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~NhhdND = =
~NhhhDND = =
NN = =
w W
w w
(o2 e B e B e R
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@ Algorithm for Weighted low rank approximation(WLRA) problem
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» |/ has r distinct columns
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Main Results - Summary

@ Algorithm for Weighted low rank approximation(WLRA) problem
» W has r distinct rows and columns
» W has r distinct columns
» W has rank at most r

O OO = = =
OO, WN =
O =20MN—=DN
(o2 T o) I S AF S A\ N \V)
OOk, b WN
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Main Results - Summary

@ Algorithm for Weighted low rank approximation(WLRA) problem

» |/ has r distinct rows and columns
» |/ has r distinct columns
» |V has rank at most r

o Hardness for \Weighted low rank approximation(WLRA) problem
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_ 2 i AN 12
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Output : rank-k B € R™ s.t.

; 2 S 2
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Output : rank-k B € R™ s.t.

IWo(A=B)|E < (1+€)OPT
with prob. 9/10
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Rank r

Given : AeIR{”Z,WeR”Z,reN,keN,e>O

11 2 2 2
1 212 3
1 32 4 4
W=10 040 4 4/7=3
05165
006 06 6

Output : rank-k B € R™ s.t.
IWo(A=B)|E < (1+€)OPT
with prob. 9/10
in nO(kr/€) time
previously only r=1 was known to be in polynomial time
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Main Results - Hardness
[Feige’02, Goerdt-Lanka’04]
Random-4SAT Hypothesis
Given : random 4-SAT formula 8 on n variables
each clause has 4 literals
each of @(n*) clauses is picked ind. with prob. ©(1/n®)

S (X4 V X32 V Xg V Xo0)
So (X2 V X413V X5V Xo5)
Se(n) (x11V X19 V X24 V Xg)

8281/\82/\-'-/\38(,7)
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Main Results - Hardness
[Feige’02, Goerdt-Lanka’04]
Random-4SAT Hypothesis
Given : random 4-SAT formula 8 on n variables
each clause has 4 literals
each of ©(n*) clauses is picked ind. with prob. ©(1/n°)

Any algorithm that
S (X4 V X32 V Xg V Xo0)
So (X2 V Xx13 V X5V Xos5)
Se(n) (x11 V X19 V X24 V Xg)
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Random-4SAT Hypothesis
Given : random 4-SAT formula 8 on n variables
each clause has 4 literals
each of ©(n*) clauses is picked ind. with prob. ©(1/n°)

Any algorithm that
outputs 1 with prob. 1 when 8 is satisfiable

Sy (X4 V X32 V Xg V Xo0)
So (X2 V X413V X5V Xo5)
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Random-4SAT Hypothesis
Given : random 4-SAT formula 8 on n variables
each clause has 4 literals
each of ©(n*) clauses is picked ind. with prob. ©(1/n°)

Any algorithm that
outputs 1 with prob. 1 when 8 is satisfiable
outputs 0 with prob. > 1/2 when § is unsatisfiable

Sy (X4 V X32 V Xg V Xo0)
So (X2 V X413V X5V Xo5)
Se(n) (x11 V X19 V X24 V Xg)
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Main Results - Hardness
[Feige’02, Goerdt-Lanka’04]
Random-4SAT Hypothesis
Given : random 4-SAT formula 8 on n variables
each clause has 4 literals
each of ©(n*) clauses is picked ind. with prob. ©(1/n°)

Any algorithm that
outputs 1 with prob. 1 when 8 is satisfiable
outputs 0 with prob. > 1/2 when § is unsatisfiable

Requires : 2Q(n) time
S (X4 V X32 V Xg V Xo0)
So (X2 V X413V X5V Xo5)
So(n (x11V X19 V X4 V Xg)

S=SAS A ASen
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Output : rank-k Bs.t. |Wo (A—B)||2 < (1+¢€)OPT
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Jeg > 0, for any algorithm with e < eg and k > 1
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Main Results - Hardness

Weighted Low Rank Approximation Hardness

Given : A€ ]Ri”z, distinct r columns I/ € R™
keN,e>0 W;€e{0,1,2,--- poly(n)}

Output : rank-k Bs.t. |Wo (A—B)||2 < (1+¢€)OPT
with prob. 9/10

Assume : Random-4SAT

Jeg > 0, for any algorithm with e < eg and k > 1
Requires:  2Q(1) time |
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Outline of Technique

Obtain a lower bound on the cost
Polynomial system verifier
Multiple regression sketch
Inefficient WLRA algorithm
Guess a sketch

© 0 06 0 o
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v : #variables, x = (X1, X2, - -+ , X,)
m : #polynomials constraints fiA;(x) > 0, Vi € [m]
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d : maximum degree over all polynomials
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[Jeronimo-Perrucci-Tsigaridas’1 3]

Given: a real polynomial system P(x)

<

: #variables, x = (X1, Xz, - -+, Xy)

m : #polynomials constraints ;A;(x) > 0,Vi € [m]
where A; € {=, >}

: maximum degree over all polynomials

: the maximum absolute value of the coefficients
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Lower Bound on the Cost
[Jeronimo-Perrucci-Tsigaridas’1 3]

Given: a real polynomial system P(x)

<

. #variables, x = (xq, X2, -+ , Xv)
m : #polynomials constraints ;A;(x) > 0,Vi € [m]
where A; € {=, >}
: maximum degree over all polynomials
: the maximum absolute value of the coefficients
X eRYAX) 20, fo(x) 20, foi1(x) =0, , fn(x) = 0}
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Lower Bound on the Cost
[Jeronimo-Perrucci-Tsigaridas’1 3]

