but consistent propoesitions the tntni.
tionistic conception pives an answer completely different fromm shat given by the
purely formalistic conception. S8uppose that » system of axioms is given for a cerfain
branch of mathematics, geometry for example. These axioms express properties of
the subject under investigation, in this partionlar case, of space. Supposs, further,
that o certain proposition of the branch selected cannot be proved on the hasis of the
given axicms but does not Jead to a contradiction sither. From the infuitionistic point
of view $wo cases can ooeunr. Firgt, it may happen that the teuth or falsity of the
proposition considered follows from direct oxamination; in thet case the given
proposition, if it is teae—or, if 16 is false, ity contradictory—oan be taken av & new
axiom, Sevond, it may happen that the proposition s indeterminate, that is, that its
truth or falsity does net follow from divect examination | in that case the only thing
that we can do 8 to fry to derive the proposition in guestion from others that are
immediately obvious, il this does not sucesed, the proposition has to be regarded as
indeterminate, since ik is possible that we shall subsequently have to adopt sz obvi-
ously true axiows from which its truth or falsity can be derived; ui whether this
will be the case is presisely what we do nol know ab bhe present thme,

% Bee Whiteherd and Bussell 1810, Introdaction. Hilbert, too, is oloss to this point of view; for
him abselute truthe (absolure Walrkelten) arve propositions of “rmetamathomatios™ only, that s,
asserbiong of eonsistensy, tumt, on the other hand, the formulag of ordinary mathernabics {edgent-
liche Meathemaiik}, too, ave In his opinion expressiens of certain thoughla (Fedanten). (Bee Hilbert
1928z, pp. 162--153.)
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§4. The formalistic point of view is advanced in mathematical logic too. In %he
present paper we condront it precisely in the field of logie. To deny any real mesning
to mathematical propositions is, however, what constitutes the bags of the fﬁma%zs.mc
point of view in mathematical logic. Tn fact, no one would propose applying to _rea:h‘u.y
any logical formula that has no real meaning. Thus, so long as mathematical %oglc is
regarded only as a formal system whose formulas bave no real mesning, it diverges
from general logic; the formalishie point of view can exist only in mathematics a.rfd
rathematical logie but net in the ordinary logic that lays claim to signiflesnes in
applications o reality.

As for us, we do not isclate a special “mathematical logic” from genersl logie, but
we admit only thait the originality of mathematies as a sclence creates for logie spec%sfi
problems that are investigated by a specialized “mathematicel logie™. Only in this
logic does a doubt arise concerning the unconditional applicability of the principle of
excluded middle.

§ 5. The difference between the two poluts of view presented monifests ituelf even
in the domain of the logie of judgments, In what follows we undeestand by the general
logia of judgments the science that investigates the properties of arbitrary judgments
independently of their content, so far as thelr truth, their falsiby, and the ways in
which they are derived are concerned. (Each judgment is regarded as an ynanalyzable
element in the investipation.) The general logic of judgments is formally expressed
with the help of symbols for arbitesry judgments, 4, B, 0, .., of the symbol for
tmplication, 4 — B, and of the symbol for negation, 4.

Hilbert {1922¢, p. 153} offered the following system of axioms for the logie of
judgments ;

Axioms of implication

1. A= (B=4),

| 2 {4 > (d > B} (4 > B),

(1} § d->{BC =B (400,
A (B == ) er {{d > B) —» (4 -~}

Axioms of negation

5. A (4 B,
@ {

6. (A — B)— [(4 — By— B},

The inner consistency of these axioms ean be proved in an extremely elementary
way.” From the formalistic point of view this is suflieient for acsephing them as a
basis for the general logic of judgments.

Moreover, Hilbert’s system is complete : no new independent axiom can be added
without contradiction. More precisely, for every formula written with the symbols of
the logi¢ of judgments, even such a formula as

(A—=B — (4 — B),

% Bee Ackermant 1824,
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either the formula can be proved on the basis of Hilhert’s axioms or the consequence
4.

that is, the truth of an arbitrary judgment, can be derived from it by means of the
same axioms,

§ 6. From the intwitionistic point of view the mutusl consistency of Hilbert's
axioms is by uo means safficient for their acceptance. In the next chapter we shall
analyze the source of their significance for judgments in general and for particular
forms of judgments.

One of Hilbert’s two axioms of negation, Axiom 6, expresses the principle of
excluded middle in & somewhat unususl form. Brouwer proved that the application
of this principle to arbitrary judgments is without any foundation.® Axiom 5 i used
only in a symbolie presentation of the logic of judgments; therefore it is not affected
by Brouwer’s eritique, especially sinee it has no intuitive foundation either,

Thus, together with & critique of Hilbert’s axioms, we shall have to present new
axioms of negation, whose applicability to arbitrary judgments has been ascertained,

11, AxioMs o THE LOGIC OF JUDGMENRT

§ 1. The axioms of the general logic of judgments lay claim to having significance
for all judgments ; therefore, they must follow from the general properfies of judg-
munts. To be sure, what comes immediately below is not at all a definition of funda-
merbal notions or a proof of the axioms of the logie of judgments, but a search for
thetr intuitive sources that already uses all the notions and devices of Ingie.

