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Main Question, Nonnegative Matrix Factorization

Question
Given matrix A ∈ Rn×n and k > 1, is there an algorithm that can
determine if there exist two matrices U,V> ∈ Rn×k ,

UV = A,U > 0,V > 0.

Or, are there any hardness results?

Equivalent to computing the nonnegative rank of A, rank+(A)
Fundamental question in machine learning
Applications

I Text mining, Spectral data analysis, Scalable Internet distance
prediction, Non-stationary speech denoising, Bioinformatics,
Nuclear imaging, etc.
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Rank vs. Nonnegative Rank
rank(A) is the rank and rank+(A) is the nonnegative rank

I rank(A) 6 rank+(A)
I Vavasis’09, determining whether rank+(A) = rank(A) is NP-hard.

.

.
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Given : a polynomial system P(x) over the real numbers
v : #variables, x = (x1, x2, · · · , xv )

m : #polynomial constraints fi(x) > 0, ∀i ∈ [m]

d : maximum degree of all polynomial constraints
H : the bitsizes of the coefficients of the polynomials

In (md)O(v) poly(H) time, can
decide if there exists a solution to polynomial system P
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Main Idea

. .

. .

1. Write min
U,V>∈Rn×k ,U,V>0

‖UV − A‖2F as a polynomial system

that has poly(k) variables and poly(n) constraints and degree

2. Use polynomial system verifier to solve it
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Question : Are there matrices U,V> ∈ Rn×k such that
UV = A
U > 0, V > 0

Output : Yes or No
in n2O(k)

time Arora-Ge-Kannan-Moitra’12
in 2O(k3)nO(k2) time Moitra’13
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Given: a set of n values {s1, s2, · · · , sn} each in the range [0,1]

Determine: if there is a set of k numbers that sum to exactly k/2

k -SUM hardness [Patrascu-Williams’10]

Assume: 3-SAT on n variables cannot be solved in 2o(n) time

then k -SUM cannot be solved in no(k) time

Razenshteyn-Song-Woodruff-Zhong Parameterized Complexity of Matrix Factorization 8 / 35



Hardness - Under Exponential Time Hypothesis
. .

. .
Razenshteyn-Song-Woodruff-Zhong Parameterized Complexity of Matrix Factorization 9 / 35



Hardness - Under Exponential Time Hypothesis
. .

. .

Given : A ∈ Rn×n, k ∈ N

Razenshteyn-Song-Woodruff-Zhong Parameterized Complexity of Matrix Factorization 9 / 35



Hardness - Under Exponential Time Hypothesis
. .

. .

Given : A ∈ Rn×n, k ∈ N

Output : Are there two matrices U,V> ∈ Rn×k , such that
UV = A
U > 0,V > 0

Razenshteyn-Song-Woodruff-Zhong Parameterized Complexity of Matrix Factorization 9 / 35



Hardness - Under Exponential Time Hypothesis
. .

. .

Given : A ∈ Rn×n, k ∈ N

Output : Are there two matrices U,V> ∈ Rn×k , such that
UV = A
U > 0,V > 0

Assume : Exponential Time Hypothesis
[Impagliazzo-Paturi-Zane’98]
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Hardness - Under Exponential Time Hypothesis
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Given : A ∈ Rn×n, k ∈ N

Output : Are there two matrices U,V> ∈ Rn×k , such that
UV = A
U > 0,V > 0

Assume : Exponential Time Hypothesis
[Impagliazzo-Paturi-Zane’98]

Requires : nΩ(k) time

Razenshteyn-Song-Woodruff-Zhong Parameterized Complexity of Matrix Factorization 9 / 35



Open Problems

The upper bound is nO(k2) while the lower bound is nΩ(k) - what is
the right answer?
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Output : rank-k Â ∈ Rn×n s.t.
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Weighted Low Rank Approximation
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Given : A ∈ Rn×n, W ∈ Rn×n, k ∈ N, ε > 0

Output :

..

U,V> ∈ Rn×k s.t.
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Hardness for Weighted low rank approximation(WLRA) problem
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‖W ◦ (A − Â)‖2F 6 (1 + ε)

..

OPT

Razenshteyn-Song-Woodruff-Zhong Parameterized Complexity of Matrix Factorization 19 / 35



Rank r
. .

. .

