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1 Recap

1.1 Online Leverage Scores

Recall that in Problem Set 2, Problem 1 we studied online leverage scores.

Suppose we have an n × d matrix A with n ≥ d and with rank d. Let ai denote the i-th row of A,
and let Ai denotes the submatrix of A formed by the first i rows of A. The (offline) leverage score
of row i is given by

τi(A) = ℓi = aT
i (AT A)−1ai.

The i-th online (λ-ridge) leverage score [1, 3] is defined to be

ℓOL
i = min(aT

i (AT
i−1Ai−1 + λI)−1ai, 1)

In Problem set 2, we have shown that we can bound how much ℓi blows up. A similar bound is
presented in [3]:

n∑
i=1

ℓi = O(d log(1 + ∥A∥2
2 /λ)).

1.2 ℓp Norm Subspace Embedding

Problem 1 of Problem Set 1 shows how one can construct ℓp norm subspace embedding via ℓ2 norm
subspace embeddings when p is an even integer. We know that there are many choices of sketching
matrices to construct ℓ2 norm subspace embeddings. Specifically, using the notations in the problem,
given vector y ∈ Rd, let y⊗p ∈ Rdp be the vector with (i1, . . . , ip)-th entry equal to yi1 · yi2 · · · yip

where iℓ ∈ {1, 2, . . . , d} for ℓ ∈ {1, . . . , p}. It follows that if we set M =

a
⊗p/2
1
· · ·

a
⊗p/2
n

, we get

∥Ax∥p
p =

∥∥∥Mx⊗p/2
∥∥∥2

2
.

Thus, if S is a random sketching matrix that offers a ℓ2 norm subspace embedding for the column
space of M , we automatically obtain an ℓp norm subspace embedding for the column space of A:∥∥∥SMx⊗p/2

∥∥∥2

2
≈ (1 ± ϵ)

∥∥∥Mx⊗p/2
∥∥∥ = (1 ± ϵ) ∥Ax∥p

p .
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While this approach might require S to have O(dp/2ϵ−2) rows, the factor dp/2 cannot be further
optimized. One problem with this approach though is we are assuming we are working with even
integers, not general positive p.

In this scribe notes, we aim at generaling both results. In particular, we will show that ℓp norm
Lewis weights allow us to construct ℓp norm subspace embeddings, and we can generalize offline
Lewis weights to an online setting. The seminal work of Cohen and Peng [4] prove that given a
matrix A, we can approximate ℓp norm Lewis weights for rows of A in Õ(nnzA+dΘ(p)) for arbitrary
p ∈ (0, +∞). Here, Õ hides a polynomial factor in p. This runtime is not ideal when p is large. The
results of [6] show that we can compute ϵ-approximate ℓp Lewis weights in Õ(poly(ϵ)(nnzA + dω))
time, providing bounds when p is large. As we should see, the results of [8] not only showed it is
possible to generalize ℓp norm Lewis weights to an online setting: the results also proved that we
can obtain stronger bounds on the samples required to achieve ℓp norm subspace embeddings.

2 Offline Lewis Weights

Before diving into online lewis weights, we should study the definition of offline Lewis weights.

Definition ((Offline) Lewis Weights, [4]). Given an n × d matrix A and norm p, the ℓp Lewis
weights w are the unique weights such that for each row i, we have

a⊤
i (A⊤W

1−2/p
A)−1ai = w

2/p
i (1)

or alternatively,
wi = τi(W 1/2−1/pA). (2)

Notice if we plug in p = 2, we immediately get the expression for leverage scores. Thus, we know
that ℓ2 norm Lewis weights are exactly the leverage scores. A special cass is ℓ1 norm Lewis weights.
As we shall show next, ℓ1 norm Lewis weights give us nicer ℓ1 norm subspace embedding guarantees
than the result we have seen in class using a dense matrix of scaled random Cauchy variables.

Here is a way to understand the intuition behind such a definition, inspired from the approach in [4].
First, if we look at Equation (2), we see it essentially says: let us assign a weight wi for each row,
such that after scaling ai by w

1/2−1/p
i , the leverage score of scaled i-th row is exactly wi we started

up with.

Now let us think about the simplest case that motivates our study, namely we have k copies of
duplicate rows ai. We hope after reweighting, those duplicate copies should represent a single row
of ai. Notice that if we want to rescale the k copies of ai so that the final p-norm is the same, we
should multiply k−1/p to each of the duplicate rows.