In the logic of judgments the judgment is considered the ultimate element in the
investigation. When we consider the judgment independently of the synbhesis of
subjeet nnd predicate that i eontains, there remaing the sole characteristic property
of & judgment, the one that distinguishes it from other forms of expression and was
stated by Aristotle :® it can be appraised from the point of view of truth or falsity.
Tt i natural 4o try to derive the axioms of the geners] logle of judgments withonut
golng beyond its own boundaries, that is, purely from the property of judgments that

* Bee Browser 19834, p. 252, Hilbert, too, thinks that tha principle of excluded moiddle is not
infuitively obvicus when applied o infinite collestions of objects, In that ouse he expresses it
symbolically by the twe forrmilay

{aid(e) &q. (B dia),
{(Baydia) dy. (apd (o).

(See Hilbgrt 10820, p. 185.) So far as the principls of oxcluded middle in the general logia of jodg-
ments {Axioma 6) is concerned, Hilbert does not say anything sbont the question of its intuitive
obyionsness apparently he sonsiders thiz obvionsness to he indubiteble, Thess views of Hilbert's
#re 1ot nseparably linksd with the fandementsl and purely formal task thet he set himself, the
mvestigabion of conslsteney ; they seemn Inaorrect to us.

First, Axiom 6 is not infuitively obvious. Ie relation o Enitary logic (finile Logik} is only illn.
sory i while the $ruth of the sxioms of implication (1-4) s poreeived indepandently of the content
of the jadgments, the truth of Axiom 6, as will be explainod in the next chapter, demands for it
Justiffeation that the eontent of the judgments be considerad, and this content may beo transfinito.

Beeond, if Axicms 1-6 are adopted, the two formaulas given sbove ¢an be proved with the help
of & fow axioms whose intuitive obviouasess cannob be guestioned. We shall give the proof in
COhapber ¥, but the first avgurment is sufficient to justify the investigations that now follow,

% Dg interpreiatione, 4; De anima, 111, 6.

"
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was just mendionsd. In the next seotions of the present chapter we shall investizate
10 what extent this is poasible,

§ 2, The meaning of the symbol 4 -» B iz exhausted by the fact thaf, onee con-
vineed of the truth of 4, we have to accept $he truth of B foo. Ov, in the formalistio
inferpretation : if formula A4 is written down, we can also write down formula B.°
Thus, the relation of impleation bebween two fudgments does not establish any
eonnection betwesn thelr contents,

Hilbert’s first axiore of implication, which means that “the true follows from
anything”, vesults from sueh a formalistic inferpretotion of implication: oncs B is
ftve by itself, then, after having accepted 4, we also have to regard H as trme.
The fruth of the remaining three axioms of implication is seen just s easily on
the basis of the interpretation given for the notion of implication. Moreover, the
character of the judgments considered iz not in the lesst affeched ; consequently,
no doubd can arise aboub the possibility of applying these axioms to arbitrary
judgments,

The question of the completeness of the system of the four axioms of implication
iz intereating, After what has been said concerning the completeness of Hilbert’s full
syatem of axioms for the logio of judgments, the question has to be put thus: A for-
muka proved by means of the axioms of fmplication snd the axioms of negation is
said to be trve ; ean every true forronla written with the help of only the symbols for
wrbittery ndgrments sud Implication, without the symbol for negation, be proved on
the bagis of the four axioms of implication alone!?

§ 3. Ho far a8 a compiebed judgment, econsidered ss a whole, is coneerned, negation
is mervely the interdiction from vegarding the judgment as true, We can obtain a
fuller view of what negation is by considering the judpment ag & siakement atbribu-
ting a predieste to a subject; negation then is the asgertion that the predicate is
incompatible with the subieci.

The symbol 4 of the logic of judgments, of course, exprosses the first interpreta-
tion of negation, that iz, the fterdiction from considering the judgment 4 {rae.
However, the nsual tradition in logio has been bo pass from the fivst interpretation
te the second, regarded as more primitive,” In the application to mathematioal
judgmants this turns ont 4o be impossible.

Tn o far as the negation of o judgment is the product of direct examination, the
second interpretation, which takes ite point of departure in the idea of the impossi-
bility of the synthesis that crestes the judpment, is actually closer to the substance
of the mattar than the first, which rests upon the purely formal idea of interdiction.

But, when s negation is oblained as the result of a derivation, the redustion of the
first intorpretation to she second is no longer necessary and, in the case of mathe-
matical judmnents, i sometimes aven mpossible. In fack, many vegative judgments
in mathematics are proved by means of a reduction to a contradiction, according to

the sebema & -» T, & | €% and eannot he proved in any other way.

% This is precisely what is expressed by the schema &, € — % [T in Hilbert’s rnetamathemasics,
Sigwart, toe, regards this schama as the most general scherna in any inference {see Sigwart 1508,
1. 372, Jor 1804, p. 4347

