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Why is {;1-low Rank Approximation Interesting?

o It is more robust than the Frobenius norm in the presence of
outliers

o ltis indicated in models where Gaussian assumptions on the
noise may not apply

@ The problem was shown to be NP-hard by Gillis-Vavasis’15 and a
number of heuristics have been proposed

o It was asked in multiple places if there are any approximation
algorithms
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Real-life Applications and Datasets

o Recover image with outliers

o 3D model reconstruction from a sequence of 2D images
@ Background modeling from surveillance video

@ More applications

2D Image

3D
Reconstruction

Video
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Main Question
Question

Given matrix A € R™9 is there a provable aglorithm that is able to
output a (factorization of a) rank-k matrix A such that

A_ ) / ?
|IA—All1 < x ml?(A,HA — Al|17

(From the other perspective) Is there any inapproximability hardness?

v

o This question has been asked at least 4 different places.
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v

@ This question has been asked at least 4 different places.
Kannan-Vempala'09

Stack Exchange’13

W14

Gillis-Vavasis’15

Some machine learning, computer vision papers
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Main Question

Question
Given matrix A € R™9 is there a provable aglorithm that is able to
output a (factorization of a) rank-k matrix A such that

HZ\—A||1<<x. min A" — Al|1?
—k A’

(From the other perspective) Is there any inapproximability hardness?

v

o This question has been asked at least 4 different places.

Kannan-Vempala’09

Stack Exchange’13

W14

Gillis-Vavasis’15

Some machine learning, computer vision papers

O Very recent, independent work,
Chierichetti-Gollapudi-Kumar-Lattanzi-Panigrahy’16
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Main Results - Algorithms
o Upper bound (Algorithm)
» poly(k, log n)-approximation algorithm for an arbitrary n x d matrix
A

* Polynomial time
poly(k) log d-approximation algorithm for an arbitrary n x d matrix A

v

* Polynomial time

O(k)-approximation algorithm for an arbitrary n x d matrix A
* Exponential in k running time.
CUR decomposition algorithm for an arbitrary n x d matrix A

* C has O(klog k) columns from A

* Rhas O(klog k) rows from A

* rank-k U

* poly(k) log d-approximation, polynomial running time
Bicriteria algorithm, rank-2k O(1)-approximation algorithm

v

v

v
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Main Results - Applications

o Forany p € (1,2), {p-low rank approximation

o Eath-mover-distance, EMD-low rank approximation

o {4-low rank approximation with limited independent variables
o Streaming setting

Receive data stream (/,j, A):

(3,4,61),(1,7,23),(5,2,44),(2,3,16),(4,1,98),(2,8,54),--- - -
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Main Results - Applications

o Forany p € (1,2), {p-low rank approximation
Eath-mover-distance, EMD-low rank approximation

¢1-low rank approximation with limited independent variables
Streaming setting

Distributed setting
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Input Sparsity Time Algorithm

Given : AeR™d keN

Output:  matrices U € R™K V € Rkxd g t,
|UV — Alls < poly(k)logd - OPT
with prob. 9/10
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Output:  matrices U € R™K V € Rkxd g t,
|UV — All1 < poly(k)logd - OPT
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in nnz(A) + (n+ d) poly(k) time
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O(k)-Approximation Algorithm

Given : AeR™d keN
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O(k)-Approximation Algorithm

Given : AeR™4 keN
Output:  matrices U € R™k VV ¢ Rkxd gt
— < O . i I _
UV = Alls < O(k) - min [|A”— Ally
74
U - A
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O(k)-Approximation Algorithm

Given : AeR™4 keN
Output:  matrices U € R™k VV ¢ Rkxd gt
— O . i Al —Ai;
IUV —Ally <Olk) - _min %I ii— Al
74
U - A
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CUR Decomposition Algorithm
Given : AeR™d keN

Output: C e R"™S, rank-k U ¢ RS*", R ¢ R™*9 s t.
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CUR Decomposition Algorithm
Given : AeR™d keN

Output: C e R™S rank-k U € RS*", R e R"™*9 s t.

