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ABSTRACT

We resolve several fundamental questions in the area of distributed
functional monitoring, initiated by Cormode, Muthukrishnan, and
Yi (SODA, 2008), and receiving recent attention. In this model
there are k sites each tracking their input streams and communicat-
ing with a central coordinator. The coordinator’s task is to continu-
ously maintain an approximate output to a function computed over
the union of the £ streams. The goal is to minimize the number of
bits communicated.

Let the p-th frequency moment be defined as F, = Y, f7,
where f; is the frequency of element i. We show the randomized
communication complexity of estimating the number of distinct el-
ements (that is, Fp) up to a 1 4 ¢ factor is Q(k/e?), improving
upon the previous (k + 1/£?) bound and matching known up-
per bounds. For Fj, p > 1, we improve the previous Q(k + 1/¢?)
communication bound to Q(kP ! /2). We obtain similar improve-
ments for heavy hitters, empirical entropy, and other problems.
Our lower bounds are the first of any kind in distributed functional
monitoring to depend on the product of k and 1/¢®. Moreover,
the lower bounds are for the static version of the distributed func-
tional monitoring model where the coordinator only needs to com-
pute the function at the time when all k input streams end; sur-
prisingly they almost match what is achievable in the (dynamic
version of) distributed functional monitoring model where the co-
ordinator needs to keep track of the function continuously at any
time step. We also show that we can estimate F},, for any p >
1, using O(k? ' poly(¢ ")) communication. This drastically im-
proves upon the previous O(k** 1 N'=2/Ppoly (1)) bound of
Cormode, Muthukrishnan, and Yi for general p, and their O(k2 e+
k*® /&%) bound for p = 2. For p = 2, our bound resolves their
main open question.

Our lower bounds are based on new direct sum theorems for
approximate majority, and yield improvements to classical prob-
lems in the standard data stream model. First, we improve the
known lower bound for estimating F,,p > 2, in ¢ passes from
Q(n'=2/? /(£2/7t)) to Q(n'~2/? /(*/Pt)), giving the first bound
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that matches what we expect when p = 2 for any constant num-
ber of passes. Second, we give the first lower bound for estimating
Fy in t passes with Q(1/(?t)) bits of space that does not use the
hardness of the gap-hamming problem.

Categories and Subject Descriptors

F.2.0 [ANALYSIS OF ALGORITHMS AND PROBLEM COM-
PLEXITY]: General

General Terms
Algorithms, theory
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1. INTRODUCTION

Recent applications in sensor networks and distributed systems
have motivated the distributed functional monitoring model, initi-
ated by Cormode, Muthukrishnan, and Yi [20]. In this model there
are k sites and a single central coordinator. Each site S; (i € [k])
receives a stream of data A;(t) for timesteps t = 1,2,..., and
the coordinator wants to keep track of a function f that is defined
over the multiset union of the k data streams at each time ¢. For
example, the function f could be the number of distinct elements
in the union of the k streams. We assume that there is a two-way
communication channel between each site and the coordinator so
that the sites can communicate with the coordinator. The goal is to
minimize the total amount of communication between the sites and
the coordinator so that the coordinator can approximately maintain
F(AL(t),..., Ak(t)) at any time t. Minimizing the total communi-
cation is motivated by power constraints in sensor networks, since
communication typically uses a power-hungry radio [25]; and also
by network bandwidth constraints in distributed systems. There is a
large body of work on monitoring problems in this model, includ-
ing maintaining a random sample [21,48], estimating frequency
moments [18,20], finding the heavy hitters [6,40, 43, 53], approxi-
mating the quantiles [19, 33, 53], and estimating the entropy [5].

We can think of the distributed functional monitoring model as
follows. Each of the k sites holds an N-dimentional vector where
N is the size of the universe. An update to a coordinate j on site
S; causes 1); to increase by 1. The goal is to estimate a statistic of
v = 3% v such as the p-th frequency moment F, = ||v||Z, the
number of distinct elements Fo = |support(v)|, and the empirical

entropy H = 3. 7% log 1%l This is the standard insertion-
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only model. For many of these problems, with the exception of



the empirical entropy, there are strong lower bounds (e.g., (V)
if allowing updates to coordinates that cause vj- to decrease [5].
The latter is called the update model. Thus, except for entropy, we
follow previous work and consider the insertion-only model.

To prove lower bounds, we consider the static version of the dis-
tributed functional monitoring model, where the coordinator only
needs to compute the function at the time when all k input streams
end. It is clear that a lower bound for the static case is also a lower
bound for the dynamic case in which the coordinator has to keep
track of the function at any point in time. The static version of
the distributed functional monitoring model is closely related to
the multiparty number-in-hand communication model, where we
again have k sites each holding an N-dimensional vector v*, and
they want to jointly compute a function defined on the & input vec-
tors. It is easy to see that these two models are essentially the same
since in the former, if site .S; would like to send a message to S;,
it can always send the message first to the coordinator and then the
coordinator can forward the message to S;. Doing this will only
increase the total amount of communication by a factor of two.
Therefore, we do not distinguish between these two models in this
paper.

There are two variants of the multiparty number-in-hand com-
munication model we will consider: the blackboard model, in which
each message a site sends is received by all other sites, i.e., it is
broadcast, and the message-passing model, in which each message
is between the coordinator and a specific site.

Despite the large body of work in the distributed functional mon-
itoring model, the complexity of basic problems is not well under-
stood. For example, for estimating Fy up to a (1 4 ¢)-factor, the
best upper bound is O(k/e?) [20]', while the only known lower
bound is Q(k + 1/£?). The dependence on ¢ in the lower bound
is not very insightful, as the Q(1/¢?) bound follows just by con-
sidering two sites [5, 16]. The real question is whether the k& and
1/€? factors should multiply. Even more embarrassingly, for the
frequency moments F),, p > 2, the known algorithms use commu-
nication O (k***1 N1=2/Ppoly(1/e)), while the only known lower
bound is Q(k + 1/£?) [5,16]. Even for p = 2, the best known
upper bound is O(k?/e 4+ k'®/&®) [20], and the authors’ main
open question in their paper is “It remains to close the gap in the
F> case: can a better lower bound than Q(k) be shown, or do there
exist O(k - poly(1/e)) solutions?”

Our Results: We significantly improve the previous communi-
cation bounds for approximating the frequency moments, entropy,
heavy hitters, and quantiles in the distributed functional monitoring
model. In many cases our bounds are optimal. Our results are sum-
marized in Table 1, where they are compared with previous bounds.
‘We have three main results, each introducing a new technique:

1. We show that for estimating Fj in the message-passing model,

Q(k/e?) communication is required, matching an upper bound

of [20] up to a polylogarithmic factor. Our lower bound holds
in the static model in which the k sites just need to approxi-
mate Fp once on their inputs.

2. We show that we can estimate Fy, for any p > 1, using
O(kP~*poly(¢')) communication in the message-passing
model®. This drastically improves upon the previous bound
Ok N*=2/Ppoly(e71)) of [20]. In particular, setting
p = 2, we resolve the main open question of [20].

3. We show Q(kP~'/e?) communication is necessary for ap-
proximating F}, (p > 1) in the blackboard model, signifi-

'We use O(f) to denote a function of the form f -log®™™) (Nk/e).
>We assume the total number of updates is poly (V).

cantly improving the prior Q(k + 1/£?) bound. As with our
lower bound for Fjp, these are the first lower bounds which
depend on the product of k and 1/¢. As with Fy, our lower
bound holds in the static model in which the sites just ap-
proximate F}, once.

Our other results in Table 1 are explained in the body of the paper,
and use similar techniques.

Our Techniques: Lower Bound for Fy: Our Q(k /) bound for
Fyp is based on the following primitive problem k-GAP-MAJ. For
illustration, suppose k = 1/e>. There are 1/¢? sites each hold-
ing a random independent bit. Their task is to decide if at least
1/(2€?) 4 1/ of the bits are 1, or at most 1/(2e%) — 1/¢ of the
bits are 1. We show any correct protocol must reveal (1/¢?) bits
of information about the sites’ inputs. We “compose” this with 2-
party disjointness (2-DISJ) [46], in which each party has a bitstring
of length 1/ and either the strings have disjoint support (the so-
lution is O) or there is a single coordinate which is 1 in both strings
(the solution is 1). Let 7 be the hard distribution for 2-DISJ, shown
to require (1/£?) communication to solve [46]. Suppose the co-
ordinator and each site share an instance of 2-DISJ in which the
solution to 2-DISJ is a random bit, which is the site’s effective in-
put to k-GAP-MAJ. The coordinator has the same input for each of
the 1/<? instances, while the sites have an independent input drawn
from 7 conditioned on the coordinator’s input and output bit deter-
mined by k-GAP-MAJ. The inputs are chosen so that if the output
of 2-DISJ is 1, then Fp increases by 1, otherwise it remains the
same. This is not entirely accurate, but it illustrates the main idea.
Now, the key is that by the rectangle property of k-party commu-
nication protocols, the 1/¢? different output bits are independent
conditioned on the transcript. Thus if a protocol does not reveal
Q(1/£?) bits of information about these output bits, by an anti-
concentration theorem we can show that the protocol cannot suc-
ceed with large probability. Finally, since a (1 + ¢)-approximation
to Fp can decide k-GAP-MAJ, and since any correct protocol for
k-GAP-MAJ must reveal (1/¢?) information, the protocol must
solve Q(1/£?) instances of 2-DISJ, each requiring Q(1/¢?) com-
munication (otherwise the coordinator could simulate £ — 1 of the
sites and obtain an o(1/&?)- communication protocol for 2-DISJ
with the remaining site, contradicting the communication lower
bound for 2-DISJ on this distribution). We obtain an Q(k/c?)
bound for k& > 1/¢? by using similar arguments. One cannot show
this in the blackboard model since there is an O(k + 1/£2) bound
for Fy 3. B

Lower Bound for F,: Our Q(kP~'/e*) bound for F,, cannot
use the above reduction since we do not know how to turn a pro-
tocol for approximating Fj, into a protocol for solving the com-
position of k-GAP-MAJ and 2-DISJ. Instead, our starting point is
a recent Q(1/€?) lower bound for the 2-party gap-hamming dis-
tance problem GHD [16]. The parties have a length-1/¢? bitstring,
z and y, respectively, and they must decide if the Hamming dis-
tance A(z,y) > 1/(22) + 1/e or A(z,y) < 1/(2¢%) — 1/e.
A simplification by Sherstov [47] shows a related problem called
2-GAP-ORT also has (1/¢?) communication. Here there are two
parties, each with 1/&2-length bitstrings x and y, and they must de-
cide if |A(z,y) — 1/(2¢?)| > 2/e or |A(z, y) — 1/(2%)| < 1/e.
We observe that Sherstov proves that 2-GAP-ORT is hard when

3The idea is to first obtain a 2-approximation. Then, sub-sample
so that there are ©(1/¢?) distinct elements. Then the first party
broadcasts his distinct elements, the second party broadcasts the
distinct elements he has that the first party does not, etc.