* 8ee, for instance, Siguward 1508, pp. 185, Jor 1864, pp. 1657

% Sea § 6 on the principle of contradiction,
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éu’il‘i;mé f;h; firgt inf;erpﬁ?g&t&{}ﬁ of negation is independent. T4 wag originaily intro.
pueed ¥ muwer‘ {19234), ufho defines negation as abwurdity, 1t rests zpon the
3,11»;; \}; zzzce to derive a negative judgment by reduction tc a sontradietion we musi
¥ 0ave sorae negative | : ime it i
oads gative judgments, but ab the same time it i broader than the
&pi iﬂfﬁieﬁfy ﬁrstt Zxé;;m (?f neﬁaﬁi(}n, “ Anything follows from the false” made ity
pearane Wi & rise of symbolic logic, as did also, incidenta] a
axiom of implication. But, while the & iom of implication fallows ity 1
‘ . , & first axiom of implication foll ith intoit
obviousness from a eorrect mterpretati i ' iontion, the wxions
Hmterpretation of the ides of logical impleation. the axi
now vonsidered does not have and eann intuitive Tonmdstion oo o
annot have any infuitive foundation sineo i
( ; > it
e;ss’ferts samet}:'zmg sbout the vonsequences of semething impossible : we have o ac(:; Lt
g the true judgment A i regarded as false. k ’
o jfi;;"gfbm s firet axiom of ‘négaf:ion oannot be an axiom of the intuitionistic
: i ’ jua gm‘ents, no matter which interpretation of negation wo fake as a point of
e;?a.r we. This, of course, does not exclude the possibility that the axiom ean be
a amzulfx proved on the basis of other axioms,
= i 5. I.Hﬂ’bértfs zecond axiom of negation expresses the prineiple of excindsd middle
; ili brinemle In axpresged he:mfn the form in which it is used for derivations : if B
(? ows from 4 as well ag from A, then B is true. Tts usual form, * Bvery judgment iz
&1@;@{* true or false™,? is oqnivalens fo that given above 1? )
rei; :?‘ly, f;mr} the first intevpretation of negaticn, thab is, the interdiction from
Pj:;d ;?g ; & ;;Iw:;gggem as trae, it is impessible to obiain the certitude that she
& of exeluded middls is true: ineidentally, no such at
led brue; snbally, i sttemphs have bean made.
S}f;srz?;ﬁntly} 4o ;;zstjfy the principle we must tuen to the structure of the judement
on of predicats to subjoct. Bven in the vary simni i f
the type “All A are B the relati ble 4, the sy of wpi ot of
: he relations of all possible 4, the su i
the ¢ ‘ relat 1, pply of which can be
iﬁii{te; }fe} the predicate B mfavwabiy enfer into consideration. Browwer shaweo‘zj
in the cueexof such transiinite judgments the prineiple of exoluded middle cannot
precisely for thin reason, be considered obrvious. J
m;,§ ii Thus, from the intuitionistio point of view neither of Hilbert’s two axioms of
: ég& lon can be t&ke‘ﬂ &8 an axiom of the general logic of judgments. We offer here the
vliowing axiom, which we shall call ihe prineiple of sortradiotion :

3) 5. (A By ({Ad > By = A},

# This is Leibniz's very sim i
o ® ¢ } very Pz formulation (see Nowveais eswis 1V, 2 ion ¢
is féis;;er B or uot- £ has nothing to do with the Iogia of jwigrnerzti; B Hhe formulstion 4
yrbolically the secord form iy exprasgad thus: )

A v 4,
whi oy f i
a,xiﬁﬁg gﬁﬁ%ﬁ; " :;?:1 ’;%lg‘icz:g%lﬁwa‘imea of the two forma s eadly proved on thoe bauis of the
‘ 0w 3 chi ok i
ato tokens frm e U6 Lo wing axioms, which determine the wwaaning of the symbol v and
ILLAd-s4vy B,
2. 8B.54 vy B,
s e € o S RV
Tin th : i 1
i 246 fornmalas v binds mere strongly than -», and for -» thers is associabion on the right.])

n S@fj B?‘OWJ&O‘ ngﬁd onr the BxX e of a opagiticn 1 Ty £ pReenE
SXBINED. Lropasih, Ve
. LR Erles o T é)}’ an. 11§&g1tmmte TER
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Tts meaning is: If both the truth and the falsity of & certain judgment B follow from
A, the judgment 4 iself is false,

The nsual prineiple of contradiction, “‘A judgment carmot be fzue and false’, can.
not be formulated in terms of an arbitrary jadgment, impliestion, and negation. Our
prindple containg something else; namely, from ib, togesher with the first axiom of
implication, there follows the principle of reductio nd abswrdum: If B is troe and &
the falsity of B follows from 4, then 4 is false.

The wuth of the proposed axiom foilows from the sitoplest interprefation of
negation, the interdiction from regarding a judgment as frue, and dees not depend
upon whether the content of the judgments is considered.

The system of five axoms, the four axioms of implieation (1) and the axiom of
negsation (3} just adopted, I shall call the system B. We do not know any forroula of
the general logie of judgments that possesses intuitive obviousness when spplied to
arbitrary judgments bub is not provable on the basis of this system of axioms.
Nevertheloss, the guestion whether this axiom system ¥s a complete axiom systemn
for the intuitiondstic general logic of judgments remains open.

§ 7. Although, as we have seen, the principle of excluded middle cannot be regardsd
as an axiom of the general logic of judgments, it has validity in the Hmited domain of
the judgments that Broawer calls finltary judgments. We ghall not investipate hete
what the boundaries of the domain of finitary judgments are; this tasit is nob as easy
as it may sostn. We thevefors limit ourselves 4o the resognition of the fact that such
& dormain. exists.

Besides the prineiple of excluded middle, the principle of double negation, which
is expressed symbolieally by

(4 é, 2%&,

has validity in the domain of the finitary.?®

1t is gelf-evident that all five axioms of the general logie of judgments (the system
By are valid in the domain of the finitary too. The system of axioms that consists of
the axioms of the system B—that is, {1) apd {3)—and the axiom of double negation
{4) we shedl onll the sysbem .

The gystem $ is equivalent to the system consisting of Hilbert’s axioms {1) and (2}.
The axioms of implication are common to both. For the proof it is therefore sufficient
to prove formulas (3) and {4) on the basis of the formulag {2), and conversely, the
axioms of implication being used in both caszes, Weo shall not carry out the proof of
formmias (3) and {4} on the basis of Hilhert’s axioms {1} and {2), but the conveise
proot, which rests upon axioms (3) and {4), introduced here for the first time, is
carried oot in the next section.