Given: a real polynomial system P(x)

. #variables, x = (xq, X2, -+ , Xv)
m : #polynomials constraints ;A;(x) > 0,Vi € [m]
where A; € {=, >}
d : maximum degree over all polynomials
H : the maximum absolute value of the coefficients
Fi{xeRf(x) 20, fo(x) 20,f1(x) =0, , fn(x) = 0}
minimum value that nonnegative g takes over T is either 0 or > (H + m)~<"

<

. — RV
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Lower Bound on the Cost
[Jeronimo-Perrucci-Tsigaridas’1 3]

Given: a real polynomial system P(x)

<

. #variables, x = (xq, X2, -+ , Xv)
m : #polynomials constraints ;A;(x) > 0,Vi € [m]
where A; € {=, >}
: maximum degree over all polynomials
: the maximum absolute value of the coefficients
{x eRNAX) >0, fi(x) 20, fi1(X) =0, , fn(x) = 0}
min nonzero cost > (H + m)~<"

—I Qo

_ — RV
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Polynomial System Verifier
[Renegar'92, Basu-Pollack-Roy’96]

Given: a real polynomial system P(x)
v : #variables, x = (x4, X2, -+ , Xy/)
m : #polynomial constraints fj(x)A;0,Vi € [m]
where A; € {>, >, =, #, <, <
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Polynomial System Verifier
[Renegar'92, Basu-Pollack-Roy’96]

Given: a real polynomial system P(x)
v : #variables, x = (xq, X2, -+ , X,)

m : #polynomial constraints f;(x)A;0,Vi € [m]

where A; € {>, >, =, #, <, <
d : maximum degree over all polynomial constraints
H : the maximum absolute value of the coefficients

It takes (md)©C(Y) poly(log ) time to
decide if 3 a solution to polynomial system P
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Multiple Regression Sketch

Given : A A@R) o Alm) o Xk

b p@) ... plm) ¢ goxi

Denote xU) = argmin|| AV x — bU)||, V) € [m]
XxERkx1
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Multiple Regression Sketch

Given : A A@R) o Alm) o Xk
b1 p@) ... plm c gox1
Denote xU) = argmin|| AV x — bW

XERKX1

Choose : S to be a random Gaussian matrix

V) € Im]
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Multiple Regression Sketch

Given : A A@R) o Alm) o Xk
) p@) ... plm) ¢ gox
Denote xU) = argmin|| AV x — bW
XeRkX1
Choose : S to be a random Gaussian matrix

Denote ) = argmin||SAVy — SbW)||, v} € [m]
yeRkX1

\Vj e [m]
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Multiple Regression Sketch

Given : A A@R) o Alm) o Xk
) p@) ... plm) ¢ gox
Denote xU) = argmin|| AV x — bW
XeRkX1
Choose : S to be a random Gaussian matrix

Denote ) = argmin||SAVy — SbW)||, v} € [m]
yeRkX1

\Vj e [m]

Gaurantee :
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Multiple Regression Sketch

Given : A AR) L Alm) o Xk
p(M) p2) ... plm o Rox1

Denote xU) = argmin|| AV x — bU)||, V) € [m]
XERkX1

Choose : S to be a random Gaussian matrix

Denote /) = argmin||SAWy — SbW)|,vj € [m]
yERkX1

Gaurantee : Forall e € (0,1/2), one can set t = O(k/¢) s.t.
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Multiple Regression Sketch

Given : A AR) L Alm) o Xk
p(M) p2) ... plm o Rox1

Denote xU) = argmin|| AV x — bU)||, V) € [m]
XERkX1

Choose : S to be a random Gaussian matrix

Denote /) = argmin||SAWy — SbW)|,vj € [m]
yERkX1

Gaurantee : Forall e € (0,1/2), one can set t = O(k/¢) s.t.
m . i . m , , ,
S ||AU) 0 — bm”% <(1+e)) HA(/)X(/] — b(/)Hg
j=1 j=1
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Multiple Regression Sketch

Given : A AR) L Alm) o Xk
p(M) p2) ... plm o Rox1

Denote xU) = argmin|| AV x — bU)||, V) € [m]
XERkX1

Choose : S to be a random Gaussian matrix
Denote /) = argmin||SAWy — SbW)|,vj € [m]

yeRkX1
Gaurantee : For all € € (0, 1/2) one cansett = O(k/e) s.t
m o . .
YAV —pWE< (1 +e Z IAD XD — b2
j=1

with prob. 9/1 O
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Inefficient WLRA Algorithm
Given : Ae]R{”Z, WeR”z,reN,keN,e>0
Output : rank-k Bs.t. |Wo (A—B)|2 < (1+¢€)OPT

Algorithm :
1.create variables 2nk variables for U, VT € R"<k
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Inefficient WLRA Algorithm
Given : Ae]R{”Z, WeR”z,reN,keN,e>0

Output : rank-k Bs.t. |Wo (A—B)|2 < (1+¢€)OPT
Algorithm :

1.create variables 2nk variables for U, VT € R"<k
2. write polynomial g(x1, -+, Xank) = || W o (A— UV)||2
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Inefficient WLRA Algorithm
Given : AER”Z, WeR”z,reN,keN,e>O

Output : rank-k Bs.t. |Wo (A—B)|2 < (1+¢€)OPT
Algorithm :