All-quantile
Heavy Hitters
Entropy

b (p € (0,2])

€

Q(1/y/2) [5]

Previous work This paper Previous work This paper
Problem LB LB (all static) UB UB
Fo Q(k) [20] Q(k/e%) O(k/<*) [20] -
Py Q(k) [20] (k/e?) (BB) O(k? /e + k0 /&%) [20] OGts)
Fy(p>1) | Qk+1/¢2) 15 16] QP71 /e?) BB) | O(Bm k" 'N'2/7) 20 O(X5)

Q(min{*%, £})[33] Q(min{~%, %}) (BB)
QO(min{*%, £})33] Q(min{*%, 1}) (BB)
Q(k/e*) (BB)
Q(k/e*) (BB)

O(min{~%, 1 }) [33] -
O(min{~%, 1 }) [33] -
O(%) 151, O(%) (static) [32] -
O(k/e?) (static) [38] -

Table 1: UB denotes upper bound; LB denotes lower bound; BB denotes blackboard model. N denotes the universe size. All bounds
are for randomized algorithms. We assume all bounds hold in the dynamic setting by default, and will state explicitly if they hold
in the static setting. For lower bounds we assume the message-passing model by default, and state explicitly if they also hold in the

blackboard model.

x and y are drawn from a product uniform distribution *. There-
fore, by a simulation result of Barak et al. [9], this implies that any
correct protocol for 2-GAP-ORT must reveal Q(1/¢?) 3 informa-
tion about (z,y). By independence and the chain rule, this means
for 2(1/&2) indices 7, (1) information is revealed about (x;,y;)
conditioned on values (z;,y;) for j < i. We now “embed” an
independent copy of a variant of k-party-disjointness, the k-XOR
problem, on each of the 1/ ¢? coordinates of 2-GAP-ORT. In this
variant, there are k parties each holding a bitstring of length k7. On
all but one “special” randomly chosen coordinate, there is a single
site assigned to the coordinate and that site uses private randomness
to choose whether the value on the coordinate is 0 or 1 (with equal
probability), and the remaining k—1 sites have 0 on this coordinate.
On the special coordinate, with probability 1/4 all sites have a 0 on
this coordinate (a “00” instance), with probability 1/4 the first k/2
parties have a 1 on this coordinate and the remaining & /2 parties
have a 0 (a “10” instance), with probability 1/4 the second k/2
parties have a 1 on this coordinate and the remaining k/2 parties
have a 0 (a “01” instance), and with the remaining probability 1/4
all k parties have a 1 on this coordinate (a “11” instance). We show,
via a direct sum for distributional communication complexity, that
any deterministic protocol that decides which case the special co-
ordinate is in with probability 1/4 + (1) has conditional informa-
tion cost Q(kp ~1). This implies that any protocol that can decide
whether the output is in the set {10,01} (the “XOR” of the out-
put bits) with probability 1/2 + (1) has conditional information
cost Q(kp ~1). We do the direct sum argument by conditioning the
mutual information on low-entropy random variables which allow
us to fill in inputs on remaining coordinates without any commu-
nication between the parties and without asymptotically affecting
our Q(kP~!) lower bound. We design a reduction so that on the
i-th coordinate of 2-GAP-ORT, the input of the first k/2-players of
k-XOR is determined by the public coin (which we condition on)
and the first party’s input bit to 2-GAP-ORT, and the input of the
second k/2-players of k-XOR is determined by the public coin and
the second party’s input bit to 2-GAP-ORT . We show that any pro-
tocol that solves the composition of 2-GAP-ORT with 1/ copies
of k-XOR , a problem that we call k-BTX , must reveal Q(l) bits

*We note that the hardness under the product uniform distribution
may also follow from ideas in [16].

SWe assume that the communication cost of all protocols in the
paper is at most poly(/N), where N is the number of coordinates
in the vector inputs to the parties, since otherwise the lower bound
can be proved directly (will be discussed in more detail in Section
4.1). In this case, applying Theorem 1.3 of [9], we have that the

external information cost of the protocol is at least Q(1/£?).

of information about the two output bits of an Q(l) fraction of the
1/&? copies, and from our Q(kP~') information cost lower bound
for a single copy, we can obtain an overall Q(k? ! /?) bound. Fi-
nally, one can show that a (1 + ¢)-approximation algorithm for F,
can be used to solve k-BTX .

Upper Bound for F,: We illustrate the algorithm for p = 2 and
constant €. Unlike [20], we do not use AMS sketches [4]. A nice
property of our protocol is that it is the first 1-way protocol (the pro-
tocol of [20] is not), in the sense that only the sites send messages
to the coordinator (the coordinator does not send any messages).
Moreover, all messages are simple: if a site receives an update to
the j-th coordinate, provided the frequency of coordinate j in its
stream exceeds a threshold, it decides with a certain probability to
send j to the coordinator. Unfortunately, one can show that this
probability cannot be the same for all coordinates j, as otherwise
the communication would be too large.

To determine the threshold and probability to send an update to
a coordinate j, the sites use the public coin to randomly group all
coordinates j into buckets S¢, where S; contains a 1/2° fraction of
the input coordinates. For j € Sy, the threshold and probability are
only a function of £. Inspired by work on sub-sampling [34], we try
to estimate the number of coordinates j of magnitude in the range
[2",2"F1), for each h. Call this class of coordinates C,. If the
contribution to Fy from Cy, is significant, then |C,| ~ 272" . F,
and to estimate |C},| we only consider those j € C}, that are in .Sy
for a value £ which satisfies |C| -2 ¢~ 272" . Fy . 27 =~ 1. We
do not know F3 and so we also do not know ¢, but we can make
a logarithmic number of guesses. We note that the work [34] was
available to the authors of [20] for several years, but adapting it to
the distributed framework here is tricky in the sense that the “heavy
hitters” algorithm used in [34] for finding elements in different C},
needs to be implemented in a k-party communication-efficient way.

When choosing the threshold and probability we have two com-
peting constraints; on the one hand these values must be chosen so
that we can accurately estimate the values |C},| from the samples.
On the other hand, these values need to be chosen so that the com-
munication is not excessive. Balancing these two constraints forces
us to use a threshold instead of just the same probability for all co-
ordinates in S¢. By choosing the thresholds and probabilities to be
appropriate functions of ¢, we can satisfy both constraints. Other
minor issues in the analysis arise from the fact that different classes
contribute at different times, and that the coordinator must be cor-
rect at all times. These issues can be resolved by conditioning on
a quantity related to the protocol’s correctness being accurate at a
small number of selected times in the stream, and then arguing that
the quantity is non-decreasing and that this implies that it is correct
at all times.



Implications for the Data Stream Model: In 2003, Indyk and
‘Woodruft introduced the GHD problem [35], where a 1-round lower
bound shortly followed [50]. Ever since, it seemed the space com-
plexity of estimating Fy in a data stream with £ > 1 passes hinged
on whether GHD required Q(1/£?) communication for ¢ rounds,
see, e.g., Question 10 in [2]. A flurry [10, 11,16,47,49] of re-
cent work finally resolved the complexity of GHD. What our lower
bound shows for Fp is that this is not the only way to prove the
Q(1/€?) space bound for multiple passes for Fy. Indeed, we just
needed to look at 1/ parties instead of 2 parties. Since we have
an Q(1/e*) communication lower bound for Fyy with 1/¢? parties,
this implies an Q((1/&*)/(t/e*)) = Q(1/(te*)) bound for ¢-pass
algorithms for approximating Fp. Arguably our proof is simpler
than the recent GHD lower bounds.

Our Q(kP~!/e?) bound for F, also improves a long line of

work on the space complexity of estimating F}, for p > 2 in a
data stream. The current best upper bound is O(N'~%/P¢~2) bits
of space [28]. See Figure 1 of [28] for a list of papers which
make progress on the ¢ and logarithmic factors. The previous best
lower bound is Q(N'=2/Pe=2/P/t) for t passes [8]. By setting
kP = 2N, we obtain that the total communication is at least
Q(e*~2/P N1=1/? /22 "and so the implied space lower bound for ¢-
pass algorithms for F}, in a data stream is Q(e ~2/P N1 71/ /(tk)) =
Q(N'=2/? /(c*/P1)). This gives the first bound that agrees with
the tight é(l / 52) bound when p = 2 for any constant ¢. After our
work, Ganguly [29] improved this for the special case ¢t = 1. That
is, for 1-pass algorithms for estimating F},, p > 2, he shows a space
lower bound of Q(N'2/? /(¢ log n)).
_As mentioned, we observe that 2-GAP-ORT has information cost
(1/?) under the product uniform distribution or the protocol
must have super-polynomial (in N) communication. Since 2-GAP-
ORT can be written as the AND of two GHD instances on ©(1/£?)
bits (see the Corollary after the Main Theorem in [47]), this im-
plies a useful distribution for which either the communication cost
of GHD is super-polynomial or the external information cost is at
least Q(1/e?), partly answering Question 25 in the Open Prob-
lems in Data Streams list from the Bertinoro and IITK workshops
[3]. Using standard direct sum theorems, this implies solving r
independent instances of Fy or Fb, say, in a data stream requires
Q(r/€?) bits of space, which was unknown.

Other Related Work: There are quite a few papers on multi-
party number-in-hand communication complexity, though they are
not directly relevant for the problems studied in this paper. Alon
et al. [4] and Bar-Yossef et al. [8] studied lower bounds for mul-
tiparty set-disjointness, which has applications to p-th frequency
moment estimation for p > 2 in the streaming model. Their re-
sults were further improved in [15, 30, 36]. Chakrabarti et al. [13]
studied random-partition communication lower bounds for multi-
party set-disjointness and pointer jumping, which have a number
of applications in the random-order data stream model. Other work
includes Chakrabarti et al. [14] for median selection, Magniez et
al. [42] and Chakrabarti et al. [12] for streaming language recogni-
tion. Very few studies have been conducted in the message-passing
model. Duris and Rolim [23] proved several lower bounds in the
message-passing model, but only for some simple boolean func-
tions. Three related but more restrictive private-message models
were studied by Gal and Gopalan [27], Ergiin and Jowhari [24],
and Guha and Huang [31]. The first two only investigated deter-
ministic protocols and the third was tailored for the random-order
data stream model.

Recently Phillips et al. [45] introduced a technique called sym-
metrization for the number-in-hand communication model. The
idea is to try to find a symmetric hard distribution for the k players.
Then one reduces the k-player problem to a 2-player problem by
assigning Alice the input of a random player and Bob the inputs of
the remaining k — 1 players. The answer to the k-player problem
gives the answer to the 2-player problem. By symmetrization one
can argue that if the communication lower bound for the resulting
2-player problem is L, then the lower bound for the k-player prob-
lem is Q(kL). While symmetrization can be used to solve some
problems for which other techniques are not known, such as bitwise
AND and OR, it has several serious limitations. First, symmetriza-
tion requires a symmetric hard distribution, and for many problems
this is not known or unlikely to exist; this is true of all of the prob-
lems (except for the auxiliary problem k-GAP-MAJ) considered
in this paper. Second, for many problems (e.g., the k-GAP-MAJ),
when Bob knows the inputs of k — 1 players, he can determine the
answer without any communication, and so no embedding into a
k-player protocol of the form studied in [45] is possible. Also, it
does not give information cost bounds, and so it is difficult to use
when composing problems as is done in this paper.

Paper Outline: In Section 3 and Section 4 we prove our lower
bounds for Fp and F},, p > 1. The lower bounds apply to functional
monitoring, but hold even in the static model. In Section 5 we show
improved upper bounds for F,,p > 1, for functional monitoring.
Finally, in Section 6 we prove lower bounds for all-quantile, heavy
hitters, entropy and ¢, for any p > 1 in the blackboard model.

2. PRELIMINARIES

In this section we review some basics on communication com-
plexity and information theory.

Information Theory We refer the reader to [22] for a compre-
hensive introduction to information theory. Here we review a few
concepts and notation.

Let H(X) denote the Shannon entropy of the random variable
X, and let Hy(p) denote the binary entropy function when p €
[0,1]. Let H(X | Y) denote conditional entropy of X given Y.
Let I(X;Y) denote the mutual information between two random
variables X,Y. Let I(X;Y | Z) denote the mutual information
between two random variables X, Y conditioned on Z. The fol-
lowing is a summarization of the basic properties of entropy and
mutual information that we need.

PROPOSITION 1. Let X, Y, Z be random variables.

1. If X takes value in {1,2, ... ,m}, then H(X) € [0,log m].

2. HX)> H(X |Y)and I(X;Y) = HX)-H(X |Y) >
0.

3. If X and Z are independent, then we have I(X;Y | Z) >
I1(X;Y).

4. (Chain rule of mutual information)
I(X,)Y;2)=1(X;2)+ I(Y; Z | X).
And in general, for any random variables X1, X2, ..., Xn,Y,
I(X1,.. ., Xn;Y) =30 I( XY | X1, .0, X)),

5. (Data processing inequality) If X and Z are conditionally
independent given Y, then [(X;Y | Z) < I(X;Y).



6. (Fano’s inequality) Let X be a random variable chosen from
domain X according to distribution px, and Y be a ran-
dom variable chosen from domain Y according to distribu-
tion wy. For any reconstruction function g : Y — X with
error dg,

Hy(0g) + 64 log(|X| —1) > H(X |Y).

7. (The Maximum Likelihood Estimation principle) With the no-
tation as in Fano’s inequality, if the reconstruction function
is g(y) = x for the x that maximizes the conditional proba-
bility px (x | Y = y), then

1
% S 1= gate vy

Communication complexity In the two-party randomized com-
munication complexity model (see e.g., [41]), we have two players
Alice and Bob. Alice is given z € X and Bob is given y € },
and they want to jointly compute a function f(x,y) by exchang-
ing messages according to a protocol II. Let II(z,y) denote the
message transcript when Alice and Bob run protocol II on input
pair (z,y). We sometimes abuse notation by identifying the proto-
col and the corresponding random transcript, as long as there is no
confusion.