For vs the system $ has Hhe advantage of being obtained from the system 8 of the
general logic of judgments by the addition solely of the axiom of double negation;
this considerably facilitates Forther investigation,

It is dlear that the system ©, just like Hifbert's aystem, is complete. In it we can
derive all the formulas of the traditional logic of judgments. They are all true, if only
we replace in them the symbols for arbitrary judgments, A, B, O, .. ., by symbols for

2 The formula 4 «> A 18 provable on the basis of the system B, Ree formmla (34) balow,

arbitrary fuitary judgments, 4 s B0
diffienlties, which are expl

(6

(7)

{8

(9

{10

{11)

{12)

(13)

44

(15)
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d> (B> 4)

Bor{d = B)
A (B HOR (B (4 = 1431

423

' + -~ The proof of this fact meets with some
ained and overcome in the nesxt vhapeer,1d

§ 8. We shall designate the sxioms
of the system §, by
1-8. The numbers of farmnlag that rest upmf AZI;;E e oty e the utboss

oate that these formulas have validity only in
others are valid for srhifrary judgments.

(5}

& are doubly underlined to indi.
the demain of the finitary, while the

Axiom 1

}mwm@mw

B> ) —{id By (4 -5 IS TIEE T N B) > [(B-» Y

’(Es‘ = O} e {{d > B) (d -}
- B}w{(BwG’}««-}(A—»@}}

o A B B 0) (- ()}
(B ld—> B} > [{{A > B)— T} = (B 4}

@wmgﬁw@mﬁﬁwﬁﬁﬁﬁﬁ
. B {d-> B
{4 ﬁ)—-@«ﬁ} w8 A)

(4> B) = {{d > B)— 4)

{A@»B)e-(ﬁ—&z—i}

(A > BY—s (B s 4
(B 4} > (Eim — 8}

A (B 4)

ﬁﬁ&wmwaﬁ@ﬁ@

18 Bee Chaptar 11T, § 4,

By (4 O —=[{4d > By s (R < O (4 =]

Axiom 3

r{d—=-031 (6)

Axiom 4

(7

{8}
(5)

Axiom &

{9

(10)
Axiom |

(11}

(12)

Axiom 6

[ Y———
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as (A—> By {4 B) =
(4 —>B) > (4 B) (s

A (A B (13)

(d->B) > (4= B) (16)

(18) A —

S A - (4 — B}
Thus Hilbert's first axiom of negation is proved.

(4 — B) > (B— 4) (10)

(1% (4 ~» B) -~ (B> 4)

(4 > B}~ {(4 > B) > 4} Axiom B
(2

g (B A) > {(B—>A)—+ B}

(4> By~ (F>4) {0

(B> 4) > (B~ 4}~ B) (20)
(21 T

mmmmmmm Oy ("
(22)

(For B> (B DY (BT > B i@ =B~ B] @)
(E . B) . {j{i} ﬁ} S {19)

(23) (B> A) — B}~ {4 —~ B} B}
(4 > B}y —{{B— ) B} @b
(B —A) > By (@ > B) > B) (23)

(24) " A > B)-»{(4 — B)—> B}

(ArB) > (4B (16)
(25) (A= B> B ~{4~>B—5 )
A B) > (A B) > B) &
o5 {(d— B) > B} = {{d — B) > B} (25)

(4 —> B> {(4 = B) =+ B}

"Fhus Hilbert's second axiom, too, is proved. ‘ ‘ )
Among the formulas proved with the help of axioms B, mﬁhou%’ the ',a,moz)n of

double negation, formulas {12) and (24) are those that are ﬂl?s.est 0 Hilbart’s ﬂ-}i;)ﬁ!ﬁ

of negation. Formula (24), which comes elose to the principle of exeluded middle,
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means : if B follows from the tyuth of 4 and from its falsiby as well, then it cannot
be false. Indeed, if we assume that B is false, 4 eannot be true, gince B would follow
from A ; bub feom the falsiby of 4 the truth of B would follow.

11, TuB SPRCIAL LOGIO OF JUDGMENTS AND TT8 DOMATIE GF APPLICABILITY

§ 1. The formulas provable on the basis of axioms % eongtitute the peneral logio of
judgments. We shall call the totality of formnlas provable on the basis of the six
axloms § the special logle of judgments,** The content of the special logie of judg-
wments is richer than that of the genersl logie, buf its domain of applicability is
narrower. Mverything below is devoted to the explanation of what the domain of
applicability of the special logle of judgments is. This domain iz perhaps even some.-
what narrower than the domain in which the principle of exciuded middle in the
Hilbert form is applicable,

§ 2. Let us introduce symbols, 4°, B, <", ..., to denote arbitrary judgments for
which the judgment iself follows from it double negation. The Bnitary judgments
are of that kind. All true judgments ave alss of that kind; this, however, will not
have any application in what follows. Bronwer proved {/5234) that all negative
judgments are of that kind. The proof, given below, rests only upon the axioms of
the aystem B,

On the basis of the axioms of implication it is easy to prove the formula

27 A - A
(28) (4= B) = A~ B) —~ 4} Axiom 5
{4 A} {{4d - d) - 4}
(20) A= (B> 4) Axiom 1
A—={d =4}
A (4 — 4 29
(30) (4 > A) > (A -~ 4} = A (28}
A (A > A} > A}
(313 fd (B M{_Zf}} i { B (A - ()} Axiom 3
(4> {d — A) > A}]—={(d — 4} - {4 — A)}
[ > {(A > A} AY] = {4 > A) > (4 — A} (313
(32) A {{A > A} s g} (30)
{;i”m; A) et (A > A
A4
] vt 4 2?
(33) T3 (27)
(A~ A) v (A~ A) (32)