1.create variables 2nk variables for U, VT e R7<k
2. write polynomial g(xi, -« , Xonk) = || W o (A— UV)||2
3.pick C € [L—, L], run polynomial verifier g(x) < C
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Inefficient WLRA Algorithm
Given : AER”Z, WeIRi”z,reN,keN,e>O

Output : rank-k Bs.t. |Wo (A—B)|2 < (1+¢€)OPT
Algorithm :
1. create variables 2nk variables for U, VT ¢ R"*k
2. write polynomial g(xi, -« , Xonk) = || W o (A— UV)||2
3.pick C € [L—, L], run polynomial verifier g(x) < C
4. optimize C by binary search over [L—, L™]
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Inefficient WLRA Algorithm
Given : AER”Z, WeIRi”z,reN,keN,e>O

Output : rank-k Bs.t. |Wo (A—B)|2 < (1+¢€)OPT
Algorithm :

1.create variables 2nk variables for U, VT e R™<k

2. write polynomial g(xi, -« , Xonk) = || W o (A— UV)||2
3.pick C € [L—, L], run polynomial verifier g(x) < C
4. optimize C by binary search over [L—, L™]

Time : 20 (nk)
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Inefficient WLRA Algorithm
Given : AER”Z, WeIRi”z,reN,keN,e>O

Output : rank-k Bs.t. |Wo (A—B)|2 < (1+¢€)OPT
Algorithm :

1.create variables 2nk variables for U, VT e R™<k

2. write polynomial g(xi, -« , Xonk) = || W o (A— UV)||2
3.pick C € [L—, L], run polynomial verifier g(x) < C
4. optimize C by binary search over [L—, L™]

Time : 20 (nk)
How can we do better?
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Inefficient WLRA Algorithm
Given : Ae]R{”Z, WER”Z,I’EN,/(EN,€>O

Output : rank-k Bs.t. |Wo (A—B)|2 < (1+¢€)OPT
Algorithm :
| 1.create variables 2nk variables for U, VT € Rk |

Time : 20 (nk)
How can we do better?
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Inefficient WLRA Algorithm
Given : Ae]R{”Z, WER”Z,I‘EN,/(EN,€>O

Output : rank-k Bs.t. |Wo (A—B)|2 < (1+¢€)OPT
Algorithm :
| 1.create variables 2nk variables for U, VT € Rk |

Time : 2Q (k)
How can we do better?
polynomial verifier runs in (4 constraints - degree)©O(# variables)
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Inefficient WLRA Algorithm
Given : Ae]R{”Z, WeR”z,reN,keN,e>0

Output : rank-k Bs.t. |Wo (A—B)|2 < (1+¢€)OPT
Algorithm :
| 1.create variables 2nk variables for U, VT € Rk |

Time : 2Q (k)
How can we do better?
polynomial verifier runs in (4 constraints - degree)©O(# variables)

. O i
lower bound on cost (# constraints) —degree? s
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Inefficient WLRA Algorithm
Given : Ae]R{”Z, WER”Z,I‘EN,/(EN,€>O

Output : rank-k Bs.t. |Wo (A—B)|2 < (1+¢€)OPT
Algorithm :
| 1.create variables 2nk variables for U, VT € Rk |

Time : 20 (nk)
How can we do better?
polynomial verifier runs in (4 constraints - degree)©O(# variables)

lower bound on cost (# constraintg)—degree?# arbes)
write a polynomial with few #variables, i.e. poly(kr)
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Inefficient WLRA Algorithm
Given : Ae]R{”Z, WER”Z,I’EN,/(EN,€>O

Output : rank-k Bs.t. |Wo (A—B)|2 < (1+¢€)OPT
Algorithm :
| 1.create variables 2nk variables for U, VT € Rk |

Time : 20 (nk)
How can we do better?
polynomial verifier runs in (4 constraints - degree)©O(# variables)

lower bound on cost (# constraintg)—degree?# arbes)
write a polynomial with few #variables, i.e. poly(kr)
without blowing up degree and #constraints too much
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Guess a Sketch

Given : AeIR{”Z,WeR”Z,reN,keN,e>O
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Guess a Sketch

Given : Ae]R{”Z, WER”Z,I’EN,/(EN,€>O
Ajef0,£1,£2, .-, £A}
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Guess a Sketch

Given : AeIR{”Z,WeR”Z,reN,keN,e>O
Wj;e{0,1,2,--- A}
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Guess a Sketch
Given : Ae]R{”Z, WER”Z,I’EN,/(EN,€>O

Assumption :
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Guess a Sketch
Given : Ae]R{”Z, WeR”z,reN,keN,e>0
Assumption :

Algorithm : W; be jth column of W/
DWj be diagonal matrix with vector W/,

11 2 2 2

121 2 8

1 3 2 4 4

W= 040 4 4

0516 5

0 06 06 6]
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Guess a Sketch
Given : Ae]R{”Z, WeR”z,reN,keN,e>0
Assumption :

Algorithm : W; be jth column of W/
DWj be diagonal matrix with vector W/,

11 2 2 2
121 2 8
1 3 2 4 4
W= 040 4 4] Pw=
0516 5
06 0 6 6] i
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Guess a Sketch
Given : Ae]R{”Z, WeR”z,reN,keN,e>0
Assumption :

Algorithm : W; be jth column of W/
DWj be diagonal matrix with vector W/,

2 ! 1 ]

2 0

OOk, WM =
Do~ PN
OOk b WN

[coc o = = ~]
o—soN =
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Guess a Sketch
Given : Ae]R{”Z, WeR”z,reN,keN,e>0
Assumption :