The communication complexity of a protocol is defined as the
maximum number of bits exchanged among all pairs of inputs. We
say a protocol II computes f with error probability 6 (0 < § <
1) if there exists a function g such that for all input pairs (z,y),
Prig(I1(z,y)) # f(z,y)] < . The §-error randomized communi-
cation complexity, denoted by Rs(f), is the cost of the minimum-
communication randomized protocol that computes f with error
probability §. The (u, §)-distributional communication complexity
of f, denoted by D,‘i (f), is the cost of the minimum-communication
deterministic protocol that gives the correct answer for f on at
least a 1 — ¢ fraction of all input pairs, weighted by distribution
p. Yao [52] showed that R®(f) > max,, D5, (f). Thus, one way to
prove a lower bound for randomized protocols is to find a hard dis-
tribution p and lower bound Dﬁ (f)- This is called Yao’s Minimax
Principle.

The definitions for two-party protocols can be easily extended to
the multiparty setting, where we have k players and the ¢-th player
is given an input z; € X;. Again the k players want to jointly com-
pute a function f(z1,x2,. .., zx) by exchanging messages accord-
ing to a protocol II.

Information complexity Information complexity was introduced
in a series of papers including [8, 17]. We refer the reader to Bar-
Yossef’s Thesis [7]; see Chapter 6 for a detailed introduction. Here
we briefly review the concepts of information cost and conditional
information cost for k-player communication problems. All of
them are defined in the blackboard number-in-hand model.

Let 1 be an input distribution on A7 X X2 X ... X Xj and let X
be a random input chosen from p. Let II be a randomized protocol
running on inputs in X7 X X2 X ... X Xj. The information cost
of II with respect to p is I(X;II) ©. The information complexity
of a problem f with respect to a distribution x and error parameter
6 (0 < 4§ < 1), denoted IC,, 5(f), is the minimum information
cost of a d-error protocol for f with respect to u. We will work
in the public coin model, in which all parties also share a common
source of randomness.

®In some of the literature this is called the external information
cost, in contrast with the infernal information cost. In this paper
we only need the former.

We say a distribution A partitions  if conditioned on A, p is a
product distribution. Let X be a random input chosen from g and
D be a random variable chosen from A. For a randomized protocol
ITon X} X Xo X ... X &y, the conditional information cost of 11
with respect to the distribution g on X} X A2 X ... X X} and a
distribution A partitioning p is defined as I(X;II | D). The con-
ditional information complexity of a problem f with respect to a
distribution u, a distribution A partitioning u, and error parameter
d (0 < 8§ < 1), denoted IC,, s(f| A), is the minimum informa-
tion cost of a d-error protocol for f with respect to p and . The
following proposition can be found in [8].

PROPOSITION 2. For any distribution p, distribution \ parti-
tioning p, and error parameter § (0 < § < 1),

Ré(f) > IC#,S(f) > Icu,é(f ‘ )‘)~

Statistical distance measures Given two probability distributions
w and v over the same space X, the following statistical distance
measures will be used in this paper:

1. Total variation distance: V' (p, ) e maxacx [u(A) —v(A).

2. Hellinger distance: h(u, V) . \/% D (m — W)Q

We have the following relation between total variation distance and
Hellinger distance (cf. [7], Chapter 2).

PROPOSITION 3. h%(u,v) < V(u,v) < h(p,v)\/2 — h2(u, v).

Conventions In the rest of the paper we call a player a site, as
to be consistent with the distributed functional monitoring model.
We denote [n] = {1,...,n}. Let & be the XOR function. All
logarithms are base-2 unless noted otherwise. We say W is a (1 +
€)-approximation of W, 0 < ¢ < 1,if W < W < (1 +¢)W.

3. A LOWER BOUND FOR r,

We introduce the problem k-GAP-MAJ, and then compose it
with 2-DISJ to prove a lower bound for Fp.

3.1 The k-GAP-MA]J Problem

In the k.-GAP-MAJ problem we have k sites S1, So, . . ., Sk, and
each site has a bit z; (1 < ¢ < k). The sites want to compute the
following function in the blackboard model:

0, if 3;epy 2 < Bk — V/BE,
1, i Y, % > Bk + V/BE,

*, otherwise,

k-GAP-MAJ(Zl, ey Zk) =

where 8 (w(1/k) < 8 < 1/2) is a parameter, and “x" means that
the answer can be arbitrary. We define the input distribution p as
follows. For each i € [k], let z; = 1 with probability 5 and z; = 0
with probability (1 — 3).

Let Z = {Z1,Z>,..., Z} be arandom input chosen according
to distribution p. Let IT be the transcript of any protocol for k-
GAP-MALJ on the random input vector Z. Let ji be the probability
distribution of the random transcript II.

DEFINITION 1. We say a transcript w is weak if for at least
0.5k of Z; (i € [k]), it holds that H(Z; | 11 = ) > H(0.0103),
otherwise we say it is strong.

In this section we will prove the following main theorem for k-
GAP-MALI. Intuitively, it says that in order to correctly compute
k-GAP-MAJ with a good probability, we have to learn Q(k) Z;’s
well.



THEOREM 1. If a protocol correctly computes k-GAP-MAJ on
input distribution | with error probability 0 for some sufficiently
small constant §, then Prii~z[IL is strong] = Q(1).

We have the following immediate corollary, which will be used
to prove the lower bound for the quantile problem in Section 6.1.

COROLLARY 1. Suppose that B = ©(1), then I(Z;11) = Q(k)
for any protocol that computes k-GAP-MAJ on input distribution p
with error probability § for some sufficiently small constant §.

PROOF. By the chain rule and independence, we have

I(Z;1) > Y 1(Zi;T)
i€[k]

> Z Prii[II = 7] Z(H(Zi)—H(Zz‘ | II = m))
o7 is strong i€ (k]

> Q(1)- 0.5k - (Hy(B) — Hy(0.013))

> Q) (for = O(1)).

O

Now we prove Theorem 1. The following observation, which
easily follows from the rectangle property of communication pro-
tocols, is crucial in our proof.

OBSERVATION 1. Conditioned on I1, we have that the random
variables Z1,Z>, . .., Zy are independent.

Let c; be a constant chosen later. We introduce the following
definition.

DEFINITION 2. (Goodness of a transcript) We say a transcript
7 is badt if E [ziqk] Zi |l = w] > Bk + c1/BF and bad™ if
E [Zie[k] Z; |1 = Tr} < Bk — c1+/Bk. In both cases we say T is
bad. Otherwise we say it is good.

We first show that a transcript is bad only with a small probabil-
ity.

LEMMA 1. Pria[Ilis bad) < 2e~(c1=1°/3 /(1 — ¢=1/3),

PROOF. Setcy = c¢1 — 1. Wesay Z = {Z1,%2s,...,Z,}isa
joker™ if Zie[k] Z; > Bk + c2+/Bk, and a joker™ if Zie[k] Z; <
Bk — c2+/Bk. In both cases we say Z is a joker.

First, we can apply a Chernoff bound on random variables Z; for
i=1,...,k, and so we have that

Pr[Z is a joker™] = Pr [Zie[k] Z; > Bk + 02\//@] < e—C3/3.

Second, by Observation 1, we can apply a Chernoff bound on
random variables Z; for i = 1, ..., k conditioned on II being bad,

Pr[Z is a joker™ | IT is bad™]

> > Pr[ll=n|misbad™] Pr[Zisajoker™ | Il =, is bad™]
— S Pr[ll=n|misbad?] Pr[zie[k] Zi26k+cm/ﬁk‘

E [zie[k] Z; | = Tr] > Bk + c1v/BE, 11 = Tr]
> ZPr [T =n|7isbad®] (1767@1762)2/3)

(1 _ e—(01—02)2/3) .

Finally by Bayes’ theorem, we have that

Pr[Z is ajoker™] - Pr[ITis bad™ | Z is a joker™]

Pr[llisbad®] =

r[ILis bad] Pr[Z is a joker™ | IT is bad ]
e—c%/B

1—e(c1—¢2)?/3"

Similarly, we can also show that
PI’[H is bad_] < e_cg/?’/(l _ 6_(61_62)2/3).

Therefore Pr[II is bad] < 2e’<‘31’1)2/3/(1 — e71/3) (recall that
wesetco =c1 —1). O

Our next lemma indicates that if a transcript 7 is good and weak,
then the sum of Z;’s will deviate from its mean considerably with
a significant probability. Let c3 be a constant chosen later.

LEMMA 2. For a good and weak transcript m, there exists a
universal constant ¢ such that

Pr [Zie[k] Z; < Bk — (c3 — cl)m‘ = 71’]

2
> &. e 100(ez+1) 7

and Pr [Zie[k] Z; 2,8k+(c;37c1)\/[%‘ H:w]

> . e—lOO(C3+1)2'

PROOF. We only need to prove the first inequality. The proof
for the second inequality is the same.

Since 7 is weak, we can find a set T € [n] with |T'| = 0.5k,
such that for any ¢ € T we have H(Z; | Il = ) > H(0.015).
Let Ny = 3=, cp Zi and No = 37,0\ 1 Zi. Let ¢4 and ¢5 with
¢s — ca = c3 be constants chosen later. The idea of the proof is
to show that conditioned on II = 7, N2 will concentrate around
E [Nz | I = 7] within c4+/Bk with a good probability, while N;
will deviate from E [Ny | IT = 7] by at least c5+/Bk with a good
probability, therefore Eie[k] Z;i = N1 + N> will deviate from its
mean by at least (c5 — c4)+/Bk = c3/Bk with a good probabil-
ity. Here we use the fact that N; and N> are independent random
variables conditioned on II = 7.

To show that N2 will concentrate around its mean, we use a
Chernoft bound. Since 7 is good, we have by the definition of
the goodness of a transcript that E[N2 | II = ] < E[Z | II =
7] < Bk + c1v/Bk < 28k. Thus by a Chernoff bound,

Pr [Ng —E[N2 | II = 7] < —can/Bk ‘ II = 77}
2
< e — A8 (1)
To show that N; will deviate from its mean considerably, we
prove an anti-concentration property of the distribution of N7 con-
ditioned on II = 7. We need the following result which is an easy
consequence of Feller [26] (cf. [44]).

LEMMA 3. ([44]) Let Y be a sum of independent random vari-
ables, each attaining values in [0, 1], and let 0 = \/Var[Y] > 200.
Then for all t € [0,02/100], we have

PrlY > E[Y] 44 >c-e " /G
for a universal constant ¢ > Q.
Since for each ¢ € T itholds that H(Z; | II = w) > H,(0.015),

we have Var(Z; | II = «) > 0.015(1 — 0.018) > 0.0095.
Since conditioned on II = =, the Z;’s are independent, we have



Var(Ny | IT = 7) > 0.0098 - 0.5k > 0.0048k. By Lemma 3 we
have for some universal constant c,

Pr{Ni > E[N: [IT = 7]+ c5v/Bk | =]
_ (e5VBR)? 100e2
> c-e 300048k >c-.e 5.2

Set cs = 1 and ¢5 = c3 + 1. By (1) and (2) and the fact that 7 is
good and weak, we obtain

Pr [Zie[k] Z; > Bk + (cs — 61)\/W‘ I= w]
Pr [Zie[k] Zi — B i Zi | M =m] > 03\//Tk‘ = ﬂ]

> (1- efci/ﬁ) c. e 100c

—100(c3+1)>

Y

= c-(1—e 9.

z. e—100(«234—1)2

(&

)

where ¢ is a universal constant. []
Now we prove our main theorem for k-GAP-MAJ.

PROOF. (of Theorem 1) First, by Lemma 1 we know that with
probability (1 — 267(8171)2/3/(1 — 671/3)) a transcript 7 sam-
pled according to ji is good. Second, conditioned on 7 being good,
it cannot be weak with probability more than 1/2. We show this
by contradiction. Suppose that 7 is weak with probability at least
1/2 conditioned on it being good. Set cs —c¢1 = 1, ¢1 = 5 and
constant ¢ sufficiently small. By Lemma 2, we have that the error
probability of the protocol will be at least

(1 _ 26—(c1—1)2/3/(1 _ 6—1/3)> /2. o~ 100(c142)? > 5,

violating the success guarantee of Theorem 1.
Therefore with probability at least

1/2- (1 — e (=31 6‘1/3)) > Q(1),
7 is both good and strong (thus strong). We are done. [

3.2 The 2-DISJ Problem

In 2-DISJ Alice and Bob each have an n-bit vector. If we view
vectors as sets, then each of them has a subset of [n] corresponding
to the 1 bits. Let « be the set of Alice and y be the set of Bob. The
goal is to return 1 if Ny # 0, and 0 otherwise.