1 The goneral logic of judgmenis also bas spother, real interpretation (see Uhapter 1, § 51
The special logic of judgments cen for the present be defined merely formally, since the real
meaning of is formulss will be established only in whet follows.
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A4 (33)
(34) 15
(4— B)—(B->4) (10)
(38) (4 > A)— (4~ A)
(4> > (4> A) (35)
A~ A (34)
86 A4

The last formula shows that all negalive judgments are }fu&gmfsﬁég of type :EL ; |

'I‘,Ee axicm sysbem @ differs from the systom %, which ig umvemiallgi appl}ea.b e,
only by the axiom of double negation. For judgments of type 4" thix axiom 38
expressed by the following formuln
{87} A =4 .
We consider only this formula to be true; we consider formula (4) to be unfonnde. 1

But it does not yet follow from what has been said that alt formulas of t‘he a?aem,f
logic of judgments are true for judgments of type 47; in fact, in the derivation o
these formulas the axiom of donble negation (4) is a}&phe&in?% vonlﬁy to &1@1?%13&15
judgments—which for our case, that of judgments of type ', is ?usta,ﬁx.a& by c:rrm:al
{37)——but also to compiex formulns ; whether a formula of fype A4 — K, for exarple,
is & formula of type 4" is, however, not yet apparent.

§3. We ghall now prove that every formula expressed by means of the symboé;s
A B, ..., and the symbols of implication and negation is a formula of type 4
Tor that it suffices to consider two very simple cases. - . , ,

Firsh, every negative judgment is & judgment of type A° by virtue of Brouwer's
formuls (36). . . 1. ‘

Socond, we now prove that a judgment of type A" —» B i slso a jodgment of
type 4

A4 ©7)
(38) GBS ASE
(A (B0} > {B->{4 >0} Axiom 3
39) (A5 B = (A By ld > (A~ B~ B
{4~ B)— L R L (4 —={{4d—> B— By {3t
{4 — B> (4 > B) (38)
o) A (A > B = B
{Aw:wB}-—r:»{gw}%g} (19)
b (B g)wiie%}
(4 > By {B 4 {1m
(BWH)—‘-{iv—)WE‘} (41)
{42)

(A B) >(d->B)
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{43) w_ﬁﬂﬁgﬁ_@ﬂ_f (42)
{{(4 - B) > B} {4 = By~ B}

A s {{d s By B (40)
{(4 - B) — B}~ {4 > B) —~ B}

) A (@B B )
(45) A BOY—> B> (d >0 Axiom 3
(4 > {4 — B) = Bi] - {4 — B} > {d > B}}

JA->{{A= -+ B> {{d> B — (4> B} (45)
{46) ﬁi@%ﬁ%ﬁ- (44)

This formvula is teue for arbifrary judgments 4 and B, Replacing A by 4 and B
by B’ and making use of formula (37}, we easlly ohtatn the formula

(47) d = B) (4 — B,

which shows predisely that judgments of fype 4" —» B are of type A’

By gradually passing to more complew formulas, we can prove the asseriion made
at the beginning of the present seotion.

§ 4. We can now assert that all formulas of the speeial logie of judgments are true
for judgments of type 4', including all finitary and all negative judgments. In fact,
the symbols 47, B, 0, ..., 4" B, and 4" allow all the operations that the symhols
of the general logic of judgments do: substibution for the symbals 4, B, &, ... of
an arbitrary formula writfen by means of the symbols considered and inference
aocording to the schema & - £, TT; moreover, all six axioms § are true for them,

The precise houndary of the domain in which the special logio of judgments is
applisable has thuy been found ; this domain ecincides with the domain in which the
formula of double negation (4} is applicable.

IV, TER MATHEMATICS OF PERUDCTRUTE

§ 1. In the preceding chapter we established that ail the formulas of the traditional
logie of judgments can actually be proved as formulas of the special logle of judg-
ments. We must merely recogrize that they desl only with judgments of type 47
Moreover, these formulas themselves twen out to be formulas of typs A",

The following question now arises: Uan we In 3 similsr way, afler we have placed
some restrictions on their real interpretation. again give s meaning to all those
formulaz of mathemntics that are proved by an filegitimate use (that is, a use outside
the domain in which they are applieable) of formulas of the spedial logie of jndg-
ments, in particnlar by wee of the prindipls of excluded middle? It burns oud that this
task con be fulflled.

§ 2, We shall construet, slongside of ordinary mathematios, s rew mathematies, a
“peendomathematios” that will be such that to every formula of the first there
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corresponds a formnla of the second and, moreover, that every formula of pseudo-
mathematies is 2 formala of type 4'. For the Hime being we are not concerned with
the question of the troth of the formules of psendomathematios ; we shall farn to it
in § 5 of the present chapter.

A symbol, skmple or complex, that expresses a judgment iz ealled a formmla.
Formulas of which no part is » formula will be called elementary formulas, or for-
mules of the flyst ordor ¢ = o iz soch a formuals. A formula whose parts are formulas
of the {#-13th order at moat will be ealled a fovmuls of the nth order. For example,
the formule

¢ = b > {4{a} -~ Bla}}

is & formula of the third order since its constituent part (e} — Ble) s a Tormuds of
the seeond order.

