
15-859 Algorithms for Big Data — Fall 2021

Problem Set 3 Solutions

Problem 1: `1-Regression in a Stream

We first describe the algorithm assuming use of continuous variables, and then show how to discretize.

Implementation with Continuous Random Variables. Suppose that S is a r × n matrix of i.i.d.
standard Cauchy variables for r = O(d log d), and let R = S/(d log d). In class, we have shown that

‖RAx−Rb‖1 ≥
1

2
‖Ax− b‖1

for all x ∈ Rd, with probability at least 0.99. Now let x∗ be the minimizer of ‖Ax− b‖1. Then, S(Ax∗ − b)
is distributed as ‖Ax∗ − b‖1 times a standard Cauchy vector z in O(d log d) dimensions. Then as done in
lecture, we condition on the event E that all entries of z are at most poly(d), which happens with probability
at least 1− 1/ poly(d). Conditioned on this event, we have that

E[‖z‖1 | E ] =

r∑
i=1

E[|zi| | E ] = O(d log d) ·O(log d) = O(d log2 d).

Thus by Markov’s inequality, with probability at least 0.99, ‖z‖1 ≤ O(d log2 d) so

‖R(Ax∗ − b)‖1 = ‖RAx∗ −Rb‖1 ≤
O(d log2 d)

d log d
‖Ax∗ − b‖1 = O(log d)‖Ax∗ − b‖1.

Suppose that R′ is any matrix such that ‖R−R′‖∞ ≤ 1/2, where ‖M‖1 refers to the entrywise `∞ norm
for a matrix M . Then, for all y ∈ Rn,

Let x̂ be the true minimizer of ‖R′Ax−R′b‖1. Then,

‖Ax̂− b‖1 ≤ 2‖RAx̂−Rb‖1
≤ 2‖R′Ax̂−R′b‖1 + ‖(R−R′)(Ax̂− b)‖1
≤ 2‖R′Ax̂−R′b‖1 + ‖Ax̂− b‖1/2

so by rearranging, we have that
‖Ax̂− b‖1 ≤ 4‖R′Ax̂−R′b‖1.

Then,

‖Ax̂− b‖1 ≤ 4‖R′Ax̂−R′b‖1
≤ 4‖R′Ax∗ −R′b‖1
≤ 4‖RAx∗ −Rb‖1 + ‖(R−R′)(Ax∗ − b)‖1
≤ 4‖RAx∗ −Rb‖1 + ‖Ax∗ − b‖1/2
≤ O(log d)‖Ax∗ − b‖1

which gives the desired approximation ratio.

Implementation in a Stream. We now implement the above in a stream. First, note that by interpreting
poly(nd) random bits provided to us as a uniform sample rounded to an error of 1/poly(nd), we may use
the result from lecture on generating p-stable random variables to obtain Cauchy random variables, up to an
additive error of 1/poly(nd). Thus, there are poly(nd) read-only bits that we can interpret as the entries of
a matrix R′ such that ‖R−R′‖1 ≤ nd/ poly(nd) = 1/ poly(nd). We can then maintain R′A in the stream,
which uses a total of O(d2 log(nd) log d) bits since there are O(d log d · d) entries in the matrix R′A, each
which takes log(nd) bits since there are only poly(nd) updates.
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Problem 2: Trace Estimation

1. Recall that the trace is the sum of the eigenvalues, which are just the singular values for symmetric
PSD matrices. Then,

‖A−Ak‖2F =

n∑
i=k+1

σ2
i

≤ σk+1

n∑
i=k+1

σi

≤ σk+1 tr(A)

≤
∑k

i=1 σi
k

tr(A)

≤ 1

k
tr(A)2

2. Note that ∣∣∣∣tr(Ã) +
1

`
tr(G>∆G)− tr(A)

∣∣∣∣ =

∣∣∣∣1` tr(G>∆G)− tr(∆)

∣∣∣∣
By the given result applied with δ = 1/10, with probability at least 9/10,∣∣∣∣1` tr(G>∆G)− tr(∆)

∣∣∣∣ ≤ C√ε‖∆‖F
≤ 2C

√
ε‖A−Ak‖F

≤ 2C

√
ε√
k

tr(A)

≤ ε tr(A)

so we conclude as desired.

3. We first compute Ã in O(ε−1) matrix vector queries, as suggested. We then just need to compute

tr(G>∆G) =
∑̀
i=1

e>i G
>(A− Ã)Gei =

∑̀
i=1

e>i G
>AGei −

∑̀
i=1

e>i G
>ÃGei

where the first term only requires ` = O(ε−1) queries, and the rest can be computed without making
queries.

4. Note that ‖A‖2F = tr(A>A) for any matrix A. Then, a single matrix vector query (X + Y )>(X + Y )z
for a query vector z with b bits per entry can be computed in O(b

√
r) bits of communication, as follows:

• Alice computes Xz and sends it to Bob

• Bob computes Xz + Y z = (X + Y )z and sends it to Alice

• Alice computes X>(X + Y )z and sends it to Bob

• Bob computes X>(X + Y )z + Y >(X + Y )z = (X + Y )>(X + Y )z and sends it to Alice

By using q matrix vector queries, this is a total of O(qb
√
r) bits of communication. This must be at

least Ω(r), which implies that q = Ω(
√
r/b) = Ω(ε−1/b).
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