Algorithm : W; be jth column of W/
DWj be diagonal matrix with vector W/,

2 1 i

3= 4

Do~ PN
OOk b WN

[0 »wn —]

O =0 N =
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Guess a Sketch
Given : Ae]R{”Z, WeR”z,reN,keN,e>0
Assumption :

Algorithm : W; be jth column of W/
DWj be diagonal matrix with vector W/,

101 [2] 2 2 ro 1
1 21| 2 3 1
1 312/ 4 4 2

W= 0 4 |o| 4 4| Pw= 0
0 5|16 5 1
0 0 60| 6 6] I 0]
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Guess a Sketch
Given : Ae]R{”Z, WeR”z,reN,keN,e>0
Assumption :

Algorithm : W; be jth column of W/
DWj be diagonal matrix with vector W/,

2

5= 4

OOk b WN

oAM=
EXEEYEYISEY

O =0 N =
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Guess a Sketch
Given : Ae]R{”Z, WeR”z,reN,keN,e>0
Assumption :

Algorithm : W; be jth column of W/
DWj be diagonal matrix with vector W/,

2

6 = 4

OOk, WM =
Do~ PN
EXEEYEYEEN

O =0 N =
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Guess a Sketch

Given : AeIR{”Z,WeR”z,reN,keN,e>O

Assumption :

Algorithm : [(UV — A)o W|2

1 1 1 2 2 2]

1 2 1 2 3

1 3 2 4 4

W= 040 44

051 6 5

0 060 6 6
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Guess a Sketch

Given : AEan,WEan,I‘EN,kEN,€>O

Assumption :
Algorithm : — =(UV—=A) o W|2
2
%
(U - A ) o w
F
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Guess a Sketch
Given : Ae]R{”Z, WeR”z,reN,keN,e>0
Assumption :

Algorith’r7n : — =||(U\2/—A) o W|2
2 o1 1Dw, UV — Dy, Ajll5

F
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Guess a Sketch
Given : Ae]R{”Z, WeR”z,reN,keN,e>0
Assumption :

Algorith’r7n : — =||(U\2/—A) o W|2 =—
2 o1 1Dw, UV — Dy, Ajll5

F
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Guess a Sketch
Given : Ae]R{”Z, WeR”z,reN,keN,e>0
Assumption :

Algorith’r7n : — =||(U\2/—A) o r|,/V“’2: =— |
Y1 IDw,UVi=Dw Al T4 |UVDyi — ADyl3

F
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Guess a Sketch
Given : Ae]R{”Z, WeR”z,reN,keN,e>0
Assumption :
Algorithm : —=luv-Aow|R=—

> /L1 IDw, UV — Dy, Ajlls Y4 IU'VDyi — ADyill3
Sketch by Gaussian S, 7T € RI*7
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Guess a Sketch
Given : Ae]R{”Z, WeR”z,reN,keN,e>0
Assumption : t = O(k/¢€)
Algorithm : — =UV—=A) o W|E =—

> /L1 IDw, UV — Dy, Ajlls Y4 IU'VDyi — ADyill3
Sketch by Gaussian S, 7T € RI*7
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Guess a Sketch
Given : Ae]R{”Z, WeR”z,reN,keN,e>0
Assumption : t = O(k/¢€)
Algorith’r7n : — =||(U\2/—A) o rI,/VH,% = ‘
ZFWDMUW_DMﬁM ZbWUWDW—NDW%

Sketch by Gaussian S, 7T € RI*7
Y 4 IISDw, UV — SDy, Ajll5
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Guess a Sketch
Given : Ae]R{”Z, WeR”z,reN,keN,e>0
Assumption : t = O(k/¢€)
Algorith’r7n : — =||(U\2/—A) o rI,/VH,% = ‘
Zj:1 ||DW,-UVj_ DW,-Aj||2 2 izt [U'VDyi _AIDW"HS

Sketch by Gaussian S, 77 € R™*" .
Y L1 1SDwUV; = SDwAlE X1y |lU'VDy:T — ADy,i T3
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Guess a Sketch
Given : Ae]R{”Z, WeR”z,reN,keN,e>0
Assumption : t = O(k/¢€)
Algorith’r7n . — =||(U\2/—A) o rl,/VH% = |
Zj:1 ||DW,-UVj_ DW,-Aj||2 2 izt [U'VDyi —A'DWfHS
Sketch by Gaussian S, 7T € RI*7

> 71 1SDw;UV;— SDyAjl3 Y7 UVDyiT—ADyi Tl
Guess SDy,U € R™Kand VD, T e RF!
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Guess a Sketch

Given : AEan,WEan,I‘EN,kEN,€>O

Assumption : t = O(k/¢€)

Algorithm :

> 4 IIDw,UV; — Dy Ajll3

S 7 15Dy, UV — SDy A2

4,—=||(UV—A)Or|,/VH;2: =— .

S04 [UVDy— Dy
Sketch by Gaussian S, 77 € R™*" .

er_7:1 ||U' VDW/'T—A’DW/THS

Guess SDy,U € R™Kand VD, T e RF!

SDy U=

S
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Guess a Sketch

Given : AEan,WEan,I‘EN,kEN,€>O

Assumption : t = O(k/¢€)

Algorithm :

> 4 IIDw,UV; — Dy Ajll3

S 7 15Dy, UV — SDy A2

4,—=||(UV—A)Or|,/VH;2: =— .

S04 [UVDy— Dy
Sketch by Gaussian S, 77 € R™*" .

er_7:1 ||U' VDW/'T—A’DW/THS

Guess SDy,U € R™Kand VD, T e RF!