Given : A ∈ Rn×n, W ∈ Rn×n, r ∈ N, k ∈ N, ε > 0

W =



1 1 1 2 2 2
0 1 2 1 2 3
1 1 3 2 4 4
0 0 4 0 4 4
1 0 5 1 6 5
0 0 6 0 6 6

, r = 3

Output : rank-k Â ∈ Rn×n s.t.
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m : #polynomial constraints fi(x) > 0, ∀i ∈ [m]

d : maximum degree of all polynomial constraints
H : the bitsizes of the coefficients of the polynomials

It takes (md)O(v) poly(H) time to
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either 0 or > (2H + m)−dv
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2
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Algorithm :

Razenshteyn-Song-Woodruff-Zhong Parameterized Complexity of Matrix Factorization 29 / 35



Warmup, inefficient WLRA Algorithm
. .

. .

Given : A ∈ Rn×n, W ∈ Rn×n, r ∈ N, k ∈ N, ε > 0

..
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How can we do better?
polynomial verifier runs in (#constraints · degree)O(# variables)

lower bound on cost (#constraints)−degreeO(# variables)

write a polynomial with few #variables, i.e. poly(kr/ε)
without blowing up degree and #constraints too much
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Main Idea

. .

. .

To reduce the number of variables to poly(kr/ε) :

1. Multiple regression sketch with O(k/ε) rows

2. Weight matrix W has rank at most r
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Wrapping Up

Can use an explicit formula for the regression solution in terms of
the variables created

The regression solution is a rational function, but can use tricks to
clear the denominator
Multiple Regression Sketch + Bounded Rank Weight Matrix imply
a small number of variables
Time : nO(rk2/ε)

(#constraints · degree)O(# variables) = (O(n) ·O(nk))O(krt)
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Open Problems

For a rank-r weight matrix W , the upper bound is nO(k2r/ε) but the
lower bound is only 2Ω(r) - can we close this gap?

Can we prove a hardness result with respect to the parameter k ,
e.g., a 2Ω(k) lower bound for WLRA problem?
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Conclusions

Studied intractable matrix factorization problems through the lens
of parameterized complexity

I nonnegative matrix factorization
I weighted low rank approximation

Algorithm techniques

I polynomial system verifier
I random matrices for dimensionality reduction to reduce the number

of variables

Hardness techniques

I random 4-SAT, ETH, etc.

Parameterized Complexity gives a way of coping with intractability
for emerging machine learning problems
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Topics at a Survey Level

• Projection onto Complicated Objects and Gaussian Mean Width

• M‐Estimator Loss Functions for Regression

• Compressed Sensing



Projection onto other Objects
• Least squares regression finds the closest point y in a subspace K to a given point b

• Given a (possibly infinite) set of points K, and a point b, compute min
୷∈୏

|y െ b|
• All norms are Euclidean norms

• Let S be a sketching matrix, we want that if y’ = argmin
୷∈୏

|Sy െ Sb|, then 

yᇱ െ b ൑ 1 ൅ ϵ min
୷∈୏

|y െ b|

• More generally, want to preserve distances of all vectors in a set K, that is, 
|S(y‐y’)| =  1 േ ϵ |y െ y′| for all y, y’ ∈ K

What properties of K determine the dimension and sparsity of S?



Example: Preserving Distances in a Set

• More generally, want to preserve distances of all vectors in a set K, that 
is, |S(y‐y’)| =  1 േ ϵ |y െ y′| for all y, y’ ∈ K

• What is the dimension of S needed if K is:

• n arbitrary points in Rୢ?

• n arbitrary points on a line in Rୢ?



Spherical Mean Width
• Let K be a bounded subset in R୬

• Consider the width in direction u for a unit vector u:

• Width in direction u =  sup	
୮,୯	୧୬	୏

൏ u, p െ q ൐

• Spherical mean width = E୳ሾ sup	
୮,୯	୧୬	୏

൏ u, p െ q ൐ሿ

K

width

u

p

q



Gaussian Mean Width
• Let g ∼ Nሺ0, I୬ሻ be an i.i.d. Gaussian vector

• Gaussian mean width g(K) = E୥ሾ sup	
୮,୯	୧୬	୏

൏ g, p െ q ൐ሿ

ൌ Θ n.ହ ⋅ spherical mean width 

• Examples

• K = S୬ିଵ
• Θሺn.ହሻ

• K = set of unit vectors in a d‐dimensional subspace of R୬
• Θሺd.ହሻ

• K = t arbitrary unit vectors in R୬
• Θሺlog.ହ tሻ



Gaussian Mean Width of t Arbitrary Unit Vectors 

• Let uଵ, … , u୲ be t arbitrary unit vectors in R୬

• Let g in R୬ have iid N(0,1) entries
• Define random variables Z୨ ൌ	൏ u୨, g ൐	which are N(0,1) random variables
• Want to bound E୥ሾmax୨ Z୨ሿ