We define the input distribution 7; as follows. Let £ = (n+1)/4.
With probability 1/¢, x and y are random subsets of [n] such that
|| = |ly| = €and |zNy| = 1. And with probability 1 — 1/,
z and y are random subsets of [n] such that |z| = |y| = ¢ and
z Ny = (. Razborov [46] (see also [37]) proved that for ¢ =
4, D;{MOO)(Q-DISJ) = Q(n). It is easy to extend this result to
general ¢ by the following claim.

CLAIM 1. Ifa protocol P solves the problem for general t with
error 1/(100t) and communication cost o(n), then it also solves
the problem when t = 4 with error 1/400 and communication cost
o(n).

PROOF. Under input distribution 7, let p be the probability that
‘P succeeds conditioned on x and y intersecting, and ¢ be the prob-
ability that P succeeds conditioned on x and y being disjoint. Then
p/t+q(1—1/t) > 1 —1/(100¢) by definition of ;. Notice that
conditioned on x and y intersecting, or conditioned on x and y be-
ing disjoint, 7 and 74 are equal as distributions. Hence, the success
probability of the same protocol P on distribution 74 is p/4+3¢q/4.

Substituting p/¢t > 1 — 1/(100t) — g(1 — 1/t) into this, the suc-
cess probability of P on 74 is at least t/4 — 1/400 — tq/4 +q/4 +
3q/4 = t(1 —q)/4 —1/400 + ¢, and since ¢t > 4, this is at least
1—¢q—1/400 + g = 399/400, as desired. []

By Razborov’s lower bound for 74, D%/ *°°") (2-DISJ) = Q(n). In
the rest of the paper we omit the subscript ¢ in 7 when there is no
confusion.

3.3 The Complexity of

We choose the input distribution ¢ for the (1 + ¢)-approximate
Fy problem as follows. Set n = A/e? where A = 20000/6 is a
constant, 8 = 1/(ke?) and t = 1/8. We start with a set Y with
cardinality £ = (n + 1)/4 chosen uniformly at random from [n],
and then choose X1, Xo, ..., X} according to the marginal distri-
bution 7 | Y independently, where 7 is the hard input distribution
for 2-DISJ. We assign X1, Xo, ..., X}, to the k sites, respectively.

Let T; = X; NY if | X; NY| # 0 and NULL otherwise. Let
N = |{i € [k] | T; # NULL}|. Let R = Fo(T1,T>,...,Tx). The
following lemma shows that R will concentrate around its expecta-
tion E[R], which can be calculated exactly.

LEMMA 4. With probability at least (1 — 6500/A), we have
|R — E[R]| < 1/(10¢), where E[R] = (1 — A\)N for some fixed
constant 0 < A < 4/A.

PROOF. We can think of our problem as a bin-ball game: those
T; (i € [K])’s that are not NULL are balls (thus we have NV balls),
and elements in the set Y are bins (thus we have £ bins). We throw
each of the N balls into one of the ¢ bins uniformly at random. Our
goal is to estimate the number of non-empty bins at the end of the
process.

By a Chernoff bound we have that with probability at least

(1 - e*mﬂk)) =1 - o(1), it holds that N' < 28k = 2/¢2. By
Fact 1 and Lemma 1 in [39] we have E[R] = ¢ (1 — (1 —1/0)V)
and Var[R] < 4N?/¢. Thus by Chebyshev’s inequality we have

Pr[|R — E[R]| > 1/(10¢)] < 1/\&[(@2) < 6%20

Letd = N/¢ < 8/A. We can write

B ) B 0 6% 6
E[R] = ¢ (1—¢~")+0(1) = ¢ (1 — 5+ g~ ) HO)
This series converges and thus we can write E[R] = (1 — A\)0¢ =
(I — A)N for some fixed constant 0 < XA < 6/2 < 4/A. [

The next lemma shows that we can use a protocol for Fy to solve
k-GAP-MAJ with good properties.

LEMMA 5. If there exists a protocol P’ that computes a (1 +
ae)-approximation to Fy (for some sufficiently small constant o)
on input distribution ¢ with error probability /2, then there ex-
ists a protocol ‘P that computes the k-GAP-MAJ problem on input
distribution p with error probability §.

PROOF. We first describe the construction of P using P’ and
then show its correctness.

Protocol P . Given a random input Z = {Z1,Za,...,Zs} of
k-GAP-MAI chosen from distribution p, we construct an input
(X1,X2,...,Xk) of Fo as follows: We first choose Y to be a
subset of [n] of size £ uniformly at random. Let I, I%, ... I% be
random subsets of size £ from [n] \ Y, and I{ ', 157", ... I 7"



be random subsets of size (¢ — 1) from [n]\ Y. Let I1, I3, ..., I}
be random elements from Y. We next choose

o | r if Z; =0,
XpG=1. k)= { urt ifz; =1
It is easy to see that (X1, X2, ..., X%, Y) is chosen from distribu-

tion C.

Protocol P first uses P’ to compute W which is a (1 4 ae)-
approximation of Fo(X1, Xa,...,Xx), and then determines the
answer to k-GAP-MAJ as follows.

e W—(n—0) 2(_
k-GAP-MAJ(Z1,..., 7)) =4 b i —5—x— >1/e%(=Bk),
0, otherwise.
Recall that we setn = A/e? £ = (n41)/4and 0 < XA < 4/A s
some fixed constant.

Correctness. Given a random input (X1, Xo, ..., X, Y') chosen
from distribution ¢, the exact value of W = Fy(X1, Xo,. .., Xk)
can be written as the sum of two components.

W=Q+R, 3)

where @ is a random variable that counts Fo(U;epxXi\Y'), and
R is a random variable that counts Fo(U;c(x X (Y). First, from
our construction it is easy to see by Chernoff bounds and the union
bound that with probability (1 /e e_ﬂ(k>> —1—o(1), we
have Q = |{[n] — Y}| = n — £, since each element in {[n] — Y}
will be chosen by every X; (¢ = 1,2, ..., k) with probability more
than 1/4. Second, by Lemma 4 we know that with probability (1 —
6500/A), R is within 1/(10¢) from its mean (1 — \) N for some
fixed constant 0 < X < 4/A. Thus with probability (1 —6600/A),
we can write Equation (3) as

W=(mn-£0+1-XNN + &1, (€]

for a value |k1] < 1/(10¢).

Since Fo(X1, Xa, ..., X)) computes a value W which is a (1+
ae)-approximation of W, we can substitute W with W in Equa-
tion (4), resulting in the following.

W =(n—4£)+ (1 - NN + k1 + ka2, &)

where k2 < ae - Fo(X1, Xo,...,Xi) < aA/e. We can choose
a =1/(10A) to make k2 < 1/(10¢). Now we have

N = (W—=(n—-20)—k1 —k)/(1=2X)
= (W= (n—=0)/(1=X) +rs,
where |k3| < (1/(10e) 4+ 1/(10¢))/(1 — 4/A) < 1/(4¢). There-

fore (W — (n — £))/(1 — \) estimates N = > iciw Zi correctly
up to an additive error 1/(4e) < +/Bk = 1/e, thus computes k-
GAP-MALJ correctly. The total error probability of this simulation
is at most (6/2 + 6600/A), where the first term counts the error
probability of P’ and the second term counts the error probabil-
ity introduced by the reduction. This is less than ¢ if we choose
A =20000/0. [

From Theorem 1 we know that if a protocol computes k-GAP-
MAJ(Z1, Za, . .., Zy) correctly with error probability d, then with
probability ©(1), for at least 0.5k Z;’s we have H(Z; | II =
) < Hp(0.018). This is equivalent to the following: With prob-
ability Q(1), the protocol has to solve at least 0.5k copies of 2-
DISJ(X;,Y) (¢ € [k]) on input distribution 7 each with error
probability at most 0.013 = 1/(100t). By the lower bound for 2-
DISJ on input distribution 7, solving each copy of 2-DISJ requires
©(1/£?) bits of communication (recall that we set n = A/ for a
constant A), thus in total we need Q(k/?) bits of communication.

THEOREM 2. Any protocol that computes a (1+¢)-approximation
to Fy on input distribution { with error probability 0 for some suf-
ficiently small constant & has communication complexity Q(k/2).

4. A LOWER BOUND FOR 7, (P > 1)

We first introduce a problem called k£-XOR which can be con-
sidered to some extent as a combination of two k-DISJ (introduced
in [4,8]) instances, and then compose it with 2-GAP-ORT (in-
troduced in [47]) to create another problem that we call the k-
BLOCK-THRESH-XOR (k-BTX) problem. We prove that the com-
munication complexity of k-BTX is large. Finally, we prove a com-
munication complexity lower bound for £}, by performing a reduc-
tion from k-BTX.

4.1 The 2-GAP-ORT Problem
In the 2-GAP-ORT problem we have two players Alice and Bob.
Alice has a vector ¢ = {z1,22,...,2,.2} € {0, 1}1/52 and Bob

has a vector y = {y1,%2,...,%1,:2} € {0, 1}1/52. They want to

compute
i€[1/e2]
2-GAP-ORT(z,y) = L L
0, Y. XOR(zi,yi) — 5| < 2

i€[1/e2]
%, otherwise.

Let ¢ be the uniform distribution on {0, 1}1/52 x {0, 1}1/62 and
let (X,Y") be a random input chosen from distribution ¢.

We assume that the communication cost of all protocols in the
paper is at most poly (IN), where IV is the number of coordinates in
the vector inputs to the parties. This assumption is fine for our pur-
poses because we will show in Section 4.4 that a k-party protocol P
for F implies a 2-party protocol P’ for 2-GAP-ORT with asymp-
totically the same communication. Thus if 7’ has communication
cost larger than poly (), then we obtain a poly (V) lower bound
for the communication cost of F»> immediately (for any poly(V)).

THEOREM 3. Let I1 be the transcript of any protocol for 2-
GAP-ORT on input distribution ¢ with error probability 1, for a suf-
ficiently small constant v > 0, and assume 11 uses at most poly (N )
communication. Then, I(X,Y;TI) > Q(1/&%).

PROOF. Sherstov [47] proved that under the product uniform
distribution ¢, any protocol that computes 2-GAP-ORT correctly
with error probability ¢ for some sufficiently small constant ¢ >
0 has communication complexity Q(1/¢?). By Theorem 1.3 of
Barak et al. [9] which says that under a product distribution, if
the communication complexity of a two-player problem is at most
poly (¢), then the information cost of the two-player game is at least
the communication complexity of the two-player game up to a fac-
tor of poly log(t). That is, we have I(X,Y;1I) > Q(1/¢?). O

4.2 The ¥-XOR Problem

In the k-XOR problem we have k sites S1,.52,...,Sk. Each
site S; (7, =1,2,..., k‘) holds a block b; = {bi,h biyz, ey bi,n}
of n (n > k™M) bits. Let b = (b1, ba, . . ., by,) be the list of the
inputs of k sites. We assume k£ > 4 is a power of 2. The k sites
want to compute the following function in the blackboard model.

1, if3j € [n]suchthatb; ; =1
for exactly k/2 i’s,
0, otherwise.

k-XOR(br,. .. bi) =



We define the input distribution ¢, for the k-XOR problem as
follows. For each coordinate ¢ (¢ € [n]) there is a variable D,
chosen uniformly at random from {1,2,...,k}. Conditioned on
Dy, all but the D,-th sites set their inputs to 0, whereas the D,-th
site sets its input to 0 or 1 with equal probability. We call the D,-th
site the special site in the ¢-th coordinate. Let 1 denote this input
distribution on one coordinate.

Next, we choose a random special coordinate M € [n] and re-
place the k sites’ inputs on the M-th coordinate as follows: for
the first k/2 sites, with probability 1/2 we replace all k/2 sites’
inputs with 0 and with probability 1/2 we replace all k/2 sites’ in-
puts with 1; and we independently perform the same operation to
the second k/2 sites. Let ¢1 denote the distribution on this spe-
cial coordinate. And let v,, denote the input distribution that on
the special coordinate M is distributed as 11 and on each of the
remaining n — 1 coordinates is distributed as ¢ .