SDy, U =

S
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Guess a Sketch
Given : Ae]R{”Z, WeR”z,reN,keN,e>0
Assumption : t = O(k/¢€)

Algorith’r7n : — =||(U\2/—A) o rI,/VH,% = ‘
Zj:1 ||DW,-UVj_ DW,-Aj||2 2 izt [U'VDyi —A'DWfHS
Sketch by Gaussian S, 77 € R™*" .
Y L1 1SDw,UV; = SDwAlE Y14 |lU'VDy:T — ADy,i T3
Guess SDy,U € R™Kand VD, T e RF!

SDy,U = . K ]
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Guess a Sketch

Given : AEan,WEan,I‘EN,kEN,€>O

Assumption: t=0

Algorithm :

> 4 IIDw,UV; — Dy Ajll3

Y71 1SDw, UV} — SDy A3

(k/€)

4,—=||(UV—A)Or|,/VH;2: =— .

S04 [UVDy— Dy
Sketch by Gaussian S, 77 € R™*" .

er_7:1 ||U' VDW/'T—A’DW/THS

Guess SDy,U € R™Kand VD, T e RF!

SDy, U =
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Guess a Sketch
Given : Ae]R{”Z, WeR”z,reN,keN,e>0
Assumption : t = O(k/¢€)

Algorith’r7n : — =||(U\2/—A) o rI,/VH,% = ‘
Zj:1 ||DW,-UVj_ DW,-Aj||2 2 izt [U'VDyi —A'DWfHS
Sketch by Gaussian S, 77 € R™*" .
Y L1 1SDw,UV; = SDwAlE Y14 |lU'VDy:T — ADy,i T3
Guess SDy,U € R™Kand VD, T e RF!
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Guess a Sketch
Given : Ae]R{”Z, WeR”z,reN,keN,e>0
Assumption : t = O(k/¢€)

Algorith’r7n : — =||(U\2/—A) o rI,/VH,% = ‘
Zj:1 ||DW,-UVj_ DW,-Aj||2 2 izt [U'VDyi —A'DWfHS
Sketch by Gaussian S, 77 € R™*" .
Y L1 1SDw,UV; = SDwAlE Y14 |lU'VDy:T — ADy,i T3
Guess SDy,U € R™Kand VD, T e RF!
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Guess a Sketch
Given : Ae]R{”Z, WeR”z,reN,keN,e>0
Assumption : t = O(k/¢€)
Algorith,r7n . — =||(U\2/—A) o rl,/V“f_. = |
Zj:1 ||DW,-UVj_ DW,-Aj||2 2 izt [U'VDyi _AIDW"HS
Sketch by Gaussian S, 7T € RI*7

S ISDw, UV — SDy AR S UVDyT — ADyi T
Guess SDy,U € R™Kand VD, T e RF!

Create t x k variables for each of n SDWI,U s?
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Guess a Sketch
Given : Ae]R{”Z, WeR”z,reN,keN,e>0
Assumption : t = O(k/¢€)
Algorith’r7n . — =||(U\2/—A) o rl,/V“f_. = |
Zj:1 ||DW,-UVj_ DW,-Aj||2 2 izt [U'VDyi _AIDW"HS
Sketch by Gaussian S, 7T € RI*7

S ISDw, UV — SDy AR S UVDyT — ADyi T
Guess SDy,U € R™Kand VD, T e RF!

Create t x k variables for each of n SDWI,U s?

nxtxk
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Guess a Sketch
Given : Ae]R{”Z, WeR”z,reN,keN,e>0
Assumption : t = O(k/¢€)
Algorith’r7n . — =||(U\2/—A) o rl,/V“f_. = |
Zj:1 ||DW,-UVj_ DW,-Aj||2 2 izt [U'VDyi _AIDW"HS
Sketch by Gaussian S, 7T € RI*7

S ISDw, UV — SDy AR S UVDyT — ADyi T
Guess SDy,U € R™Kand VD, T e RF!

Create t x k variables for each of n SDWI,U s?

? xtx k
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Guess a Sketch
Given : Ae]R{”Z, WeR”z,reN,keN,e>0
Assumption : t = O(k/¢€)
Algorith’r7n . — =||(U\2/—A) o rl,/V“f_. = |
Zj:1 ||DW,-UVj_ DW,-Aj||2 2 izt [U'VDyi _AIDW"HS
Sketch by Gaussian S, 7T € RI*7

S ISDw, UV — SDy AR S UVDyT — ADyi T
Guess SDy,U € R™Kand VD, T e RF!

Create t x k variables for each of n SDWI,U s?

r xtxk
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Guess a Sketch
Given : Ae]R{”Z, WER”Z,I‘EN,/(EN,€>O
Assumption :

Algorithm : W; be ith column of W/

1122 2
121 2 3
1 32 4 4
W= 040 4 4
05165
0 0 6 06 6]
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Guess a Sketch
Given : Ae]R{”Z, WER”Z,I‘EN,/(EN,€>O
Assumption :

Algorithm : W; be ith column of W/

11222 1 1
1 21 2 3 1 2
1 3 2 4 4 1 3
W= 0 40 4 4 0 4
0516 5 05
0 0 6 06 6] 0 0 6]
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Guess a Sketch
Given : Ae]R{”Z, WeR”z,reN,keN,e>0
Assumption :

Algorithm : W; be ith column of W/

W,=Ww
11 2 2 2] 17 17
121 2 8
132 4 4 _
W= 040 4 4 -
0516 5
0 6 0 6 6 0] O]
Razenshteyn-Song-Woodruff Weighted Low Rank Approximations with Provable Guarantees