• Fact: for an N(0,1) random variable W, E e஛୛ ൌ e஛మ/ଶ

• For any λ ൐ 0, E e
஛୫ୟ୶

ౠ
୞ౠ ൑ ∑ E e஛୞ౠ୨ ൑ t	e஛మ/ଶ

• For all λ ൐ 0,	 E୥ሾmax୨ Z୨ሿ ൑
ଵ
஛
log Eሾe

஛୫ୟ୶
ౠ

୞ౠሿ ൑ ሺ୪୭୥ ୲
஛
൅	஛

ଶ
ሻ	ൌ	2 log t



Sketching Bounds

• [Gordon] Let K be a subset of S୬ିଵ. A random Gaussian matrix S with 
g K ଶ/ϵଶ rows satisfies 

Sሺy െ yᇱሻ ଶ ൌ 1 േ ϵ y െ y′ ଶ for all y, y’ in K

• What about sparse sketching matrices S?

• [Bourgain, Dirksen, Nelson] S can have m = g K ଶpolyሺlog	nሻ/ϵଶ rows and 
s ൌ 	polyሺlog	nሻ/ϵଶ non‐ zeros per column if m and s satisfy a condition 
related to higher moments of sup

୮,୯
൏ g, p െ q ൐

• Applied to finite and infinite unions of subspaces



Topics at a Survey Level

• Projection onto Complicated Objects and Gaussian Mean Width

• M‐Estimator Loss Functions for Regression

• Compressed Sensing



Other Fitness Measures

Example: Method of least absolute deviation (l1 ‐regression)

• Find x* that minimizes |Ax‐b|1 =  |bi – <Ai*, x>|

• Cost is less sensitive to outliers than least squares

• Can solve via linear programming

What about the many other fitness measures used in practice?



Huber Loss Function
M(x) = x2/(2c) for |x| ൑ c

M(x) = |x|-c/2 for |x| > c

Enjoys smoothness properties of l22 and
robustness properties of l1



Other Examples
• L1‐L2

M(x) = 2((1+x2/2)1/2 – 1)

• Fair estimator
M(x) = c2 [ |x|/c  ‐ log(1+|x|/c) ]

• Tukey estimator
M(x) = c2/6 (1‐[1‐(x/c)2]3)   if |x| ൑ c

= c2/6                         if |x| > c



Nice M‐Estimators
• An M‐Estimator is nice if it has at least linear growth and at most quadratic growth

• There is CM > 0 so that for all a, a’ with |a| ൒ |a’| > 0,
|a/a’|2൒M(a)/M(a’) ൒ CM |a/a’|

• Any convex M satisfies the linear lower bound

M aᇱ ൌ 	M
aᇱ

a ⋅ a ൅ 1 െ
aᇱ

a ⋅ 0 ൑
aᇱ

a M a ൅ 1 െ
aᇱ

a M 0 ൌ
aᇱ

a Mሺaሻ

• Any sketchable M satisfies the quadratic upper bound
• sketchable => there is a distribution on k x n matrices S for which |Sx|M = 
Θ(|x|M) with good probability and k is slow‐growing function of n



Nice M‐Estimator Theorem

[Nice M‐Estimators] O(nnz(A)) + poly(d log n)  time algorithm to output x’ 
so that for any constant C > 1, with probability 99%:

|Ax’‐b|M൑ C minx |Ax‐b|M

Remarks:

‐ For convex nice M‐estimators can solve with convex programming, 
but slow – poly(nd) time 

‐ The sketch is “universal”



M‐Sketch

S0 D0

S1 D1

S2 D2

…
Slog n Dlog n

• Si are independent CountSketch matrices with poly(d) rows

• Di is n x n diagonal and uniformly samples a 1/(d log n)i fraction of the n rows

• Want |T Ax െ b |୵,୑ ൎ Ax െ b ୑ for any given y = Ax-b
– Example: y = (n, 1, …, 1): y ଵ ൌ n ൅ 1 ⋅ ሺn െ 1ሻ. Estimate both scales

-The same M-Sketch 
works for all nice M-

estimators!

x’ = argminx |TAx-Tb|w,MT = 



Topics at a Survey Level

• Projection onto Complicated Objects and Gaussian Mean Width

• M‐Estimator Loss Functions for Regression

• Compressed Sensing



Compressed Sensing
• We take random “linear measurements” of an n‐dimensional vector x
• In our language, we choose a random r x n sketching matrix S and 
observe S ⋅ x