Let B, B;, B; ¢ be the corresponding random variables of b, b;, b; ¢
when the input of k-XOR is chosen according to the distribution
Yn. Let D = {D1, Ds,...,Dy}. Let X = 1 if the inputs of the
first k/2 sites in the special coordinate M are all 1 and X = 0
otherwise. Let Y = 1 if the inputs of the second k/2 sites in the
special coordinate M are all 1 and Y = 0 otherwise. It is easy
to see that under 1, we have k-XOR(B) = X & Y. We say the
instance B is a 00-instance if X =Y = 0, a 10-instance if X = 1
andY = 0,a01l-instanceif X = 0and Y = 1, and a 11-instance if
X =Y =1.Let S € {00,01, 10,11} be the type of the instance.

THEOREM 4. Let 11 be the transcript of any protocol on in-

put distribution 1y, for which I(X,Y;I1) = Q(1). Then we have
I(B;T1 | M, D,S) = Q(n/k), where information is measured ’
with respect to the input distribution y,.

PROOF. Since I(X,Y;IT) = Q(1), we have

(1) = I(X,Y;10) = H(X,Y)—H(X, Y|IT) = 2— H(X, Y|1I),
or H(X,Y|I) = 2 — €(1). By the Maximum Likelihood Princi-
ple in Proposition 1, there is a reconstruction function g from the
transcript of II for which the error probability d, satisfies

1 1,20
COQH(XYI) =T 92-0(1) 4

and therefore the success probability of the reconstruction function
g over inputs X, Y is 4 + Q(1). Since g is deterministic given the
transcript I, we abuse notation and say the success probability of
Iis 1 4+ Q(1).

For an £ € [n], say £ is good if Pr[Il(B) = (X,Y)|M = {] =
1/4 4 Q(1). By averaging, there are €2(n) good /.

By the chain rule, expanding the conditioning, and letting D ~*
denote the random variable D with ¢-th component missing, and
Bi],<¢ and By ¢ the inputs to the k sites on the first £ — 1 coordi-
nates and the ¢-th coordinate, respectively, we have

I(B;11| D,S,M) = Y I(Bup;11| D,S,M, By <o)
=1

Y

Z I(B[k],fzn | D7 S7 Ma B[k],<€)7

good £

"When we say that the information is measured with respect to a
distribution o we mean that the inputs to the protocol are distributed
according to o when computing the mutual information.

which is

Eva | > I(By; 11| De, 8, M, D™ = d, By < = b)

good £
Say a pair (b, d) is good for a good ¢ if
Prill(B) = (X,Y)|M = £,D™" = d, By <, = b] = 1/4+Q(1).
By a Markov argument,
Pr[(b, d) is good | = Q(1).
We therefore have that I(B;1I1 | D, S, M) is at least

Q1) > I(Bpy,e; 1| Dg, S, M, D™ = d, By, <¢ = b, (b, d) is good).
good £

Now define a protocol 1y, ¢ which oninput Ay, . .., A, distributed
according to 11, attempts to output (U, V'), where U = 1if A; =
... = A =1land U = 0O otherwise, and V' = 1if Ay 41 =
...= A = 1land V = 0 otherwise. The protocol Il s 4 has ¢, b
and d hardwired into it. It fills in the inputs for coordinates £’ > ¢
by using the value d and the fact that the inputs to the parties are
independent conditioned on D~¢ = d. It fills in the inputs for co-
ordinates ¢’ < £ using the value b. This can all be done with no
communication. Since ¢ is good and (b, d) is good for Z, it follows
that Pr[Hz’b’d(Al, ey Ak) = (U, V)] = i + Q(l)
Hence, for a good ¢,

I(By,e; 11| D, S, M, Bigj,<¢)

=Q(1)-I(As,..., A;IT' | R, S, M),

where IT' is a (randomized) protocol which succeeds in outputting
(U, V) with probability 1/4 + (1) when Ay, ..., Ay are dis-
tributed as in 11, and R € [k] is chosen uniformly at random and
independently of S, M, A1, ..., Ak, and the private randomness of
IT (here R denotes the random variable D, in the reduction above).
The information is measured with respect to the marginal distribu-
tion of 1, on a good coordinate £. Observe that

I(Ay,..., AT | R, M, S)

:%Z

5€{00,01,10,11}

I(Al,...,Ak;H/|R7M,S:S),

and so

I(B[k]vé;n | DaS7 M7 B[k],<£)

=0Q1) - I(Ay,..., AT | R, M, S = 00).

Let &£ be the event that all sites have the value 0 in the M -th coor-
dinate when the inputs are drawn from (,,. Observe that (¢, |E) =
(¥ ]S = 00) as distributions, and so

I(B[k]sf;n | D7S7 M» B[k],<£)

=0Q01) - I(Ay,..., AT | R, M, E),

where the information on the left hand side is measured with re-
spect to inputs B drawn from 1/, and the information on the right

hand side is measured with respect to inputs A1, ..., Ax drawn
from ¢,,. Observe that Pr[M = ¢] = 1/n, and so
I(Bi),;; 11| D, S, M, Big),<¢)

n—1

> Q1) I(Ar,..., A II' | R, M # (,E)




> Q) -I(Ar,..., AU | R, M #£,E).

By definition of the mutual information, and using that A4, . . .
are independent of £ given M # /¢,

I(Ay, ..., Al | R, M #0,6)
= H(A1,...,Ay| R M #10,8)
—H(Ay,..., Ac | IU, R, M # £,E)
> H(Ai,...,An | R,M #0) — H(Ay, ..., Ax | IT', R, M # 0)
= I(A1,..., A ;IU| R M % 0).

Notice that we have that I (A1, ..., A ;11" | R, M # ) is equal
to I(A1,..., Ag;II' | R) where the information is measured with
respect to the input distribution ¢1, and IT' is a protocol which
succeeds with probability 1/4 + (1) on ¢1.

It remains to show that I (A1, ..., Ay; IT' | R) = Q(1/k) where
the information is measured with respect to (1. Let O be the all-
0 vector, 1 be the all-1 vector and e; be the standard basis vector
with the ¢-th coordinate being 1. By the relationship between mu-
tual information and Hellinger distance (see Proposition 2.51 and
Proposition 2.53 of [7]), we have

I(A1,..., AT |R) =

i€[k]
= Q1/k) 3 h*(IT(0), IT'(e1)),

where h(-,-) is the Hellinger distance (see Section 2 for a defini-
tion). Now we assume k and k/2 are powers of 2, and we use
Theorem 7 of [36], which says that the following three statements
hold:

L e P2T(0), 11 (e1)) = Q(1)-h*(I1'(0), 11 (1*/20%/2))
2. ey P(IT(0), 11 (e5)) = Q(1)-R*(IT'(0), T’ (0%/21+/2))
3. Xy W2(AT(0),11' (1)) = Q(1) - h*(IT'(0),11'(1))
It follows that
I(Al,...7Ak;H/ | R)
= QQ/k)- (h*(T'(0),I'(1*/20472)
+R2(I1(0), 11'(0%/215/2)) 4 1? (IT'(0), 11(1))) .
By the Cauchy-Schwartz inequality we have,
I(Ay, ..., ATl | R)
= Q(1/k)- (h(H’(0)7H’(1’“/20k/2))
FR(IT'(0), IT(0°/21/2)) 4 h(IT (0),11 (1)) )
‘We can rewrite this as
I(Al,...,Ak;H/ | R)
= QQ1/k)- (3h(H’(0),H’(1k/20’“/2))
FBR(IT (0), I1(021/2)) 4 3h(IT'(0), TT'(1)) )

Now by the triangle inequality of Hellinger distance (which is just
the Euclidean norm of the so-called transcript wave function, see
[36]), we obtain the following,

I(Al,...,Ak;HI|R)

= Q(1/k)- (Ea,be{o, 1, 1k/20k/2 gk/21k/2) h(IT'(a), H/(b)))

(1/k) > I(As,..., AT | R =)

2

The claim is that at least one of h(II'(a),IT'(b)) in the RHS in
Equation (6) is (1), and this will complete the proof. By Propo-
sition 3, this is true if the total variation distance between IT'(a)
and IT'(b) is Q(1) foran a, b € {0, 1, 1¥/20%/2 0¥/21%/2} and
there must be such a pair (a,b), as otherwise IT' cannot succeed
with probability 1/4+ (1) on distribution t); (since it cannot dis-
tinguish different outputs), violating its success probability guaran-
tee. [

4.3 The «-BTX Problem

The input of the k-BTX problem is a concatenation of 1/¢?
copies of inputs of the k-XOR problem. That is, each site S; ( =

1,2,..., k) holds an input consisting of 1/¢? blocks each of which

is an input for a site in the k-XOR problem. More precisely, each
2 .

Si (i € [k]) holds an input b; = {b;,b7,.. ., b/} where b! =

{b] 1,02 5,...,b] .} (5 € [1/€%]) is a vector of n (n > E1TOM)

bits. Let b = {b1; ba, ..., by} be the union of the inputs of k sites.

In the k-BTX problem the £ sites want to compute the following.

1, if | 3 k-XOR(,...,b]) — 53
j€l1/e2]
> 2/,
E-BTX(by,...,by) = ) ; ; )
0, if | > Kk-XOR(}],...,b)— 57
jE[1/€2]
<1/e,

*, otherwise.

We define the input distribution v for the k-BTX problem as fol-
lows: the input of the k sites in each block is chosen independently
according to the input distribution %, which is defined for the
k-XOR problem. Let B, B;, B, B} , be the corresponding ran-
dom variables of b, b;, bf , bz , when the input of k-BTX is chosen
according to the distribution v. Let D’ = (DI, D} ... ,Di}
where D] (¢ € [n],j € [1/€%]) is the special site in the ¢-th
coordinate of block j, and let D = {D',D?, ..., Dl/EQ}. Let
M ={M" M3, ..., Ml/Ez} where MY is the special coordinate
inblock j. Let S = {S*,52,...,S"<"} where §7 € {00,01,10, 11}
is the type of the k-XOR instance in block j.

For each block j (j € [1/£]), let X7 = 1 if the inputs of the
first k/2 sites in the special coordinate M’ are all 1 and X7 = 0
otherwise; and similarly le_t Y7 = 1if the inputs of the second k/2
sites in the coordinate M7 are all 1 and Y7 = 0 otherwise. Let
X ={X' X% . XY }andY ={Y1 Y2 . .. YY)} We
first show the following theorem.

THEOREM 5. Let 11 be the transcript of any protocol for k-BTX
on input distribution v with error probability § for a sufficiently
small constant § > 0. Then I(X,Y ;1) = Q(1/¢?), where the
information is measured with respect to the uniform distribution on
X, Y.

PROOF. Consider the following randomized 2-player protocol
IT' for 2-GAP-ORT, where the error probability is over both the
coin tosses of IT’ and the uniform distribution ¢ on inputs (X, Y").
Alice and Bob run II, with Alice controlling the first k/2 players,
and Bob controlling the second k/2 players. Alice and Bob use the
public coin to generate M7 and D? values for each j € [1/¢2]. For
each j € [1/¢?], Alice sets the M7-th coordinate of each of the
first k/2 players to X;. Similarly, Bob sets the M7-th coordinate
of each of the last /2 players to Y;. Alice and Bob then use private
randomness and the D7 vectors to fill in the remaining coordinates.
Observe that the resulting inputs are distributed according to v for



k-BTX by definition of v and the fact that (X,Y") is uniformly
distributed.

Alice and Bob run the deterministic protocol II. Every time a
message is sent between any two of the k players in II, it is ap-
pended to the transcript. That is, if the two players are among the
first k /2, Alice still forwards this message to Bob. If the two play-
ers are among the last k /2, Bob still forwards this message to Alice.
If the message is between a player in the first group and the second
group, Alice and Bob exchange a message. The output of II” is
equal to that of II. Let rand denote the randomness used in IT',
which since II is deterministic, is just the randomness used to help
create the inputs to II. Note that rand consists of the public ran-
domness and private randomness. The only public randomness is
that used to define the M7 and D7 values for each j € [1/£?]. Let

r ana(X,Y") denote the induced deterministic protocol we obtain
by hardwiring rand.

