15-851 ALGORITHMS FOR BI1G DATA — Spring 2024

PROBLEM SET 2
Due: Thursday, Februrary 22, 11:59pm

Please see the following link for collaboration and other homework policies:
http://www.cs.cmu.edu/afs/cs/user/dwoodruf/www/teaching/15851-spring24/grading.
pdf

Problem 1 (1) Let A = UR where U is an orthonormal basis of A. Then we have

[Az]lS, _URs[S, U R[5,

SUp o = SUP q— e = sup e = sup [|Uyll2,
o [Axl3 o NURzl3  oyrej,=1 |URz3 >

yillyll2=1

notice that for each i € [n], we have (U, y)* < ||U;||3 = ¢;(U) = £;(A), which means that
w(A) > sup, mﬂl%. On the other hand, let j = argmax;/;(U), then let y© = U;/||Ui]|2, we
have ||Uy|%, > ¢;(U), from which we have that u(A) < sup, Hllil‘@l%'

(2) Since we have that ). ¢;(A) = d, we can get that max; (;(A) > (3>, ¢;(A)) /n =d/n.

Consider the example where we stack n/d d x d identity matrix I; to form the matrix A.
That is,

We can see that A has orthogonal columns, after normalization we have that each row of A
has leverage score d/n.

(3) Suppose that A is a matrix that satisfies the condition in (2). Then we construct
the matrix B where B; = A; and B; = —A; for i > 2. Then we have that for every =,
|Az||2 = ||Bz||2 and ||Az||s = || B2/, which means that u(A) = u(B) = d/n.

We next consider the matrix C' = [A B]. Note that from part (1) we immediately have
w(C) <1 as ||Ax||o < ||Az||p for every o € RZ On the other hand, let = be the vector has
the form (y, —y) where ATy # 0. We then have (Cz); # 0 while (Cz); = 0 for i > 2. This
means that p(C) > 1, from which we have that u(C) = 1.

4) For a matrix C' where C' has orthonormal columns, note that we have that u(C) =
max; ||C;|3. Back to our problem, from the assumption we have that all of the matrices
A, B, C have orthonormal columns, which means p(A) = max; || 4;]|3, u(B) = max; || B;||3, u(C) =
max; ||C;||3. Since C' = [A B], we have that

max (max || 4; 3, max | B;13) < max |13 < max || 4:]3 + max || B3

which means that
max (u(A), w(B)) < pu(C) < p(A) + u(B)
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Problem 2 (1) Let A = UXV be the singular value decomposition of A. Then we have
that

AR = A(I - VViE + viS ' vT)
= A— A+ UV,
=UYV.

where ¥/ = {Ik 5 is a diagonal matrix where all the diagonal entries are O(1) (from the
—k

assumption we have that oy = O(1)). From this we have that
[ARz]ls = ©(1)[x[|2

which is what we need.
(2) Let A =UXVT. Then we have for a 2 € R™ where ||z =1

IARz||3 = |USV Rl = | SV Rz|l; = Y (SV7Ra);

)

Let z = az + fw, where (z,w) =0, ||w|]s = 1, and a® + 2 = 1. Then, for i = 1, we have

1
(SVTRz), = oy (A (I — 227)Bw + oy (A)leTzsz

from the assumption that (vy, 2) > 1—1/(100,(A)?) and ||a — b||2 = ||a||3 + ||b||3 — 2(a, b) we
have that

1
o = (o1, 20713 = lenll3 + (o1, 20212013 = 2001, 2)* = O <_01(A_)2>

from which we have that
(SVTRa)| = o (AT (I — 227)Bw + Jl(A)iviTzsz
<0() -6 +6)-|al.
Next, for 7+ > 2 we have

1
(VT Rz)| = |o(A)vl (I — 227)pw + Ji(A)XUZTZZTZ

— |os( AT Bu + gi(A)%@i, a

— |o3(A) (s, w)B + ai(A)iCui, 2

< O) - ([{vi, w)[IB] + (vi, 2)[x])




Using the fact that (a + b)? < 2(a® + b*) we have

|ARz|)3 => (SV"Rx)?

i

<O0(1)- 8 +6(1)-a® + Y 6(1) - (v, w)*6* + (v, 2)"a?)