Now what if we do not exactly get k duplicate copies of ai? In this case, we still (by [4]) consider
there are actually wi copies of ai, so we should assume each row should first be scaled as w

−1/p
i ai.

Now if switching back to ℓ2, original row i of A will correspond to wi rows of w
−1/p
i ai, but the

effect of these rows (to ℓ2 norm) is now equal to one row of w
1/2−1/p
i ai. Now how to choose the

weights? We say in this case, w
1/2−1/p
i ai should have a leverage score (which is a ℓ2 norm thing)

equal to wi. This gives us Equation 2.
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Unfortunately, equation 1 or 2 are not convenient since when p ̸= 2, the weights appear on both
sides of the equation. Fortunately, this issue can be resolved by rephrasing the definition of Lewis
weights in terms of convex optimization problems. Some possible reformulations are given in [4]
and [7].

3 Properties of Lewis Weights

Here we will present some properties and non-properties of Lewis weights. Notice when we are
dealing with arbitrary ℓp norm, it is usually helpful to distinguish between the cases of p ∈ (0, 1),
p = 1, p ∈ (1, 2), p = 2, and p > 2. We should see that ℓp norm Lewis weights can exhibit some
counterintuitive properties.

3.1 Monotonicity

Leverage scores exhibit “monotonicity", which means when we add more rows to the matrix, the
leverage score of given rows won’t increase. In other words, the relative importance of each row can
only decrease once we see more rows of the matrix, which is naturally the case shall we want to
repeat previously seen rows. Unfortunately, the monotonicity intution is only true for p ≤ 2 [4], yet
we can bound how much monotonicity is violated:

Lemma 3.1 (Lemma 5.6, [4]). For all p > 2, if A′ is A with any number of extra rows added,

A′T W
1/2−p

A′ ⪰ d2/p−1AT W
1−2/p

A

and in particular now row in A has its weights raised by no more than dp/2−1.

This result can be a barrier in establishing bounds on online Lewis weights, since for online Lewis
weights, we see the matrix A row by row, but adding later rows mean the weights of previous rows
might increase.

3.2 Subspace Embedding Guarantees

Suppose we are sampling the rows of A with probability proportional to their ℓp norm Lewis weights
(and appropriately scale the rows), we may obtain ℓp norm subspace embeddings for the column
space of A. In other words, let S be the sampling matrix, we have

∥SAx∥p = (1 ± ϵ) ∥Ax∥p

In [4], it has been shown that to achieve a constant success probability, we need O(ϵ−2d log d) rows
when p = 1 and O(ϵ−2d log(d/ϵ) log(log d/ϵ)2) when p ∈ (1, 2). The results in [2] shows when p > 2,
the sample bound is O(ϵ−5dp/2 log d log(1/ϵ)) for a failure probability of O(poly(d−1)). One might
wonder if p > 2, whether we can reduce the exponents over ϵ−1. The current exponent of 5 is
prohibitive should we need to achieve subspace embeddings with higher accuracy. The results in [8]
shows that Õ(ϵ−2dp/2) is actually possible where Õ hids a polylog factor in δ−1, n, and d:
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Theorem 3.2 (Theorem 1.3, [8]). Let p > 2 and A ∈ Rn×d. Let δ ∈ (0, 1) be a failure rate
parameter and let ϵ ∈ (0, 1) be an accuracy parameter. Let w ∈ Rn be one-sided ℓp Lewis weights (i.e.
overestimates of actual Lewis weights) with ∥w∥1 ≤ O(d), which can be computed in Õ(nnzA + dω)
time ( [5,6]). Let

α = O(dp/2−1ϵ−2((log d)2(log n) + log 1
δ

)

be an oversampling parameter. Suppose that weights s ∈ Rn are sampled by independently setting
si = 1/p

1/p
i with probability pi := min{αwi, 1} and si = 0 otherwise. Let S = diag(s). Then, with

probability at least 1 − δ, for all x ∈ Rd,

∥SA∥p = (1 ± ϵ) ∥Ax∥p

and the sample complexity of S (i.e. the number of rows in S, or the number of rows of A we are
sampling) is at most

r = O(dp/2ϵ−2((log d)2(log n) + log 1
δ

)).