Guess a Sketch
Given : Ae]R{”Z, WER”Z,I‘EN,/(EN,€>O
Assumption :

Algorithm : W; be ith column of W/

Wo = W

(11 2 2 2 7 1]

112 1 2 3 1 1

113 2 4 4 1 (1

W=1olo/4 04 4 0|~ o

005 1 6 5 0 0

0|06 0 6 6] 0] [0]
Razenshteyn-Song-Woodruff Weighted Low Rank Approximations with Provable Guarantees

18/22



Guess a Sketch
Given : Ae]R{”Z, WER”Z,I‘EN,/(EN,€>O
Assumption :

Algorithm : W; be ith column of W/

Ws = Ws;

o1 [1] 2 2 2 7 1]

1121 2 3 2 2

W — 1132 4 4 3[_|3

040 4 4 a4l ™ |4

01(5/1 6 5 5 5

0 0|6/0 6 6] 6] [6]
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Guess a Sketch
Given : Ae]R{”Z, WeR”z,reN,keN,e>0
Assumption :

Algorithm : W; be ith column of W/

Wys= W+ W>

111 [2] 2 2 21 17 1]

1 21112 8 1 1

1 31214 4 2| 1

W=100 4lol4 4 ol |0l o

0 51116 5 1 0

|0 0 6 (0] 6 6] 0] O] |O]
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Guess a Sketch
Given : Ae]R{”Z, WeR”z,reN,keN,e>0
Assumption :

Algorithm : W; be ith column of W/

Ws =W, + Ws

11 2 [2] 2 21 17 1]

12 112 3 2 2

1.3 24| 4 4| 3

W=10 04 04| 4 417 0| T |4

0 5 11]6|5 6 5

|0 0 6 06| 6] 6] 0] |6]
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Guess a Sketch
Given : Ae]R{”Z, WeR”z,reN,keN,e>0
Assumption :

Algorithm : W; be ith column of W/

We = Wz + W3

11 2 2 [2] 21 1] [1]

12 1 21|83 3 1 2

W — 1 3 2 414 41 (1 n 3

- 0 40 414 4l |o] " |4

0 51 615 5 0 5

|0 0 6 0 6 (6] 6] 0] |6]
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Guess a Sketch
Given : Ae]R{”Z, WeR”z,reN,keN,e>0
Assumption :

Algorithm : UV —A)o W2 =3[y |Dw,UV; — Dy, Ajll5
sketch Y7, [|SDy, UV, — SDy, Ajll3
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Guess a Sketch
Given : Ae]R{”Z, WeR”z,reN,keN,e>0
Assumption :
Algorithm : UV —A)o W|& = X[y [IDw,UV; — Dy, Ajll3

sketch 2}7:1 ||SDW]UV_/ — SDW,AJHS
create variables for SDWIU, Vi e [r]
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Guess a Sketch

Given : AeIR{”Z,WeIR{”z,reN,keN,e>O

Assumption :
Algorithm : [(UV —A)o W|2 = ZI’-’:1 |1Dw, UV, — DW]-AjHS
sketch 2721 ||SDW]UV_/ — SDW,Aj”g
create variables for SDyy, U, Vi € [r]
create t x k variables for SD,, U
S
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Guess a Sketch

Given : AeIR{”Z,WeIR{”Z,reN,keN,e>O

Assumption :
Algorithm : UV —A)o W|& = X[y [IDw,UV; — Dy, Ajll3
sketch 2721 ||SDW]UV_/ — SDW,Aj”g
create variables for SDyy, U, Vi € [r]
create t x k variables for 5Dy, U
. -
S 1
"
0 u

0
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Guess a Sketch

Given : AEan,WEan,I‘EN,kEN,€>O

Assumption :
Algorithm : [(UV —A)o W|2 = 27:1 |1Dw, UV, — DW,A,'IIS
sketch 2}7:1 ||SDW]UV_/ — SDW,AJHS
create variables for SDyy, U, Vi € [r]
create t x k variables for SD,, U
. -
S 2
3
4 U

6
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Guess a Sketch

Given : AEan,WEan,I‘EN,kEN,€>O

Assumption :

Algorithm :

I(UV — Ao WIE =3 [y Dy, UV; — D, Ajll3

sketch 2}7:1 ||SDW]UV_/ — SDW,AJHS
create variables for SDWIU, Vi e [r]

write SDW4U as SDy, U+ SDWZU

[2
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Guess a Sketch

Given : AEan,WEan,I‘EN,kEN,€>O

Assumption :

Algorithm :

UV —A)o W|2 =YLy |Dw,UV;
sketch 2}7:1 ||SDW]UV_/ — SDW,AJHS
create variables for SDWIU, Vi e [r]

write SDW4U as SDy, U+ SDWZU

Razenshteyn-Song-Woodruff
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Guess a Sketch

Given : AEan,WEan,I‘EN,kEN,€>O
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Algorithm :

write SDW4U as SDy, U+ SDWZU
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sketch 2}7:1 ||SDW]UV_/ — SDW,AJHS
create variables for SDWIU, Vi e [r]
write SDy, U as SDy U+ SDy, U
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Guess a Sketch

Given : AeIR{”Z,WeIR{”z,reN,keN,e>O

Assumption :

Algorithm :

UV —A)o W|& = X[y [IDw,UV; — Dy, Ajll3
sketch 2}7:1 ||SDW]UV_/ — SDW,AJHS
create variables for SDWIU, Vi e [r]

write SDyy U as SDyy, U+ SDy, U
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Guess a Sketch