ICUR — Ally < poly(k)logd - min ||A" — All
rank —k A’
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CUR Decomposition Algorithm
Given : AeR™d keN

Output: C e R™S rank-k U € RS*", R e R"™*9 s t.
ICUR — All1 < poly(k)logd - min A= All;
with prob. 9/10 rank —k A
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CUR Decomposition Algorithm
Given : AeR™d keN

Output: C e R™S rank-k U € RS*", R e R"™*9 s t.
ICUR — Ally < poly(k)logd - min [A"— Al
with prob. 9/10 rank —k A
in nnz(A) + (n+ d) poly(k) time
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CUR Decomposition Algorithm
AeR™d keN

Given :

Output: C e R"™S, rank-k U ¢ RS*", R ¢ R™*9 s t.
|[CUR —All+ < poly(k)logd - min |A"— Al
with prob. 9/10 r
in nnz(A) + (n+ d) poly(k) time

nk—k A’

C has s = O(k) columns from A

R has r = O(k) rows from A

U

R

Song-Woodruff-Zhong

Low Rank Approximation with Entrywise ¢4-Norm Error
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Bicriteria O(1)-Approximation Algorithm

Given : AeR™4 keN
Output:  matrices U € R™2k |/ ¢ RZkxd gt,
74
U - A
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Bicriteria O(1)-Approximation Algorithm

Given : AeR™d keN

Output:  matrices U € R™2k |/ ¢ RZkxd gt,
UV —=Al1 <O() - min |JA"— A4
rank —k A’
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Bicriteria O(1)-Approximation Algorithm

Given : AeR™9 keN
Output:  matrices U € R™2k |/ ¢ RZkxd gt,
UV = Al <O(1) - min |A"— Al
with prob. 9/10 rank —k A
4
U — A
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Bicriteria O(1)-Approximation Algorithm

Given : AecR™4 keN

Output:  matrices U € R™2k |/ ¢ RZkxd gt,
UV —Ally <O(1) - min ||A"— Al
with prob. 9/10 rank —k A

in (nd)2%*) time

%
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Algorithm

@ Choose sketching matrix S’ (a Cauchy matrix or sparse Cauchy
matrix.)
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Algorithm

@ Choose sketching matrix S’ (a Cauchy matrix or sparse Cauchy
matrix.)

o Compute S’A, form C by C' « argminy || xS’A— A'||y. Form
B=C-S'A
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Algorithm

@ Choose sketching matrix S’ (a Cauchy matrix or sparse Cauchy
matrix.)

o Compute S’A, form C by C' « argminy || xS’A— A'||y. Form
B=C-S'A

@ Choose sketching matrices 71, R, S, T (Cauchy matrices or
sparse Cauchy matrices.)
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@ Choose sketching matrix S’ (a Cauchy matrix or sparse Cauchy
matrix.)

o Compute S’A, form C by C' « argminy || xS’A— A'||y. Form
B=C-S'A

@ Choose sketching matrices 71, R, S, T (Cauchy matrices or
sparse Cauchy matrices.)

o Solve minX,y || T; BF)’XYSBTQ — T BTQ”F

T B R \—‘Y S B T |_| T B Ts

F

Song-Woodruff-Zhong Low Rank Approximation with Entrywise £4-Norm Error 18/31



Algorithm

@ Choose sketching matrix S’ (a Cauchy matrix or sparse Cauchy
matrix.)

o Compute S’A, form C by C' « argminy || xS’A— A'||y. Form
B=C-S'A

@ Choose sketching matrices 71, R, S, T (Cauchy matrices or
sparse Cauchy matrices.)

o Solve minX,y || T; BF)’XYSBTQ — T BTQ”F

o Output BRX, YSB

T B R \—‘Y S B T |_| T B Ts

F
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1. Multiple regression sketch

2. No closed-form for £1, but we can use {» relaxation

3. There exists a solution in the row span of A
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5. Repeatedly apply multiple regression sketch
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Main Ideas of Meta Algorithm

1. Multiple regression sketch

2. No closed-form for £;, but we can use {» relaxation

3. There exists a solution in the row span of A
4, Obtain B by projecting rows of A onto SA
5. Repeatedly apply multiple regression sketch
6. A low rank approximation to B gives

a low rank approximation to A
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Multiple Regression Sketch
Given:  matrix A € R"™%9,
Choose :  sketching matrix S € R™*"