• Output a vector x’ with  x െ xᇱ ୮ ൌ D ⋅ min
୩ିୱ୮ୟ୰ୱୣ	୸

x െ z ୯ , where D is the 

distortion (the	ℓ୮/ℓ୯‐guarantee)
• Let x୩ be the best k‐sparse approximation to x, i.e., the largest k 
coordinates in magnitude

• Randomized (“for‐each”) scheme versus deterministic (“for‐all”) scheme
• CountSketch is a randomized scheme achieving ℓଶ/ℓଶ w.h.p.

x െ xᇱ ଶ ൌ O 1 ⋅ x െ x୩ ଶ



CountSketch for Compressed Sensing
• CountSketch had O(log n) repetitions of hashing into O(k) buckets
• S is a random linear map S with O(k log n) rows

• For an n‐dimensional vector x, estimate every x୧ up to additive error 
୶ି୶ౡ మ

୩
• Output a 2k‐sparse x’ consisting of the top 2k estimates given by CountSketch
• Say	coordinate	i is	heavy	if	|x୧| ൒ x െ x୩ ଶ/ k

• How	many	heavy	coordinates	can	there	be?
• Say	a	coordinate	i is	super‐heavy if	|x୧| ൒ 3 x െ x୩ ଶ/ k

• Claim:	the	set	T	of	super‐heavy	coordinates	is	in	the	support	of	x’

• x െ xᇱ ଶ ൑ x െ xᇱ ୘ ଶ ൅ x െ xᇱ ሾ୬ሿ\୘ ଶ

																		൑ 2k ⋅ ୶ି୶ౡ మ
୩

൅ ሺx െ x୩ ୬ \୘|ଶ ൅ x୩ െ xᇱ ୬ \୘ ଶ
ൌ Oሺ x െ x୩ ଶሻ



No Deterministic Algorithm Achieves 

• Recall ℓଶ/ℓଶ: output	xᇱwith	 x െ xᇱ ଶ ൌ O 1 ⋅ x െ x୩ ଶ
• Consider k = 1
• Suppose S is a deterministic sketching matrix with r = o(n) rows
• Suffices to show there is a vector x in kernel(S) with  x ஶ ൒ C x െ xଵ ଶ for 
any constant C > 0

• W.l.o.g., can assume S has orthonormal rows 
• ∑ Se୧ ଶଶ ൌ r୧ , so there exists an i with  Se୧ ଶଶ ൑

୰
୬

• Let x ൌ e୧ െ S୘Se୧, so x is in kernel(S)
• But  x ஶ

ଶ ൒ x୧ ଶ ൌ e୧୘e୧ െ e୧୘S୘Se୧
ଶ ൒ 1 െ ୰

୬

ଶ
, while 

• x െ xଵ ଶ ൑ x െ e୧ ଶ ൌ S୘Se୧ ଶ ൌ Se୧ ଶ ൑
୰
୬
ൌ oሺ1ሻ



Deterministic Algorithms Achieve 
• ℓଶ/ℓଵ: output	xᇱwith	 x െ xᇱ ଶ ൌ O 1/k.ହ	 ⋅ x െ x୩ ଵ

• S has the ሺϵ, kሻ‐restricted isometry property (RIP) if for all k‐sparse 
vectors x, 

1 െ ϵ x ଶ
ଶ ൑ Sx ଶ

ଶ ൑ 1 ൅ ϵ x ଶ
ଶ

• What are some matrices S with O(k log(n/k)) rows that have the ሺϵ, kሻ‐
RIP property for constant ϵ? 

• Deterministic, but not explicit!
• Major open question: explicit matrix with ሺϵ, kሻ‐RIP with o kଶ rows
• Bourgain et al.: can get kଶିஓ rows for a constant γ ൐ 0	and k ൎ n.ହ



Deterministic Algorithms Achieve 

• If S has the  ϵ, k ‐RIP then one can efficiently output an x’ for which
x െ xᇱ ଶ ൌ O 1/k.ହ ⋅ x െ x୩ ଵ

• In fact, can just solve a linear program!

min
୸∈ୖ౤

z ଵ

s.t. Sz = Sx

• If x’ is the solution, then  x െ xᇱ ଶ ൑ O ଵ
୩.ఱ	

x െ x୩ ଵ

• Proof uses  ϵ, k ‐RIP and elementary norm manipulations