1>2

= O(1).
We next consider the other direction. If |3| < 2|/, from the above we have
1
(ZVTRx)| = |on (A)v] (I — z27)Bw + al(A)XviTzsz|
> 0.9-|af =0O(1) - 5] = O(1).

since o + 3% = 1, and on the other case |8 > 2|a|, from >, (v;, 2)? = Y, (v;, w)* = 1 and
(o1, 2)] >1— 0O (ﬁ) (o, w)] < O (ﬁ) we have that

Z (SVTRa), > =)

i

2

! >6(1)- (8- a) > O(1) .

oi(A)(vi, w) B + 0i(A) <

)\<U¢,Z>Oé

from which we can get that in both cases, ||ARz||3 > ©(1), which is what we need.

(3) In each iteration of the gradient descent we need to compute RT AT(b— ARx;). Since
we have R =T — 227 + %zzT, which means that we can compute Rz; in O(n) time, b — ARx;
in O(n) time, and then AT (b— ARz;) in nnz(A) time and finally RT (AT (b— ARz;)) in O(n)
time, from which we can get that the per-iteration time we can have is O(nnz(A) + n).

Problem 3 We define OPT as
OPT = min |A — A|3%.
rank—k A’

We first consider the following optimization problem,

min
Us,- Uy€R®

)

F

k
Y URVTeW - A
=1

it is equivalent to

min
UeRnxk

|UZ 1= HF ’
where Z; = ((V*)T 0 (W*)T). Notice that mingcgnxx [|[UZ; — At[|2 = OPT and the optimum
solution of U is U*. Let (R)T € R**"* be a Count-Sketch matrix with s = poly(k/e).
We next consider the following optimization problem,
min HUZlR1 A'RY)5.

UeR"X%



Let U € R™* denote the optimal solution to the above optimization problem. Then U=
A'RY(ZRY)T. From the class we know that with probability at least 0.99 R! is an affine
embedding, which means that

7 1
|UZ, — AY| < (1 +¢) min \UZ, — ||F (1+¢)OPT,
which implies
k 2
YUV eWw; —A| < (1+¢)OPT.
=1 F

As our second step, we fix U € R and W* € R™* and we convert tensor A into
matrix A2. Let Zo = (U)T ® (W*)T). We consider the following objective function,

2
Jmin (V2 — A%|[g,

for which the optimal cost is at most (14 ¢)OPT. We sketch R? on the right of the objective
function to obtain the new objective function,

min ||V ZoR* — Ay R?||%.

VeRnxk
Similarly we have that with probability at least 0.99 the solution V = A2R2(Z,R2)" satisfies
IV 2, — A%|[% < (14 ) min [[VZy = A%[. < (1 +¢)°OPT,
which implies

2

< (1 +¢€)*OPT.

k
Y UoV,eWw; —A
=1

F

As our third step, we fix the matrices U € R"**¥ and V € R"** and let Z3 = (U)o (V)7).
We consider the following objective function,

min |WZ; — A?’HQF,

WeRnxk

which has optimal cost at most (1 + €)2OPT. We sketch R? on the right of the objective
function to obtain a new objective function,

min HWZ;>,R3 AR5

WeRnxk

Similarly we have that with probability at least 0.99 we have the solution W= APR3(Z3R3)T
satisfies

IVZ — A3 < (1+¢) min [VZ, — A%} < (1+¢)°OPT,



which means that
2

< (1 +¢€)*OPT.
F

k
Z@@@@W—A
i=1

Recall that we have U € R™* V = A2R%(Z,R?)!, and W = A3R3(Z3R?)T. This means
that

k
> (AR X)) ® (AR’ X,); @ (A3R*X3); — A

=1

min < (1+¢)*OPT.
X1,X2,X3

F

which is what we need.