Given :
Assumption :

Algorithm :

write SDyy U as SDyy, U+ SDy, U
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create variables for SDWIU, Vi e [r]
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Assumption : t = O(k/e),

Algorithm :
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Guess a Sketch

Given : Ae]R{”Z, WeR”z,reN,keN,e>0
Assumption : t = O(k/e), SDy,U € Rk is non-degenerate
Algorithm =V := argminycguen 371 | SDy, UV} — SDy A3
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Guess a Sketch
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Guess a Sketch

Given : AEan,WEan,I‘EN,kEN,€>O

Assumption : t = O(k/e),Q; =SDy, U € R™*¥ is non-degenerate

Algorithm =V := argminycguen 371 | SDy, UV} — SDy A3

write V; = (Q/ @)1 Q/ SDy, A,

f=

~
- o

QT

Razenshteyn-Song-Woodruff

S

Weighted Low Rank Approximations with Provable Guarantees




Guess a Sketch

Given : Ae]R{”Z, WeR”z,reN,keN,e>0

Assumption : t = O(k/€),Q; =SDyy,U € R is non-degenerate

Algorithm =V := argminycguen 371 | SDy, UV} — SDy A3
write V; = (Q] Q)1 Q[ SDy, A;
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Guess a Sketch

Given : AEan,WEan,I‘EN,kEN,€>O

Assumption : t = O(k/e),Q; =SDy, U € R™*¥ is non-degenerate

Algorithm =V := argminycguen 371 | SDy, UV} — SDy A3

write V; = (Q/ @)1 Q/ SDy, A,
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Guess a Sketch

Given : AEan,WEan,I‘EN,kEN,€>O

Assumption : t = O(k/e),Q; =SDy, U € R™*¥ is non-degenerate

Algorithm =V := argminycguen 371 | SDy, UV} — SDy A3

write V; = (Q/ @)1 Q/ SDy, A,

j=4

~
V4 = |efa

Razenshteyn-Song-Woodruff

S

Weighted Low Rank Approximations with Provable Guarantees

Ay




Guess a Sketch

Given : AEan,WEan,I‘EN,kEN,€>O

Assumption : t = O(k/e),Q; =SDy, U € R™*¥ is non-degenerate

Algorithm =V := argminycguen 371 | SDy, UV} — SDy A3

write V; = (Q Q)1 Q[ SDy,A;
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Guess a Sketch

Given : AEan,WEan,I‘EN,kEN,€>O

Assumption : t = O(k/e),Q; =SDy, U € R™*¥ is non-degenerate

Algorithm =V := argminycguen 371 | SDy, UV} — SDy A3

write V; = (Q Q)1 Q[ SDy,A;

j=6

V = (o Q)" Qg— S
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Guess a Sketch
Given : Ae]R{”Z, WeR”z,reN,keN,e>0
Assumption : t = O(k/€),Q; =SDyy,U € R is non-degenerate
Algorithm =V := argminycguen 371 | SDy, UV} — SDy A3

write V; = (Q/ @)1 Q/ SDy, A,
| »by Cramer’s rule
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Guess a Sketch

Given : AeIRi”Z, WeR”z,reN,keN,e>O
Assumption : t = O(k/e),Q; =SDy, U € R™*¥ is non-degenerate
Algorithm =V := argminycguen 371 | SDy, UV} — SDy A3

write V/; = (QjTlc,?,-r1 Q] SDy,A;

sby Cramer’s rule

fii(x) fa(x) -+ fik(x)
oo 1 [f1(X) fax) e Fk(X)
A e eI

fri1(x) fra(x) -+ f(X)
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Guess a Sketch

Given : AeR”Z, WeIRi”z,reN,keN,e>O
Assumption : t = O(k/e),Q; =SDy, U € R™*¥ is non-degenerate
Algorithm =V := argminycguen 371 | SDy, UV} — SDy A3

write V; = (QITIQI-)*1 Qf SDw,Aj

sby Cramer’s rule

fii(x) fa(x) -+ fik(x)
oo 1 [f1(X) fax) e Fk(X)
A e eI

fri1(x) fra(x) -+ f(X)

polynomials h, f have degree O(k)
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Guess a Sketch

Given : Ae]R{”Z, WeR”z,reN,keN,e>0
Assumption : t = O(k/e),Q; =SDy, U € R™*¥ is non-degenerate

Algorithm :
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Guess a Sketch

Given : Ae]R{”Z, WeR”z,reN,keN,e>0
Assumption : t = O(k/e),Q; =SDy, U € R™*¥ is non-degenerate

Algorithm :
Vj € [n], (Q/TQ,-)_1 gives hj(x),
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Guess a Sketch
Given : AeIRi”Z, WeR”z,reN,keN,e>O
Assumption : t = O(k/e),Q; =SDy, U € R™*¥ is non-degenerate

Algorithm :
vj € [nl, (Qf Q)" gives hi(x), then Vi e [k, V; = q;(x)/hi(x)
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Guess a Sketch

Given : AeIR{”Z,WeIR{”z,reN,keN,e>O

Assumption : t = O(k/e),Q; =SDy, U € R™*¥ is non-degenerate

P;i=VD,,;T € Rk*tis non-degenerate
Algorithm :

vj € [nl, (Qf Q)" gives hi(x), then Vi e [k, V; = q;(x)/hi(x)
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Guess a Sketch

Given : AeR”Z,WeIR{”Z,reN,keN,e>O

Assumption : t = O(k/e),Q; =SDy, U € R™*¥ is non-degenerate
P;i=VD,,;T € Rk*tis non-degenerate