To an elementary formuls & there corresponds in psendemathomatios the formula
&¥*, which exprosses the double negation of &

(48) EF = @,

In what follows we shall, for convenience, denote the double negation of & by 28,

To the formule of the nwth order F(E,, &, ..., 8.}, where €,,&,,..., &, are
formulag of the (a-1)th order a$ most, there corresponds in pseudomathematics the
formula F{&,, @, ..., )% such that

140) F(By, S ..., S)* = nk(@F, &1, ..., &),
B, @k, . .., &F holng regurded as already determined. For example, to the formula
¢ = b -+ {4{ag)-» Bla}}
there corresponds in pseudomathernstics the formuls
nlu(e = B —» n{ndia) - aBa)].

Tao avery symbol that is not a formula there also corvesponds o definite symbel of
peeudomathematics. To » symbol, simple or complex, of which no part is a formula
thers corresponds in psendomathematics a symbol that is identical with it. To a
complex symbol in which formnlas enter there corresponds & symbel in which each
formula & is replaced by the formmls &%

§ 3. All $he Formulas of matherabios are derived [rom axioms,™ which we dennte
by Uy, Wy, ..., Uy, with the help of the operations of substitution of partinalar values
for veriables and of inferenice acecording to the schema &, @ -+ T %, To the axioms
thers correspond in pseudomathemetios the formulas U8, UL, .. ., UF. Wae shail prove
that every formula of psendomathematios thas corresponds to a formula proved on
the bagis of the axioms U is a consequence of the fornmlas W*. For the proof it suffices
to eztablish the following two facte.

First, if, when particular valnes ave substituted for variables in a formula &, we
obtain a formula %, then, when the eorresponding formulas and symbols are substi.
tated at the corresponding places in the formula &%, we ohtain the formyda T*,

15 Hare il fhe axioms of logie are included among the axioma of mathematics,

:xi(}ms qf‘ the goneral logie of judgm
@ them in the domagn of paeudormakt
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Second, in analogy with the schema & € -»T|%, the sch
) g, ema

(50) &
& (S g

1% oorrect.
In faet,

(51;

B - TP f@?““:iﬁ_ﬁf

Sitiee @* gnd g '
T* are formulag of type 4", we have, acecrding 80 formnla 4n

(62) (B% —» T¥) o (&% s oy,
ok
(5) )
BT s (g% T#)
TEFT
Thus, we ses that to ;
I C¥ELy coirest proof in the domain of ordinary mathematiog

o wresponds & oorrect proof in the domai

ollews the truth of the proposition advanced
§4. To Fhe five axioms of the general lopic

mathematios the following formulas ;

n of psendomathematios, Prom that
a}: the be&gmz;mg of the present section,
of judgments there carreapond in pseudo-

- wlnd o gy R nd i,

s wnind ~snlnd s gy BY s a(nd - 7B

. n{n{'}wﬁ 0B e n() B - nlnd ’m—> il
CBARE e ) afnind B} > nind s u(?‘ij}}
< Ale(nd > nB) o niind - n{n B} - n{nA)} -
These formulas can be obtained from |

(64)

SO O DO e

Lowd i s AN,
(55) e
) 5 aln{d — By A o 1 By o '};3

y substitution of 5,4 B -

g BB and al for 40 g )
(55) are ot OF nd. 5 f‘m : s 5 5 and &) respeotiv .
by weing o t;fas g'f the spenial logic of Jndgments, wo havfﬁi}etie iii;t flﬁ% s
i il ©axioms of §, or all of Hilbert's axiome. Theiy ; o1 dons oy oo

| celty. Thg o & eix proof does nob present

ali the formulas of
: , - prettdomathematioy ¢
1();_._;;1? of judgments gre fraa, o that Forrespond
§ 5. All the axioms of mathemutics that we know nosgess £h.
2 3

e property as the
ents, namely, that the formulas c(}rreffg)c}nding

eratics are trmeg, Top exnmpls, to the axiom
) d{a} - dia)

there corresponds the tree formula

w{R(@)nA(n) —+ nd {a)}.
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We shall exll the axioms that possess the property formulated above axioms of type
®. Further, let us oall the formulas provable on the basis of the axioms of type &
formulas of type §. All the axioms and formulas of mathematies that we know are of
type .49 “ |

By virtue of what was said above, the part of pseud Qmaﬂ‘xemmﬁms.wh@se formulag
correspond to the formulas of type & acqnires & real meaniag ; all its formulas are
true, sinee they are consequences of the troe formulas that in g}sgudsmathematfes
correspond to the axioms of fype $. The name “E}Sﬁﬂdﬂm'&ﬁhaiﬁ‘ﬁﬁ}l(}& becornes in-
appropriate for this part, the only one that for the time being exisis; as & colleotion
of true formulas, it is part of gennine mathematics. !

We shall say that a judgment is pseudotrue if its doubls negation is true. A judg-
ment of the form n& thus asserts the pseudotruth of the judgment &. The formulas
of psendomathematios always express only judgments about pseadotruth, W?.B have
the right, therefore, to call the part of pseudomathematios that has real meaning the
mathemstios of pseudotrath, ’

§ 6, In the usual presentetion of mathematios o number of conclusions are obt&a§ed
by an illegitimato use of formulas of the spedial logie of judgments, for example, by
ase of the principle of excluded middle. All these cases, as has been shown, can be
reduced to the use of the principle of double negation,

{4 6. A-»4.