By a Markov argument if II succeeds with probability at least
1 — 0, then for at least a 1/2 fraction of choices of rand,

Prx,y [l enq(X,Y) = 2-GAP-ORT(X,Y)] > 1 — 26.
By construction of IT',
I(X,Y;I(X,Y)) = [(X,Y;IT'(X, Y, rand)),

where rand is not included in the transcript of IT'. By definition of
the mutual information,

I(X,Y; ' (X, Y, rand))

= Erund [EH:«and(X’Y) [DKL (p(valn'lrand(Xv Y)) H p(X7 Y))]] s

where Dk r(p,q) is the KL-divergence between distributions p
and ¢, and p(V') for a random variable V' denotes its distribution.
By a Markov argument, for at least a 2/3 fraction of random strings
rand,

I(Xa Ya 5 H{r‘and(Xv Y))
= EH’ 4(X,Y) I:DKL(p(XaY‘H;and(XvY)) Hp(X7 Y)]

ran

3. I(X,Y;I(X,Y)).

A

By a union bound, there exists a setting of rand for which we have
Pr[Il4nq(X,Y) = 2-GAP-ORT(X,Y)] > 1 — 26, 6)

and
I(X,Y; M apa(X,Y)) < BI(X, V3TI(X, V). (7
Since I1,,,,,, is deterministic, it follows by (6) and Theorem 3 that

I(X, Y310 ,,qa(X,Y)) = Q(1/€%), and hence by (7), we have
I(X,Y;TI(X,Y)) = Q(1/¢?), which completes the proof. []

Now we are ready to prove our main theorem for k-BTX.

THEOREM 6. Let 11 be the transcript of any protocol for k-BTX
on input distribution v with error probability § for a_sufficiently
small constant § > 0. We have I(B;T1 | M, D, S) > Q(n/(ke?))
for any n > KW where the information is measured with re-
spect to the input distribution v.

PROOF. By Theorem 5 we have I(X,Y;TT) = Q(1/?). Using
the chain rule we obtain that

I(X7 VI | X7, v<9) = Q1)
for at least Q(1/¢%) 5’s, where X</ = {X', X?,..., X7~ "} and

similarly for Y <7, We say such a j for which this holds is good.
Now we consider a good j € [1/£%]. We show that

I(B’;11| M, D, S, B~7) = Q(n/k)

if 5 is good. Since B<? determines (X <7, Y <9) and B<7 is inde-
pendent of B, by the third part of Proposition 1, it suffices to prove
that I(B7; 11| M, D, S, X <7, Y <7) = Q(n/k). By expanding the
conditioning, we can write I(B’;I1| M, D, S, X <7 Y<9) as

Em.ds,oy[[(B;I1| M7, D7, 8", M~ =m, D7 =d,
S =5, XV =2, Y =y)].
For each m, d, s, z, y, we define a randomized protocol Il 45,2,y
for computing X7, Y7 on distribution %,,. Suppose the k sites are
given inputs a1, az, . . ., ax chosen randomly according to 1),,. For
each ¢ € [k] the i-th site sets B = a,. The k sites set the re-

maining inputs as follows. Independently for each block j' # 7,

conditioned on S7 ,, M7 and D’ ,, the k sites sample the input B’ '
randomly and independently according to ., using their private
random coins (note that S~ determines X </ and Y <7). Finally
the k sites run II on B and define
Hmd,s,x,y(al, ceny ak) = H(B)

By the definition of a good j € [1/£%], we know by a Markov
bound that with probability (2(1) over the choice of (x, i) from the
uniform distribution, if (X <7, Y <7) = (z, y) then we have

XY | XY =2, Y =) =Q(1).

Call these (z,y) for which this holds good. Now for a good pair
(z,y), we say a tuple (m, d, s) is good if

(XY Y9I | M7 =m, D7 =d,
S =5, XV =2, Y =y)=Q(1).

Since I(X<7,Y<9;I1| X< = 2, Y < = y) = Q(1) for a good
pair (z, y), by another Markov bound we have that

Prm.a.s[(m,d,s) is good] = Q(1).
Combining the above arguments with Theorem 4, we obtain

I(B%;11| M, D, S, B~7)

> I(B’;11| M,D,S, X<, Y<7)

= Emdsay[[(BI| M, D7 ST M7 =m, D7 =d,
S =5, XY =2, =y)

Z Q 1)'Em,d,s,z,y[I(Bj;H‘Mj7Dj7Sj7

(
(M7j7D7j7 Si]’) = (m,d,s), (X<jvy<j) = (z,y),
(m,d, s) is good, (z,y) is good)]
= Q(n/k) (By Theorem 4).

By the chain rule, the fact that there are Q(1/£2) good j € [1/¢?],
and part 3 of Proposition 1,

I(B;11| M,D,S) > > (B M,D,S,BY)

JE[1/2]A j is good

> >, I(BLII|M,D,S)
J€E[1/€2]A jis good
> Q(n/(ke?)).

This completes the proof. [

By Proposition 2 that says that the randomized communication
complexity is always at least the conditional information cost, we
have the following immediate corollary.



COROLLARY 2. Any protocol that computes k-BTX on input
distribution v with error probability § for some sufficient small con-
stant § has communication complexity Q(n/(ke?)).

4.4 The Complexity of 7, (p > 1)

The input of e-approximate F}, (p > 1) is chosen to be the same
as k-BTX by setting n = kP. That is, we choose {b1, b2, ..., bi}
randomly according to distribution v. b; is the input vector for site
S; consisting of 1/&2 blocks each having n = k? coordinates. We
prove the lower bound for F}, by performing a reduction from k-
BTX.

LEMMA 6. If there exists a protocol P’ that computes a (1 +
ae)-approximate F, (p > 1) for a sufficiently small constant o on
input distribution v with communication complexity C' and error
probability at most 9, then there exists a protocol P for k-BTX on
input distribution v with communication complexity C and error
probability at most 30 + o, where o is an arbitrarily small constant.

PROOF. We pick a random input B = {Bi, Bs, ..., B} from
distribution v. Each coordinate (column) of B represents an item.
Thus we have a total of 1/¢? - kP = kP /<? possible items. If we
view each input vector B; (i € [k]) as a set, then each site has a
subset of [k? /%] corresponding to these 1 bits. Let W, be the exact
value of F,(B). Wy can be written as the sum of four components:

Wo = (kp*1+Q)-1P+(i+U)-(k/z)P

2e2 22

1 P
+(452+v)-k, ®)
where ), U, V' are random variables (it will be clear why we write it
this way in what follows). The first term of the RHS of Equation (8)
is the contribution of non-special coordinates across all blocks in
each of which one site has 1. The second term is the contribution of
the special coordinates across all blocks in each of which k/2 sites
have 1. The third term is the contribution of the special coordinates
across all blocks in each of which all £ sites have 1.

Note that k-BTX(b1,b2,...,bx) is 1 if |[U| > 2/e and 0 if
|U| < 1/e. Our goal is to use a protocol P’ for F, to construct a
protocol P for k-BTX such that we can differentiate the two cases
(i.e., |U| > 2/e or |[U| < 1/e) with a very good probability.

Given arandom input B, let W be the exact F),-value on the first
k/2 sites, and W> be the exact Fp-value on the second k/2 sites.

Thatis, W1 = Fp(B1, .. .,Bk/Q) and Wy = Fp(Bk/2+1, .. ,,Bk).

We have
wiewe = (BMolio) v (L o) k2
2¢e2 2e2
1 p
+<@+V) 2. (k/2)P. )

By Equation (8) and (9) we can cancel out V:

(271 —1) ((kZ;; L Q)
+ (50 +0) G2 0

Let Wo, W1 and W- be the estimated Wo, Wy and W> obtained by
running P’ on the k sites’ inputs, the first k/2 sites’ inputs and the
second k/2 sites’ inputs, respectively. Observe that Wy < (27 4+
1)kP/e? and W1, Wo < 2kP/e®. By properties of P’ and the
discussion above we have that with probability at least 1 — 39,

2P71(W1+W2)*W0 = 2p71(W1 +W2)7V~Vo:tﬂ,kp/€, (11)

2p_1(W1 =+ WQ) — W

where 8| < 3(2P + 1)a.

By a Chernoff bound we have that |Q| < ¢1k?/2 /e with prob-
ability at least 1 — o, where o is an arbitrarily small constant and
1 < klog'/?(1/0) for some universal constant . Combining this
fact with Equation (10) and (11) and letting W = (2’771(1/?/1 +
Wa) — Wo)/(2P~1 — 1), we have that with probability at least
1—-36—o,

W 2P 41 273

V= T 2¢2 (21— 1)e’ 12

where |3] < 3(2P + 1)a + o(1).

Protocol P. Given an input B for k-BTX, protocol P first uses
‘P’ to obtain the value W described above, and then determines the
answer to k-BTX as follows:

1, if [2PW/KP — (2P +1)/(2¢%)| > 1.5/,

0, otherwise.

k-BTX(B) = {

Correctness. Note that with probability at least 1 — 36 — o, we
have |3] < 3(2P + 1)+ o(1), where @ > 0 is a sufficiently small

(21,3?761)5‘ < 0.5/e. Therefore, in this case

protocol P will always succeed. [

constant, and thus

Theorem 6 (set n = k) and Lemma 6 directly imply the follow-
ing main theorem for F,.

THEOREM 7. Any protocol that computes a (1+¢)-approximate
F, (p > 1) on input distribution v with error probability ¢ for
some sufficiently small constant § has communication complexity
QkP~1/e%).

5. AN UPPER BOUND FOR F; (P > 1)

We describe the following protocol to give a factor (1 + O(¢))-
approximation to F}, at all points in time in the union of k streams
each held by a different site. Each site has a non-negative vector
v’ € R™, ¥ which evolves with time, and at all times the coordi-
nator holds a (1 + ©(¢))-approximation to || 3 v*||2. Let n be
the length of the union of the k streams. We assume n = poly(m),
and that k is a power of 2.

As observed in [20], up to a factor of O (¢~ * log n log(e ™' logn))
in communication, the problem is equivalent to the threshold prob-
lem: given a threshold 7, with probability 2/3: when || 3% v*||2 >
7, the coordinator outputs 1, when || S°F_, v'||2 < 7/(1 + ¢), the
coordinator outputs 0, and for 7/(1 + ¢) < || Zle v'||p < 7, the
coordinator can output either 0 or 1°.

We can thus assume we are given a threshold 7 in the follow-
ing algorithm description. For notational convenience, define 7, =
7/2° for an integer £. A nice property of the algorithm is that it is
one-way, namely, all communication is from the sites to the coor-
dinator. We leave optimization of the poly(¢ ™' logn) factors in
the communication complexity to future work.

5.1 Our Protocol

The protocol consists of four algorithms illustrated in Algorithm 1
to Algorithm 4. Let v = ZLI v* at any point in time during the

8We use m instead of NV for universe size only in this section.

°To see the equivalence, by independent repetition, we can assume
the success probability of the protocol for the threshold problem
is 1 — ©(e/logn). Then we can run a protocol for each 7 =
1,(14¢),(14+¢)2 (1+¢)3,...,0(n?), and we are correct on all
instantiations with probability at least 2/3.



Algorithm 1: Intepretation of the random public coin by sites
and the coordinator
r=0(logn) /+ A parameter used by the sites
and coordinator %/
forz=1,2,...,rdo
for{=0,1,2,...,logm do
Create a set S7 by including each coordinate in [mn]
L independently with probability 2~

Algorithm 2: Initialization at Coordinator

v = 0(¢g), B = poly(¢~!logn). Choose 1 € [0, 1]
uniformly at random /+ Parameters */
forz=1,2,...,rdo
for/=0,1,2,...,logm do
forj=1,2,...,mdo
L fzej < 0/x Initialize all

frequencies seen to 0 */

out < 0 /x The coordinator’s current output

*/

Algorithm 3: When Site i receives an update v* < v* + e; for
standard unit vector e;
forz=1,2,...,rdo
for/=0,1,2,. logmdo
if j € 57 andv > Tg/p/(kB) then
L With probability min(B/7, /P 1), send (j, z, £) to
the coordinator

Algorithm 4: Algorithm at Coordinator if a tuple (j, z, £) ar-
rives
forg & fors+7'7/B
forh =0,1,2,...,0(y 'log(n/n?)) do
forz=1,2,...,rdo
Choose ¢ for which 2¢ <
£ = 0 if no such /£ exists
Let
F. :{j E[ ] |fzf,J
| ¢n = median, 2¢. |F% |
i, gén-n" - (1+9)"" > (1 -
out < 1
| Terminate the protocol

0+1
n?“(1+’v)””B <27 or

(4", n(1+7)"1)}

)7 then

union of the k streams. At times we will make the following as-
sumptions on the algorithm parameters v, B, and r: we assume
v = O(e) is sufficiently small, and B = poly(¢~'logn) and
r = O(logn) are sufficiently large.

5.2 Communication Cost

LEMMA 7. Consider any setting of v', ... ,v* for which we
have || Zl LU ||p < 2P.7. Then the expected total communication
is kP~' - poly(e ' logn) bits.

