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1 0 0 1
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k = 2 k = 2, r = 2

Output : AΩ̄
s.t. rank(A) = k

B
s.t. rank(B) = k
‖W ◦ (A − B)‖2F = 0
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Output : rank-k B ∈ Rn2
s.t.

‖W ◦ (A − B)‖2F 6 (1 + ε) min
rank−k A ′

‖W ◦ (A − A ′)‖2F

Razenshteyn-Song-Woodruff Weighted Low Rank Approximations with Provable Guarantees 7 / 22



r Distinct Rows and Columns
. .

. .

Given : A ∈ Rn2
, W ∈ Rn2
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1 1 1 3 3 4
1 1 1 3 3 4
2 2 2 5 5 0
2 2 2 5 5 0
2 2 2 5 5 0
7 7 7 4 4 6
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Output : rank-k B ∈ Rn2
s.t.

‖W ◦ (A − B)‖2F 6 (1 + ε) min
rank−k A ′

.

∑
i,j

W 2
i,j(Ai,j − A ′i,j)
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How can we do better?
polynomial verifier runs in (# constraints · degree)O(# variables)

lower bound on cost (# constraints)−degreeO(# variables)

write a polynomial with few #variables, i.e. poly(kr)
without blowing up degree and #constraints too much
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Algorithm :
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‖(UV − A) ◦W‖2F =
∑n

j=1 ‖DW j UV j − DW j Aj‖22
sketch

∑n
j=1 ‖SDW j UV j − SDW j Aj‖22
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‖(ÛV̂ − A) ◦W‖2F 6 C

∀j ∈ [n],g2
j (x) 6= 0,h2

j (x) 6= 0
Optimize : C by binary search over [L−,L+]

.

Denote : G(x) = Πn
j=1g2

j (x)h
2
j (x) of degree O(nk)

G(x)· ·G(x)

.

( · )

.

O(n)

.

O(nk)

..

O(rk2/ε)

Razenshteyn-Song-Woodruff Weighted Low Rank Approximations with Provable Guarantees 20 / 22



Guess a Sketch
. .

. .

Given : A ∈ Rn2
, W ∈ Rn2

, r ∈ N, k ∈ N, ε > 0

Assumption :

Algorithm :

t = O(k/ε),Qj =SDW j U ∈ Rt×k is non-degenerate
P j =VDW j T ∈ Rk×t is non-degenerate

Choose : C ∈ [L−,L+]

Polynomial system :
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Applications

Guess a sketch with coding schemes

I Adversial matrix completion
Guess a sketch with [Landsberg-Manivel’04, Landsberg’12]

I Weighted low (border) rank tensor completion

Guess a sketch with [Arora-Ge-Kannan-Moitra’12, Moitra’13]

I Weighted nonnegative matrix factorization
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Open Problems

Can we come up a poly(n) · 2poly(kr/ε) time algorithm for WLRA
problem with rank-r W or prove a nΩ(r) lower bound for WLRA
problem with rank-r W?

Can we prove a hardness result respect to parameter k or ε,
2Ω(k) or 2Ω(1/ε) lower bound for WLRA problem?
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