Among these conclusions let us consider those that, except for the illegitimate
formula (4), rest only upon axioms of type $. The formmulas that express them we
ghall call formulas of fype £

Lot us construct the formulas of psendamathematics that correspond fo the for-
mulas &, They will all follow from the formulas 11* that correspond to azioms of type
@ and feorn the formula

 (56) wirla ) > A,

which. carresponds to formula (4). ’
Tormuls (56) is true. In fact, by virbue of formule (34), 1t follows from

{57) nlnA)— nd.
Formula (57) can be obtained by means of substitution from a formula of the special
logic of judgments,

(H8) nd)— 4]
in the special Jogic of judgments, as we know, an even number of negations reduces to
affirmation. '

Tlus, while the formulas of ordinary mathematios that we have considered are based
on an illegitimate use of formula (4), the eorresponding formulas of pseudomathe-
matics rest wpon the trae formula (56). a .

o we finally obtain the following result; None of the conclusions of ordinary

15 11y nathematios formuolas whose truth is not obvious, for example, whal & called Z:rmeln’a
axiom, are sometimes taken as axioms. Buk they, too, posess the property that 1 — %,
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mathematics that are based on the use, outside the domain of the finitary, of the
formuls of double negation and of other formules thet depend npon it (like the principle
of exeluded mwiddie) can be regarded as firmly established. But, for those sonclusions
whose derivalions requive, besides this formula [that of double negafiond, only
sxioms of type & {and no other axioms are known at present), the corresponding
formulas of preudomathemstics are frue and consequently become part of the mathe.
matics of pseudotruth,

In other words, all the conclusions that rest upon axioms of tvpe & and on the
formmla of double negation are correct if we understand every judgment that enters
into them in the sense of the alfivmadion of its pseudotruth, $hat iy, of ity double
negation.

V. ADDENDA

§ 1. After having shown that it is illegitimate to apply the principle of exeluded
middle Lo transfinite judgments, Brouwer set himself the task of providing a foanda-
tion for mathematics without the help of that principle, and to a congiderable extent
he earried out this task *7 But it then turned out thet there exist a nwmber of mathe-
matical propositions that cannot be proved without the help of the principle of ex.
cluded middle, rejected by Brouwer. We consider below a few examples of such
propositions,

We proved in the preceding chapters thab, alongside of the development of mathe.
mablos without the help of the prineiple of excluded middle, we can also retain the
usual developruent, To be sure, a limited inferpretation then has to be given fo all
propositions ; namely, every judgment of ordinary reathematies hag to be replaced by
the affirmation of ite psendoteuth, Bub this developiment nevertheless retains two
remarkable properties,

1. If a finitary conclusion is obtained with the help of arguments based on the use,
even in the domsain of the transfinite, of the principle of excluded middle, the con-
clusion is trae in the usual senge. In view of what precedes, it can in fact be proved as
a conclusion ebout pseudobruth; but, in the domain of the finitary, peendotruth
coincides with ordinary troth.

2. The use of the principle of excluded middle never leads to a contradietion, In
faot, H a false formuls were obtained with its help, then the corresponding formula of
pseudomathematios would be proved without its help and would also lead to a
confradistion.*?

The first of these assertions contradiots a remark by Browwer (18234, p. 252,
footoote), wha thinks that finitary eonclugions based on a transfinite use of the
principle of exclnded middle must aiso be considered unreliable.

§ 2. Generally, the propositions that we do not know how to prove without an
illegitimate wse of the principle of excluded middle ordinarily rest directly, not wpon
the principle of excluded middle of the logic of judgments, but upon another principle
that bears the sasme name, In fact, from the principle of excluded mwiddle in the form

17 Bes, for example, Brouwer 1918 and 1814,
i We asaume that all the axioms considered are axioms of type £ and, ynorcover, that any
formula wittingly taken as false, ©, is such that the corresponding &% is alzo false.
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peeuliar to the logic of judgments, namely, ** Bvery indgrent is cither true or false”,
we can obtein further conclusions by following the schems that corresponds to
Hilbert's formula: 1T B follows from A as well as from A, then B is true. But in the
oage that interests us, that of transfinite judgments, it is difficult to obtain any posi-
tive conclusion B from the pure negation A4 ; for that we must first transform the
judgment A into some other.

The following type of transfinite judgment is the most customary: for all &, d{a}
is true; symbobieslly, this judgment is wrilten {uid{e). When we waut to derive a
positive conclusion from the negation {a)A(e) of this judgment, we put it in the form
{(Eu)d{a), that ie, there exists an « for which 4{a} is not true, The equivalenee of the
last aggertion to the simple negation of the judgment {@)d(z) is exvressed by the
following two formulas

{59) (@) (a) — (Ea)d{a),
{600 (Fa)die) — () dia).

In § 4 of the present chapter we shall demonstrate that fermula (59} requires for its
proof only the accepiance of the prinsiple of double negation (4) in addition to
formmulas whose infuitive obviousness is unquestionable, among which the axioms of
the genera] logic of judgments are included, But formula (60) can be proved without
the heip of that prineiple.

If we adopt formulaz (59) and {60), we shall have the right to formulate the
principle of excluded middie for judgments of the form {0)A4(2) as follows:

(A (ay v (Ba)d(a),

that is, either Aia) 18 trae for sl ¢ or thers existy an e for which 4{g) is not true,
To formulas (59) and (60} Hilhert adds (782%q, p. 157) the following

(61) (Ba)diay — (@)d(a),

(62) {a)d (o) - (Ba)A{m).

In aceordance with what was aaid above, he deems thaet formunlas (B9)-(62) justify the
application of the prineiple of excluded middle to infinite collections of objects a.
Unlike formulas {59) and (60), formulas (61} and (62} can both be proved on the
basia only of axioms that are intuitively obvious. The proof is given in § 4.