Define: U*, V* =argmin, ,[|UV — Al
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Multiple Regression Sketch
Given:  matrix A € R"™%9,
Choose :  sketching matrix S € R™*"

Define: U*, V* =argmin, ,[|UV — Al
V' =argminy [|[SU*V — SA||4

ur - A

1
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Multiple Regression Sketch
Given:  matrix A € R"™%9,
Choose :  sketching matrix S € R™*"

Define: U*, V* =argmin, ,[|UV — Al
V' =argminy || SU*V — SA||1
If : with prob. 9/10
forall V, |[SU*V — SA||y > ||[U*V — Al|; and

ur - A

1
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Multiple Regression Sketch
Given:  matrix A € R"™%9,
Choose :  sketching matrix S € R™*"

Define: U*, V* =argmin, ,[|UV — Al
V' =argminy || SU*V — SA||1
If : with prob. 9/10
forall V, |[SU*V — SA||y > ||[U*V — Al|; and
for any fixed V, ||SU*V — SA|1 < B||U*V — All4

ur - A

1
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Multiple Regression Sketch

Given :
Choose :

Define :

If :

Then :

matrix A € R"™<9,

sketching matrix S € R™*"

Us, V*=argmin, ,||UV — A4

V' =argminy || SU*V — SA||1

with prob. 9/10
forall V, |[SU*V — SA||y > ||[U*V — Al|; and

for any fixed V, [|SU*V — SA|l1 < B||U*V — Al

with prob. 9/10,]|U* V' — Ally < BJ|U* V* — Al

S

Song-Woodruff-Zhong

U*

4

Low Rank Approximation with Entrywise ¢4-Norm Error
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Choose :  sketching matrix S € R™*"

Define :  U*, V*:=argmin  cgnxk yepixal UV — All4
Vi:=argmin, ||[SU*V;— SAj|2, forall i € [d]

— V;=(SU*)SA, = V= (SU*)tSA
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Vi:=argmin, ||[SU*V;— SAj|2, forall i € [d]
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Existence Result

Given:  matrix A € R"™<9,
Choose :  sketching matrix S € R™*"

Define :  U*, V*:=argmin  cgnxk yepixal UV — All4
Vi:=argmin, ||[SU*V;— SAj|2, forall i € [d]

— V;=(SU*)SA, = V= (SU*)tSA
V' :=argminy |SU*V — SA||1

Then : ||SU*V — SA||; < vm||SU* V' — SA||; (tz-relaxation)
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Choose :  sketching matrix S € R™*"

Define : U™, V" :=argmincgnc yepucal| UV — Alls
Vi:=argmin, ||[SU*V;— SAj|2, forall i € [d]
— V;=(SU"TSA, = V=(SU")TSA
V' :=argminy |SU*V — SA||1

Then : ||SU*V — SA||; < vm||SU* V' — SA||; (tz-relaxation)
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Existence Result

Given:  matrix A € R"™<9,
Choose :  sketching matrix S € R™*"

Define :  U*, V*:=argmin  cgnxk yepixal UV — All4
Vi:=argmin, ||[SU*V;— SAj|2, forall i € [d]

— V= (SU*)S4;, — V =(SU*)TSA
V' :=argminy |SU*V — SA||1

Then : ||SU*V — SA||; < vm||SU* V' — SA||; (tz-relaxation)

If: UV — Al <BI|U*V*— A4 (proved earlier)
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Vi:=argmin, ||[SU*V;— SAj|2, forall i € [d]
— V;=(SU"TSA;, = V=(SU")tSA
V' :=argminy [|[SU*V — SA||1
Then : ||SU*V — SA||; < vm||SU* V' — SA||; (tz-relaxation)

If: UV — Al <BI|U*V*— A4 (proved earlier)
Then :

Song-Woodruff-Zhong Low Rank Approximation with Entrywise ¢4-Norm Error 21/31



Existence Result

Given:  matrix A € R"™<9,
Choose :  sketching matrix S € R™*"