3.3 Approximating Lewis Weights

Since one challenge of computing ℓp Lewis weights is the weights w appear on both sides of equation
1, we need to solve for an equation. Nevertheless, for these applications, one starting point is
always solving the weights iteratively: we start with a possible candidate w of weights (for example,
initialize w = 1 at the start of the iteration scheme), and iterate using the equation 1. The results
of [4] (Lemma 2.4) show this only work for p ∈ (0, 4). When p ≥ 4, unfortunately, the iterative
scheme fails since we are no longer dealing with a contracting map. Nevertheless, when p ≥ 2, it
is possible to use the convex optimization formulation of Lewis weights to achieve ϵ-approximate
Lewis weights in polynomial time:

Theorem 3.3 (Theorem 4.4, [4]). There exists a function f(p, ϵ) and a constant C such that for any
A, p ≥ 2, (1 + ϵ)-approximate Lewis weights can be computed in time O(f(p, ϵ)n log n log log ndC).

In this section, we have seen how Lewis weights can be applied to construct subspace embeddings
for general ℓp norms. In particular, the guarantees for p = 1 is stronger than the guarantees we
have seen in class using random Cauchy variables for sketching.

Finally, if we don’t have exact Lewis weights but instead overestimates of Lewis weights, then have
the following inequality for upper bounding ℓp norms of elements in the column space of x [5]. Here,
by the definitions in [5], if the ℓp Lewis weights of A ∈ Rn×d are w, and v is a vector satisfying
d ≤ ∥v∥1 ≤ O(1)d and vi ≥ wi for all i, then v is a Lewis weight overestimate.

Lemma 3.4 (Lemma 2.6, [5]). For a matrix A ∈ Rn×d and ℓp Lewis weight overestimates w ∈ Rn
>0,

we have
∥Ax∥p ≤

∥∥∥W 1/2−1/pAx
∥∥∥

2
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4 Online Lewis Weights

First, if we remove the ridge term in Equation 1.1, we may define online leverage scores to be
(following the notations in [8])

τOL
i (A) :=

{
min{a⊤

i (A⊤
i−1Ai−1)−ai, 1} ai ∈ rowspan(Ai−1)

1 otherwise
(3)

Following the definition of Lewis weights in Equation 1, to construct online ℓp norm Lewis weights,
it is natural to conjecture the following approach: we can simply insert term W p,OL(Ai−1)1−2/p

where W p,OL(Aj) is an j × j diagonal matrices whose diagonal entries correspond to the online
Lewis weights we have seen thus far (i.e the entry on the i-th row and column of W p,OL(Aj) is
wp,OL

i (A)). Indeed, this is the approach taken in [8]:

wp,OL
i (A) :=

{
min{[a⊤

i (A⊤
i−1(W p,OL(A)i−1)1−2/pAi−1)−ai]p/2, 1} If ai ∈ rowspan(Ai−1)

1 otherwise.
(4)

First, we would like to see what is the blowup on the sum of online Lewis weights. We need to
introduce the notion of online condition number [8]:

Definition (Online Condition Number, [8]). Let A ∈ Rn×d. The online condition number of A is
defined to be

κOL(A) := ∥A∥2 max
1≤i≤n

∥∥∥A−
i

∥∥∥
2

.

The results of [8] prove that just like the case for leverage scores, the blowup arising from online
Lewis weights is bounded by log(nκOL):

Lemma 4.1 (Lemma 3.7, [8]). Let A ∈ Rn×d and 0 < p < ∞. Then
n∑

i=1
wp,OL

i (A) ≤ O(d log(nκOL(A)))

As a result, we may use online Lewis weights to construct online ℓp norm subspace embeddings
under the online coreset model, which allows us to irrevocably store a small subset of rows of the
original matrix A. Here, “online subspace embedding" means we are able to use matrices Si to
construct subspace embeddings for the column space of Ai for all i. The formal statement can be
found in Theorem 3.8 of [8]:

Theorem 4.2 (Guarantees of online subspace embedding, Theorem 3.8, [8]). Let A ∈ Rn×d and
p = (0, ∞). Let δ be a failure rate parameter and let ϵ ∈ (0, 1) be an accuracy parameter. Then
there is an online coreset algorithm A such that, with probability at least 1 − δ, A outputs a weighted
subset of m rows with sampling matrix S such that

∥SiAix∥p
p = (1 ± ϵ) ∥Aix∥p

p . (5)

where the sampling bound m is

O(dϵ−2 log(nκOL)poly(log(n/δ)))
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if p ∈ (0, 2) and
O(dp/2ϵ−2(log(nκOL))p/2+1poly(log(n/δ)))

if p ≥ 2 1.