PROOF. Fix any particular z € [r] and £ € [0,1,...,logm].
Let v;’e equal v§ if j € S, and equal 0 otherwise. Let v** be the

vector with coordinates v;‘e for j € [m]. Alsolet v® = S°F | v™t
Observe that E[||v||2] < 27 - 7/2° = 27 - 7.
Because of non-negativity of the v°,

k
ZZ ) ZHU”I < [l

i=1jESy
Notice that a j € S, is sent by a site with probability at most

B/, /7 and only if (v})? > 7. Hence the expected number of
messages sent for this z and ¢, over all randomness, is

B ; B ElIE /P
-r[l/pE [ZZJ | D)P2 gppp Ui = /P ' 7'2/(161”‘310”) kB
P .7 - kPT1.BP _
< S TR TP _9p kPl BP (13)
Te

where we used that 3_ v} is maximized subject to (v})? > 75

and >°(vi)P < [[v*]|% when all the v} are equal to T, /7 1(kB).
Summing over all z and ¢, it follows that the expected number of
messages sent in total is O(kP~* B” log? n). Since each message is
O(log n) bits, the expected number of bits is k*~'-poly (¢ ~* log n).

5.3 Correctness

We let C' > 0 be a sufficiently large constant.

5.3.1 Concentration of Individual Frequencies

We shall make use of the following standard multiplicative Cher-
noff bound.

FACT 1. Let X1,... X, be i.id. Bernoulli(q) random vari-
ables. Then forall0 < B < 1,

_ B2%gs
3 .

IZX —qs|>ﬂqs] <2

LEMMA 8. For a sufficiently large constant C > 0, with prob-
ability 1 — niQ(C),for all z, 4, j € Sy, and all times in the union
of the k streams,

C’-rl/p logn

1. fz,@,j S 2e - (1 + [T, and

5 1/p
. o
2. ifv; > %, then

[f205 —v] <

log

PROOF. Fix a particular time snapshot in the stream. Let g, ¢ ; =
fe - B/Tgl/p. Then g. ¢,; is a sum of indicator variables, where
the number of indicator variables depends on the values of the
v; The indicator variables are independent, each with expectation

min(B/Tél/p, 1).

First part of lemma. The number s of indicator variables is at
most v;, and the expectation of each is at most B/ Tél /P, Hence, the
probability that w = 2e - v; - B/Tll/p + C'logn or more of them
equal 1 is at most

. w w Clogn
u) (B} (B o (1) —nC,
w 7, /p wT, /P 2

This part of the lemma now follows by scaling the g. ¢, ; by Tzl/p/B
to obtain a bound on the f. ¢ ;.




- Clog® n)r,/?
Second part of lemma. Suppose at this time v; > %

The number s of indicator Variablf:s is minimized when there are
1/p

k — 1 distinct 7 for which v§ = T,‘;—B, and one value of 7 for which
1/p
i Ty
v, =v; —(k—1)- .
j i = ( ) LB
Hence,
1/p 1/p 1/p
T, T T,
s>v—(k—1)- 4t - £ =y, — £,
Z vy = ( ) kB kB J B
. . Tl/p .
If the expectation is 1, then f.,; = v; — [B , and using that
C(log5 n)Tél/p . . .
v; > — 5 — establishes this part of the lemma. Otherwise,
1/p 5 1/p
. . T C(log n)re _ B
applying Fact 1 with s > v; — 45— > ——p T andq = W’
and using that gs > 021:%3 2 we have

5
S _
o s> ] =0

2log® n
Scaling by 5~ = 4 we have
5
s —-Q(C)
Pr||fse; —s| > =n
(15 = > 5o ,
. Tl/p
and since v; — 45— < s < vy,
5 1/p
v T —Q(0)
Pr s0i — V| > Y| =n
|:|f?, 5J J| = 210g2n B ’
. Tl/p 'ysv,- . .
and finally using that 45— < QIOgQJn’ and union-bounding over a

stream of length n as well as all choices of z, ¢, and j, the lemma
follows. [

5.3.2 Estimating Class Sizes
Define the classes C}, as follows:
Ch={j €m][n(1+y)" <v; <n(l+)""}.

Say that C, contributes at a point in time in the union of the k
streams if

|Ch| X ,r]p(l + ,_y)ph > 7”””5 .
~ B'/2log(n/nP)

Since the number of non-zero |C,| is O(y ™! log(n/n")), we have

v P
Yoo G-+t =0 (L%) Q)

non-contributing h

LEMMA 9. With probability 1 — n~ ¥ ar all points in time

in the union of the k streams and for all h and ¢, for at least a 3/5
fraction of the z € [r],

|Ch N SF| <3-27°|Chl

PROOF. The random variable |C N S7| is a sum of |C}| in-
dependent Bernoulli(2~%) random variables. By a Markov bound,
Pr[|Ch N SE| < 3-274Ch|] > 2/3. Letting X, be an indicator
variable which is 1 iff |Cy, N SZ| < 3 - 27¢C4|, the lemma fol-
lows by applying Fact 1 to the X ., using that r is large enough, and
union-bounding over a stream of length n and all h and ¢. [

For a given C}, let £(h) be the value of ¢ for which we have 2t <

W < 21 or ¢ = 0if no such ¢ exists.

LEMMA 10. With probability 1 — n~ ¥ arall points in time

in the union of the k streams and for all h, for at least a 3/5 fraction
of the z € [r],

1.2/ | C, 0 S| < 3|Chl, and

2. if at this time Cy, contributes and ||v||} > I, then 2t
|Ch N SGnyl = (1 £7) [Cnl.

PROOF. We show this statement for a fixed h and at a particular
point in time in the union of the k streams. The lemma will follow
by a union bound.

The first part of the lemma follows from Lemma 9.

We now prove the second part. In this case ||v||5 > Z. We can
assume that there exists an £ for which 2¢ < W
Indeed, otherwise £(h) = 0 and |Ch N S| = |Chl and the
second part of the lemma follows.

Letg(z) = [CrNSFp)|, which is a sum of independent indicator
random variables and so Var[q(z)] < E[q(z)]. Also,

P ph
Bl) = 26> TEEDE o as)

Allvliz and

. ~ h
Since C}, contributes, |C| - P - (1 +v)P" > B log(n/nP)’

combining this with (15),

B,y| v P B1/2
B/2rlog(n/nP) ~ 5log(n/nP)
It follows that for B sufficiently large, and assuming n > 1 /nc
which happens with probability 1 — 1/n, we have E[q(z)] > 732,
and so by Chebyshev’s inequality,
Var[q(z)]
7 - E?[q(2)]

Since E[q(z)] = 27¢|Ch|, and r = ©(logn) is large enough, the
lemma follows by a Chernoff bound. [

Pr{lg(z) — Elg(2)]| > vE[q(2)]] < <

1
5

5.3.3 Combining Individual Frequency Estimation and
Class Size Estimation

We define the set 7' to be the set of times in the input stream
for which the Fj,-value of the union of the k streams first exceeds
(1 + ~)* for an 7 satisfying

0 <i<logy 2P . 1.

LEMMA 11. With probability 1 — O(v), for all times in T and
all h,

1. ¢n < 3|Chl +37(2 4+ ) (ICh-1| + [Ch1]), and

2. if at this time Cl, contributes and ||[v||} > T, then

(1-47)|Cr| < én < (14+7)|Ch|[+37(24+7) (| Cr—1]+|Cht1])-

PROOF. We assume the events of Lemma 8 and Lemma 10 oc-
cur, and we add n~ (%) (o the error probability. Let us fix a class
Ch, apointin time in T, and a z € [r] which is among the at least
3r/5 different z that satisfy Lemma 10 at this point in time.

5 1/p
By Lemma 8, forany j € CrN.Sy 4, for whichv; > %,
if
5

|min(v; — (1 +)", (1 +3)" —v;)| > 1og2n “vj, (16)




then j € F. . Let us first verify that for j € Cj, we have v; >

C(log® n)rl/p
Te(h). We have

h T Te(h
v > 0P (14 )P > )

Z Y0HE 2 2B an

and so

oy \ /P C(log® n)T;éS
v; 2 | 55 2 — =0
2B B~

where the final inequality follows for large enough B = poly(¢~* logn)

andp > 1.
It remains to consider the case when (16) does not hold.
Conditioned on all other randomness, € [0, 1] is uniformly
random subject to v; € C}, or equivalently,

Y%
T+
If (16) does not hold, then either
_ 5 2 ) 5 2 )
(=" log ey _ o (147" 0g* m)u,
()" (1+ )kt
Hence, the probability over 7 that inequality (16) holds is at least

o
<p< —2
T=Fq)r

7P, + 7P

1_ Qdptlog?n © (A4y)hFllog?n _ 4 7'(2+7)
v v - 2 .
= log™n

It follows by a Markov bound that
43
log? n

PrICh 0 Siy| > |Chl- (1 = (2 +7))] < (18)
Now we must consider the case that there is a j* € Cjs N S5,

for which j' € F, j for an b’ # h. There are two cases, namely,

5 1/p 5 1/p
M M. We handle each

. Z(h) .
ifv;r < BAT0 orif v, > 510
case 1n turn.
C(log® n)‘rzl(/}ip)
Case: vy, < — 5 Then by Lemma 8,

crlr logn
Feuttny.gr < 2e vy + ——.
B
Therefore, it suffices to show that
- C(log® n)T;/}S CT;/}S logn

h
B0 B <nl+7)",

from which we can conclude that j’ ¢ F, ». Butby (17),

Te(n) \ 1/P
14+ > (7) 2
n1+7)" 2 (55 > 2e

C(log5 n)Tel/}S
T BA0 B

CTEI(/}S logn

where the last inequality follows for large enough B = poly (e ! log n).

Hence, j' ¢ F. p.

C(log5 n)TZ(/hp) . ,
Case: vj; > — 555 Weclaim that " € {h — 1,h + 1}.
Indeed, by Lemma 8 we must have
5 5
2 h+1 v
1+7)" - cvy < vy <1+ + —— vy
n( ) logZn == n( ) log®n
This is equivalent to
h h41
nt+y) o nd+7)

1+~5/logn = 7 — 1—+5/log’n’

If ' € Cys for b’ < h — 1, then

yh=1 n(L+)" n(L+)"

147 1+~5/log®n’

vy <147

which is impossible. Also, if j* € Cys for A’ > h + 1, then

n(L+ )"

v 2L+ )" =1+ )" (149) > 1—~5/log”n’

which is impossible. Hence, ' € {h — 1,h + 1}.
Let Nz,h = Fz7h \ C},. Then

7'(2+9)

E[|N. | <
[IN.n] log® n

“(|Ch—1 N SEy | + |Chg1 N STy l)- (19)

By (18) and applying a Markov bound to (19), together with a union
bound, with probability > 1 — 24"

log2n>

(L= +7) [Ch N Siy| < |Fz (20)

|Fon| < 1Ch O Simyl +7(2+7) - (ICk—1 N Signy|
+|Chy1 N SZ(h)D. 21

By Lemma 9,

2™y N S| < 3Ch|
and 2/ |Cry1 N S7| < 3[Chsa]-  (22)

First part of lemma. At this point we can prove the first part of
this lemma. By the first part of Lemma 10,

2 | Cw N SE | < 3|Chl. (23)
Combining (21), (22), and (23), we have with probability at least
2 -e(0)
log2 n ’
2™ F, | < 3|Chl + 3%(2 + 1)(|Ch-1] + [Chya]).

Since this holds for at least 3r /5 different z, it follows that
én < 3|Cn| 4+ 3v(2 + V) (|Ch-1] + [Ch1l),

and the first part of the lemma follows by a union bound. In-
deed, the number of h is O(y~*log(n/nP)), which with proba-
bility 1 — 1/n, say, is O(y " 'logn) since with this probability
nP > 1/nP. Also, |T| = O(y *logn). Hence, the probability
this holds for all & and all times in T"is 1 — O().

Second part of the lemma. Now we can prove the second part
of the lemma. By the second part of Lemma 10, if at this time C},
contributes and ||v||5 > I, then

2°M L |Ch N SEy| = (1 £ 7)|Chl- (24)
Combining (20), (21), (22), and (24), we have with probability at

_ 298 —90)
least 1 fogZn — R

(1 =2 +7))(1 =)[Ch| < 2" |Fon] < (1+7)[Ch
+37(2 +7)(|Ch—1] + [Ch1]).
Since this holds for at least 3r/5 different z, it follows that

(1 =72+7)A =ICr| < &n < (1+7)|Chl
+ 372+ 7)(|Ch=1] + |Cr+1])-



and the second part of the lemma now follows by a union bound
over all A and all times in 7", exactly in the same way as the first
part of the lemma. Note that 1 — 4y < (1 — (2 +v))(1 — v) for
small enough v = ©(¢). [

5.3.4  Putting It All Together

LEMMA 12. With probability at least 5/6, at all times the co-
ordinator’s output is correct.