Algorithm :
vj € [nl, (Qf Q)" gives hi(x), then Vi e [k, V;j = q;(x)/hi(x)

~

vj € [n], (PiP;T)~" gives gj(x), then Vi ¢ [K], U = pji(x)/g;(x)
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Guess a Sketch

Given : AeR”Z,WeIR{”Z,reN,keN,e>O

Assumption : t = O(k/€),Q; =SDyy,U € R is non-degenerate
P;i=VD,,;T € Rk*tis non-degenerate

Algorithm :
vj € [n], (Q Q)" gives h;(x), then Vi € [K], V;
vj € [nl, (PjP;")~1 gives gj(x), then Vi ¢ [k], Uj = ,(x)/g,(x)
degree of pji(x), gj(x), gji(x), hj(x) = O(k)
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Guess a Sketch

Given : AeR”Z,WeIR{”Z,reN,keN,e>O

Assumption : t = O(k/€),Q; =SDyy,U € R is non-degenerate
P;i=VD,,;T € Rk*tis non-degenerate

Algorithm :
vj € [n], (Q Q)" gives h;(x), then Vi € [K], V;
vj € [nl, (PjP;")~1 gives gj(x), then Vi ¢ [k], Uj = ,(x)/g,(x)
degree of pji(x), gj(x), gji(x), hj(x) = O(k)
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5,
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=
>

Choose : CellL, L]
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Guess a Sketch

Given : AeR”Z,WeIR{”Z,reN,keN,e>O

Assumption : O(k/e).Q; = Dy, U e Rk is non-degenerate

P; = VDW, € Rk*tis non-degenerate
Algorithm :

vj € n], (Qf Q)" gives hy(x), thenVie [kl V; =gq
Vj € [nl, (P, PT) gives gj(x), thenVi € [k], U;j = /(x)/gj(x)
degree of pji(x), gj(x), q;(x), hj(x) = O(k)

H
5,
~
=
>

Choose : CelL~, L]
Polynomial system :
IOV —A)oW|2<C
Wj € [nl, g3(x) #0, i2(x) £ 0
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Guess a Sketch

Given : AeR”Z,WeIR{”Z,reN,keN,e>O

Assumption : O(k/€).Q; =SDy, U € R™*K is non-degenerate
P; = VDW, € Rk*tis non-degenerate

Algorithm :
vj € [n], (Q Q)" gives hj(x), then Vi € [K],
vj € [n], (PPT) gives gj(x), then Vi € [k], U,
degree of pii(x), gj(x), qj(x), h(x) = O(k)

Vi

Choose : CelL, L"]
Polynomial system :

Optimize :
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Guess a Sketch

Given : AeR”Z,WeIR{”Z,reN,keN,e>O

Assumption : O(k/e).Q; = Dy, U e Rk is non-degenerate

P; = VDW, € Rk*tis non-degenerate
Algorithm :

vj € n], (Qf Q)" gives hy(x), thenVie [kl V; =gq
Vj € [nl, (P, PT) gives gj(x), thenVi € [k], U;j = /(x)/gj(x)
degree of pji(x), gj(x), q;(x), hj(x) = O(k)

H
5,
~
=
>

Choose : CelL, L"]
Polynomial system :
1(OV = A)o W2 <
vj € [nl, ()#th()#o
Optimize : C by blnary search over [L—, L]
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Guess a Sketch

Given : AeR”Z,WeIR{”Z,reN,keN,e>O

Assumption : t = O(k/e),Q; =SDy, U € R™*¥ is non-degenerate

P;i=VD,,;T € Rk*tis non-degenerate
Algorithm :

We need to remove denominators.
Denote : (x) = TI7_, g7 (x)1?(x) of degree O(nk)
Choose : CelL, L"]
Polynomial system :
IOV —A)oW|2<C
vj € [nl, g7 (x) # 0, hZ(x) # 0
Optimize : C by binary search over [L~, L]
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Algorithm :
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Guess a Sketch

Given : AeR”Z,WeIR{”Z,reN,keN,e>O

Assumption : t = O(k/e),Q; =SDy, U € R™*¥ is non-degenerate
P;i=VD,,;T € Rk*tis non-degenerate

Algorithm :

Time (n)o(rk2/€)
Denote : (x) = TI7_, g7 (x)1?(x) of degree O(nk)
Choose : CelL, L"]

Polynomial system :
(X)- [I(OV = A)o W|2 < C -Ci(x)
vj € [nl, g7 (x) # 0, hZ(x) # 0
Optimize : C by binary search over [L—, L™]
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Applications

o Guess a sketch with coding schemes
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Applications

o Guess a sketch with coding schemes
» Adversial matrix completion

o Guess a sketch with [Landsberg-Manivel'04, Landsberg'12]
» Weighted low (border) rank tensor completion

o Guess a sketch with [Arora-Ge-Kannan-Moitra’12, Moitra'13]
» \Weighted nonnegative matrix factorization
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Open Problems

o Can we come up a poly(n) - 2PV (kr/€) time algorithm for WLRA
problem with rank-r I/ or prove a n(") lower bound for WLRA
problem with rank-r \W?
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Open Problems

o Can we come up a poly(n) - 2Py (kr/e) t|me algorithm for WLRA
problem with rank-r I/ or prove a n(") lower bound for WLRA
problem with rank-r W?

o Can we prove a hardness result respect to parameter k or e,
2Q(k) or 2(17¢) lower bound for WLRA problem?
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