Thus, formulas {63)}-(62) simply are true formulas, while formula (59) is proved on
the hasis of the principle of double negation (4} ; everything presented in the preceding
chaptor, therefore, applics to the conclusions that rest upon that principle.

§ 3. Let us remark first of all that, having detersained the meaning of the symbol
{o)d ) ag “for sll 6, A} is true™, we understand by “for all @ the same thing ag by
“for each ¢, that is, the meaning is that, whatever & may be given, we can assert
that 4{a} is true.

Bvery formula of the general logic of judgments, when written by itself, means that
it is true for all possible judgments, 4, B, €, .. .. Thue, the formula 4 - A means
that for any judgment the double negation of the judgment follows from its trath.

itaelf can be substituted for |,
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{a)A{s} - Blal;
— {{a)d(a) > (@) B{a)

(A - i) — EapA@]
(@) A{@) — ()l A () — Fo)dial)

(a{dim) — O} — {(Ba)Ale) > G

(a)Ad{a) — {Hojd (o) — {BayAla) — (Ha)d{e)}

{4 —& By — B B
o {(4 — B)— A}

A A

(A A)—>A
(4 -+ A)— A
{(Ea)d(a) — (Fa)A{e)} — (i At

() A(a) — (@){A(e) ~ (Ba)A(a)
(@){4(a) — o) A} - {(Ba)A(a) —~ (B ()

— (BayAla)} — (Bajd{e)
(1) A () — (BalA{r).

{Fa)Ale)

Thus formula (62) s proved.
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(e} A @) = L)} B
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(@) A{a) — (@A)

()4 () — (Baydia)
(a)A{n) — {Fa) (HayAle)
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(30) (@) die) — {}m}A d{a} (79)
(Ba) Ala) — (@) Ala)
(813 ,w{ing;w_.w_ (34)
(BayA(a) -+ (Ba)A(a)
(Ba)Ata) > (Bard(a) (81)
53) Fayd(a) - @ d(o) (&)
(Ba)Aia) —> ()4 (),

Thus formula (60) is proved.
The proof of formuls 59} cannot be carrded out without the help of the axiom of

double negetion. The numbers of the formulas that rest npon this axiom are doubly
uncerlined.

(83) (Bajd(a) -~ () d(a)

g = 66

{Haid(a) ~ (04 () o

(84) _,_,m._ﬁf;ifé,..v._ Axiom 6
- Ala) -+ A{a)

(85) () A} — (o)} sy P
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— {{ardia) — (o} Bla)} Axiom I

(36) (2} Afe) - )} (85)
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(58} Eodi) ~ @@ )
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(89) . A-A Axiom 6

- (Ha)d(a) - (Ba)A(z) —

(a)dta) - (Ea)d(a) 88)

(90) {Bajd(a) > (Ba)d(a) (59)

(o) Ala} > (Ea}zl(a)

Thus formula (59} ie proved by means of the axiom of double negation,
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$5. An excellent example of o proposition unprovable without the help of an
illegitimate use of the principle of excluded middle is given by Brouwer (1220); he
shows that 16 canncd be considered proved that every real number has an infiuite
decimal expansion. He even exhibits a definite number for which it is no$ kmown
whether it has n first digit in ifs decimal expansion.

Another example iz the propesition stating that the complement of a closed set ix
a regdon, that is, that every point not belonging to a given elosed set is contained in
some interval that docs not condain any point of the set.%° The prood, as is well known,
is carried ont in the following way: by the principle of exeluded middle in the form
given in § 2 of the present chapter, either all inferyals comtaining the point considered
sontain points of the set or there exists at least one interval that does not contain
any such peint; the firs assumption leads to o contradiction, since it implies that the
puint belongs to the set, and therefore the seeond proposition is true, This exemple
differs from Brouwer's in that here we do not know how o exhibit a definite closed
set and a deflnite point exterior to it fur which the existence of the required interval
in doubtial.

§ 6. The following example is interesting: without the help of the principle of
susluded middle it is Impossible to prove any propesition whose proof usually eomes
down to an application of the prineiple of fransfinite induetion. For example, a
proposition of that kind is: every dlused set is the sum of s perfect set and a dennmer.
shle seb.

The proef of such proposifions iz often carried out without the help of the principle
of trensfinite induction. Bub all these proofs rest npon the principle of excluded
widdls, applied to infinite vollections, or upon the principle of double negation.

1t s important to observe that the principle of transfinite Indunetion itself san be
derived without any assumption that, from the point of view of the theory of point
sets, 18 new, bub that the prineciple of excluded middls is necessurily used. It suffices
merely to formalats the prinsiple of transfinite induction without the use of the term
“transfinite number”, whose introduction wounld demand new axioms. Let us con-
gider, instead, sets of xational numbers that are completely ordered from left to
right. For such a set, a part that starts on the left from some point, which may or
may 1ot belong to the set, will be called a segment of the seh. A segment, too, will
always be a completely ordered set. The set of segmenis will ifzelf be also completely
ordered. Let vs say that a segment is proper if there exists a point of the set that
doer not belong to it. The principle of transfinite induction can now he formulated
in the following way. :

Lt 2 cortain property J, which may or may vot obtain of a completely ordered st
of rational mumbers, satisely the following conditions

(1) Bets consisting of one point alone have property J ;

(2) I all the proper segments of 2 sed have properiy J, then the sed itself has it.

Under these econditions all completely ordered sets of rational numbers possess
property J.

This formuiation of the principle of trausfinite induction can be used in the same
oases a8 the ordinary one. Its proof is carried out thus: effher sll sets possess property

20 This exermple was pointed out by P. 8. Novikov,