5 Proof of Online Lewis Weight Sampling

The proof of the blowup resulting from online Lewis weights in [8] is surprisingly simple. In fact,
the proof itself reduces bounding sum of ℓp online Lewis weights to the bound on the sum of online
leverage scores (as we have seen in Problem Set 2 or in [3]). The core observation is to realize that
in equation 2, the Lewis weights are expressed as leverage score of a matrix resulted from scaling
the i-th row of A by w

1/2−1/p
i . The first step of proving Lemma 3.7 in [8] (i.e. the bound on the

sum of online Lewis weights) is finding a bound in terms of κp,OL(W p,OL(A)1/2−1/pA):

Lemma 5.1. Let A ∈ Rn×d and p ∈ (0, +∞), then
n∑

i=1
wp,OL

i (A) ≤ O(d log κOL(W p,OL(A)1/2−1/pA)) (6)

Proof. First, let us think about the case where wp,OL
i (A) < 1. In this case, the only possibility is ai

is in the row span of Ai−1, and in this case, after rearranging the term

wp,OL
i (A) = (wp,OL

i (A)1/2−1/pai)⊤(A⊤
i−1W p,OL(A)1−2/p

i−1 Ai−1)−(wp,OL
i (A)1/2−1/pai)

Note here the transformation we are doing is quite similar to the definitions of Lewis weights in
Equation 2.

Now notice that this essentially says wp,OL
i (A) is equal to the online leverage score for W p,OL(A)1/2−1/pA,

just like the offline ℓp Lewis weights wi is equal to the offline leverage score of W 1/2−1/pA. Therefore,
by plugging in the bound on online leverage scores in [3], we obtain the bound

n∑
i=1

wp,OL
i (A) ≤ O(d log κOL(W p,OL(A)1/2−1/pA))

■

Now we have two cases for bounding κOL(W p,OL(A)1/2−1/pA). When p ∈ (0, 2), ℓp Lewis weights
is monotonic, and thus online Lewis weights are actually greater than or equal to offline ℓp Lewis
weights. Now we have the following chain of inequality:

∥Aix∥2

≤
∥∥∥W p,OL(Ai)1/2−1/pAix

∥∥∥
2

≤
∥∥∥W p(Ai)1/2−1/pAix

∥∥∥
2

≤ d|1/2−1/p| ∥Aix∥p

≤ (nd)|1/2−1/p| ∥Aix∥2 .

1I have rewritten the original bounds, which are given in terms of log d, log n and log 1
δ
, using poly(log(n/δ))
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Here, the second line uses the fact that if p ∈ (0, 2), 1/2 − 1/p < 0, and the online Lewis weights
are in the range [0, 1]. The third line uses the fact that the offline ℓp Lewis weights are at most
the online ℓp Lewis weights. The fourth line uses the fact that Lewis weights sum up to at most d
(since we know that Lewis weights correspond to leverage scores of a scaled version of A and we
may apply properties of leverage scores). And therefore,

κOLA = poly(n)κOL(W p,OL(A)1/2−1/pA)

When p > 2, we no longer have monotonicity, but still we can use a variety of the property of Lewis
weight overestimates given in [5]. In particular, we have the following chain of inequality:

∥Aix∥p ≤
∥∥∥W p,OL(Ai)1/2−1/pAix

∥∥∥
2

≤ ∥Aix∥2 .

Here, the first inequality is exactly the property about ℓp Lewis weight overestimates in [5], and the
second inequality comes from the fact that in this case 1/2 − 1/p > 0.

Thus, we can bound
n∑

i=1
wp,OL

i (A) ≤ O(d) log(nκOL(A)).

6 Pushing Towards Infinity

Obviously, at this point we are seeing that ℓp Lewis weights are not extremely helpful if p approaches
infinity, given the sheer number of samples required. Nevertheless, we can still ask the following
question: what is the limit when p → ∞?

It turns out that this gives us the relationship between Lewis weights and John Ellipsoids.

Definition (Definition 5.4.2, [6]). For any matrix A ∈ Rn×d, we define the ℓp Lewis Ellipsoid of A
by E = {x ∈ Rd|x⊤A⊤W 1−2/pAx ≤ 1} where w is the ℓp Lewis weight of A. For any convex set
K, we define the John Ellipsoid of K be the maximum volume ellipsoid contained in K.

Surprisingly, the ℓ∞ Lewis Ellipsoid of A corresponds to the John ellipsoid of {∥Ax∥∞ ≤ 1} [6],
and the reformulations of ℓp norm Lewis weight in terms of convex optimization problems [4,6] is
based on this intuition: we are trying to find an ellipsoid of maximum volume such that the sum of
∥Ax∥p

p inside the ellipsoid is bounded, and thus we are seeking a somewhat “softer" version of a
John ellipsoid.
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