PROOF. The coordinator outputs O up until the first point in time
in the union of the k streams for which 3, - & 7" - (1 +7)"" >

(1 —&/2)7. It suffices to show that

S a4y = (1 £e/2)|v]lp (25)
h>0

at all times in the stream. We first show that with probability at
least 5/6, for all times in 7',

D a4y = (1 £e/4)v]lp, (26)
h>0

and then use the structure of 7" and the protocol to argue that (25)
holds at all times in the stream.

Fix a particular time in 7". We condition on the event of Lemma
11, which by setting v = ©(e) small enough, can assume occurs
with probability at least 5/6.

First, suppose at this point in time we have ||v||/5 < T. Then by
Lemma 11, for sufficiently small v = ©(e), we have

D et ()"

h>0
< D BIOk + 372+ ) (Choa] + [Crsa])) - 0" (1 + 7)™
h>0
< Y [sT geneinaeyt Y
h>0 JECH JE€ECHL-1UCh 11
< Afvllp
<
- 5
and so the coordinator will correctly output 0, provided € < é
We now handle the case ||v||} > I. Then for all contributing
Ch, we have

(1=4Y)|Ch] < & < (1+7)ICr|+37(2+7)(ICh-1]+[Crta]),
while for all C,, we have

én < 3|Cn| 4+ 3v(2 + ) (|Ch-1] + [Ch1]).
Hence, using (14),

e A+ = >0 (1= 4y)[CulnP (147"
h>0 contributing C'p,
(1-4) D
> Aot vy
contributing C'p, 7€Cp
> (1-69)-(1—-0(1/B"?)- ||}

For the other direction,

> en P4 y)Ph
h>0

D>

contributing C'p,

(1L+7)|ChlnP (1 +~)P"

3|Ch|nP (1 +)P"

>

non-contributing C',

+> 372+ V) (Cho1] + |Crhyar P (1 +7)P"
h>0

< A+ D> D +0o/BYA)lE +00) -l
contributing C}, j€C,
< (1+0() +01/BY?)|v|lp.

Hence, (26) follows for all times in 7" provided that v = O(e) is
small enough and B = poly (e~ ! log n) is large enough.

It remains to argue that (25) holds for all points in time in the
union of the k streams. Recall that each time in the union of the k
streams for which ||v||2 > (1 + +)* for an integer 4 is included in
T, provided |[v||) < 2P7.

The key observation is that the quantity 3", -, &1 (1 +7)" is
non-decreasing, since the values |F 5| are no?l-decreasing. Now,
the value of ||v||} at a time ¢ not in T is, by definition of T°, within a
factor of (14=y) of the value of ||v||5 for some time in T". Since (26)
holds for all times in T, it follows that the value of ) _, ., €nn? (1+

)P at time ¢ satisfies

(=7 (—e/A)lolly < D enn” (147" < (147) (L+e/D) o],

h>0

which implies for v = ©(e) small enough that (25) holds for all
points in time in the union of the k streams. This completes the
proof. [

THEOREM 8. (MAIN) With probability at least 2/3, at all times
the coordinator’s output is correct and the total communication is
kEP~! . poly (e~ logn) bits.

PROOF. Consider the setting of v*, . . ., v* at the first time in the
stream for which || Zle v*||5 > . For any non-negative integer
vector w and any update e;, we have ||w+¢;]|5 < (||wl][, +1)F <
2P ||wl|E. Since || 3-F_, v*||2 is an integer and T > 1, we therefore
have || 2% | v¥||2 < 27 . 7. By Lemma 7, the expected commu-
nication for these v, . . ., v* is kP~ - poly (¢ " log n) bits, so with
probability at least 5/6 the communication is k*~*-poly (¢ ~* log n)
bits. By Lemma 12, with probability at least 5/6, the protocol ter-
minates at or before the time for which the inputs held by the play-
ers equal v', ..., v*. The theorem follows by a union bound. [J

6. RELATED PROBLEMS

In this section we show that the techniques we have developed
for distributed Fy and F}, (p > 1) can also be used to solve other
fundamental problems. In particular, we consider the problems:
all-quantile, heavy hitters, empirical entropy and ¢, for any p > 0.
For the first three problems, we are able to show that our lower
bounds holds even if we allow some additive error €. From def-
initions below one can observe that lower bounds for additive e-
approximations also hold for their multiplicative (14-¢)-approximation
counterparts.

6.1 The All-Quantile and Heavy Hitters

We first give the definitions of the problems. Given a set A =
{ai1,a2,...,an} where each a; is drawn from the universe [V], let
fi be the frequency of item ¢ in the set A. Thus Zie[ N fi=m.

DEFINITION 3. (¢-heavy hitters) For any 0 < ¢ < 1, the set
of ¢-heavy hitters of A is Hy(A) = {x | f= > ¢m}. Ifan e-
approximation is allowed, then the returned set of heavy hitters
must contain Hy(A) and cannot include any x such that f, <



(6 —e)ym. If (¢ —e)m < fz < ¢m, then x may or may not be
included in Hy(A).

DEFINITION 4. (¢-quantile) For any 0 < ¢ < 1, the ¢-quantile
of A is some x such that there are at most ¢m items of A that are
smaller than x and at most (1 — ¢)m items of A that are greater
than x. If an e-approximation is allowed, then when asking for the
¢-quantile of A we are allowed to return any ¢’ -quantile of A such
thatp —e < ¢ < ¢+ e

DEFINITION 5. (All-quantile) The c-approximate all-quantile
(QUAN) problem is defined in the coordinator model, where we
have k sites and a coordinator. Site S; (i € [k]) has a set A; of
items. The k sites want to communicate with the coordinator so
that at the end of the process the coordinator can construct a data
structure from which all e-approximate ¢-quantile for any 0 < ¢ <
1 can be extracted. The cost is defined as the total number of bits
exchanged between the coordinator and the k sites.

THEOREM 9. Any protocol that computes e-approximate QUAN

or e-approximate min{%, = k }-heavy hitters with error probabil-

ity § for some sufficiently small constant 0 has communication com-
plexity Q(min{vk /e, 1/*}) bits.

PROOF. We first prove the theorem for QUAN. In the case that
k > 1/¢?, we prove an Q(1/?) lower bound. We prove this by
a simple reduction from k-GAP-MAJ. We can assume k = 1/&?
since if k > 1/ then we can just give inputs to the first 1/ sites.
Set 8 = 1/2. Given a random input Z1, Zs, . .., Z of k-GAP-
MALIJ chosen from distribution u, we simply give the site S; with
Z; for the first 1 < ¢ < k sites. It is easy to observe that a protocol
that computes & /2-approximate QUAN on A = {Z1, Zo, ..., Zi}
with error probability § also computes k-GAP-MAJ on input distri-
bution p with error probability 4, since the answer to k-GAP-MAJ
is simply the answer to 3-quantile. The ©(1/”) lower bound fol-
lows from Corollary 1.

In the case that k < 1/e2, we prove an Q(v/k/¢e) lower bound.
We again perform a reduction from k-GAP-MAJ. Set 3 = 1/2.
The reduction works as follows. We are given £ = 1/(ev/k) inde-
pendent copies of k-GAP-MAJ with Z', Z%, ..., Z* being the in-
puts, where Z* = {Z1, Z3, ..., Zi} € {0,1}" is chosen from dis-
tribution p. We construct an input for QUAN by giving the j-th site
theitemset A; = {Z},2+27,4+Z3, ..., 2((—1)+Z5}. Itis not
difficult to observe that a protocol that computes & /2-approximate
QUAN on the set A = {A1, Aa, ..., A;} with error probability &
also computes the answer to each copy of k-GAP-MAJ on distribu-
tion u with error probability d, simply by returning (X; —2(i — 1))
for the i-th copy of k-GAP-MAJ, where X; is the £ /2-approximate
#-quantile.

On the other hand, any protocol that computes each of the ¢ in-
dependent copies of k-GAP-MAJ correctly with error probability
o for a sufficiently small constant § has communication complexity
Q(V/k/¢). This is simply because for any transcript II, by Corol-
lary 1, independence and the chain rule we have that

1(Z',2%,...,2510) > > 1(Z'10) > Q(tk) > Q(Vk/e).
1€[£]

27N
By our reduction the theorem follows.

The proof for heavy hitters is done by essentially the same re-
duction as that for QUAN. In the case that k = 1/&* (or k > 1/
in general), a protocol that computes &/2-approximate %-heavy
hitters on A = {Z1,Z2,...,Z,} with error probability ¢ also
computes k-GAP-MAJ on input distribution g with error proba-
bility 8. In the case that k < 1/&?, it also holds that a protocol

that computes ¢ /2-approximate #—heavy hitters on the set A =
{A1, Az, ... Aj} where A = {Z], 2+ Z2, 4+ Z3,...,2(¢ —
H+Z f} with error probability ¢ also computes the answer to each
copy of k-GAP-MAJ on distribution x4 with error probability 6. [

6.2 Entropy Estimation
We are givenaset A = {(e1, a1), (e2,a2), ..., (€m, am)} where
each e, (k € [m]) is drawn from the universe [N], and ar €

{+1, —1} denotes an insertion or a deletion of item ey. The en-
tropy estimation problem (ENTROPY) asks for the value H(A) =
e (151 /D) log(L/ |f]) where f; = 3., _, ax and L =

JEIN] |f;]. In the e-approximate ENTROPY problem, the items
in the set A are distributed among k& sites who want to compute a
value H(A) for which ‘H(A) — H(A)| < e. In this section we
prove the following theorem.

THEOREM 10. There exists an input distribution such that any
protocol that computes c-approximate ENTROPY on this distribu-
tion correctly with error probability at most § for some sufficiently
small constant § has communication complexity Q(k /).

PROOF. Due to space constraints, we refer the reader to the full
version of this paper [51] for the proof. [

6.3 ¢, for any constant p > 1

Consider an n-dimensional vector x with integer entries. It is
well-known that for a vector v of n i.i.d. N(0,1) random vari-
ables that (v,xz) ~ N(0,||z||3). Hence, for any real p > 0,
E[|(v,2)|?] = ||z||5Gp, where G, > 0 is the p-th moment of the
standard half-normal distribution (see [1] for a formula for these
moments in terms of confluent hypergeometric functions). Let r =
O(e72), and v, ..., v" be independent n-dimensional vectors of
iid. N(0,1) random variables. Let y; = (v7, x)/G;,/p, so that
v = (y1,...,yr). By Chebyshev’s inequality for » = O(e~?)
sufficiently large, ||y||5 = (1 & &/3)||=||5 with probability at least
1 — c for an arbitrarily small constant ¢ > 0.

We thus have the following reduction which shows that estimat-
ing £, up to a (1 + ¢)-factor requires communication complexity
Q(k/e?) for any p > 0. Let the k parties have respective inputs
z',. ..,z and let x = Ele x'. The parties use the shared ran-
domness to choose shared vectors v', ..., v" as described above.
Fori = 1,...,kand j = 1,...,r, lety, = (Uj,xi>/G,1,/p,
so that y* = (yi,...,9%). Lety = Zf;l y®. By the above,
lyllh = (1 £ &/3)||z||5 with probability at least 1 — ¢ for an arbi-
trarily small constant ¢ > 0. We note that the entries of the v* can
be discretized to O(log n) bits, changing the p-norm of y by only
a (1 £ O(1/n)) factor, which we ignore.

Hence, given a randomized protocol for estimating ||y up to a
(1 + €/3) factor with probability 1 — d, and given that the parties
have respective inputs y, . .., 4", this implies a randomized pro-
tocol for estimating ||z||5 uptoa (1 +e/3)- (1+¢/3) = (1+¢)
factor with probability at least 1 — § — ¢, and hence a protocol for
estimating ¢2 up to a (1 & &) factor with this probability. The com-
munication complexity of the protocol for 5 is the same as that for
{,. By our communication lower bound for estimating ¢> (in fact,
for estimating F» in which all coordinates of x are non-negative),
this implies the following theorem.

THEOREM 11. The randomized communication complexity of
approximating the £y-norm, p > 1, up to a factor of 1 + ¢ with
constant probability, is Q(k/?).
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