Define : U™, V" :=argmincgnc yepucal| UV — Alls
Vi:=argmin, ||[SU*V;— SAj|2, forall i € [d]
— V;=(SU"TSA;, = V=(SU")tSA
V' :=argminy [|[SU*V — SA||1
Then : ||SU*V — SA||; < vm||SU* V' — SA||; (tz-relaxation)

it: UtV = Al
Then : ||[U*V — All4

BIlU*V* — All4 (proved earlier)
vmB || UV —Ally

<
<
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Existence Result

Given:  matrix A € R"™<9,
Choose :  sketching matrix S € R™*"

Define :  U*, V*:=argmin  cgnxk yepixal UV — All4
Vi:=argmin, ||[SU*V;— SAj|2, forall i € [d]

V' :=argminy [|[SU*V — SA||4
Then : ||SU*V — SA||; < vm||SU* V' — SA||; (tz-relaxation)
If: UV — Al <BI|U*V*— A4 (proved earlier)
Then: [U*V = Ally < vVmB|[U*V* — All4

_______________________________________
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Existence Result

Given:  matrix A € R"™<9,
Choose :  sketching matrix S € R™*"

Define :  U*, V*:=argmin  cgnxk yepixal UV — All4
Vi:=argmin, ||[SU*V;— SAj|2, forall i € [d]

V' :=argminy [|[SU*V — SA||1
Then : ||SU*V — SA||; < vm||SU* V' — SA||; (tz-relaxation)
If: UV — Al <BI|U*V*— A4 (proved earlier)
Then : [|U*V — Ally < VmB||U*V* — Al

_______________________________________

Thus, there exists a v/m@-approximation in the row span of A.

<
<
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Repeatedly Apply Multiple Regression Sketch

Given : rank-t B e R™9 k > 1, t = poly(k)
S, I, t1, tg = p0|y(k)
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Repeatedly Apply Multiple Regression Sketch

Given : rank-t B e R™9 k > 1, t = poly(k)
S, I, t1, tg = p0|y(k)
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Repeatedly Apply Multiple Regression Sketch

Given : rank-t B € R™9 k > 1, t = poly(k)
S, rt,b= p0|y(k)
Choose : sketching matrices S € RS*", B € RIx"
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Repeatedly Apply Multiple Regression Sketch

Given : rank-t B € R™9 k > 1, t = poly(k)
S, rt,b= p0|y(k)
Choose : sketching matrices S € RS*", B € RIx"
T, € Rt1><n, T e RAXE

By S,A:

Song-Woodruff-Zhong Low Rank Approximation with Entrywise ¢4-Norm Error 22/31



Repeatedly Apply Multiple Regression Sketch

Given : rank-t B € R™9 k > 1, t = poly(k)
S, rt,b= p0|y(k)
Choose : sketching matrices S € RS*", B € RIx"
T, € Rt1><n, T e RAXE

By S.A BRXYSB - Bls < B -
yS.A: min i < Bv/m_min ||B"— Bl
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Repeatedly Apply Multiple Regression Sketch

Given : rank-t B € R™9 k > 1, t = poly(k)
S, rt,b= p0|y(k)
Choose : sketching matrices S € RS*", B € RIx"
T, € Rt1><n, T e RAXE

By S,7: min  [BAXYSB— B <Bym min_|B' —B];

XeRr<k, Y eRkx B

By T1,T2:
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Repeatedly Apply Multiple Regression Sketch

Given : rank-t B € R™9 k > 1, t = poly(k)
S, rt,b= p0|y(k)
Choose : sketching matrices S € RS*", B € RIx"
T, € Rt1><n, T e RAXE

By S,A: _min  |[BARXYSB—B| < [3\/_ m|n |B"—

XeRr<k, Y eRkx B

By 7,,7,: |BRX*Y*SB—B|;y<y _min |BARXYSB—

XGR'Xk,YGRkXS
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Repeatedly Apply Multiple Regression Sketch

Given : rank-t B € R™9 k > 1, t = poly(k)
S, rt,b= p0|y(k)
Choose : sketching matrices S € RS*", B € RIx"
T, € thn, T e RAXE

By S,7: min  [BAXYSB— B <Bym min_|B' —B];

XeRr<k, Y eRkx B

By 7,,7,: |BRX*Y*SB—B|;y <y _min |BRXYSB—B|;

XGR'Xk,YGRkXS

where X*, Y*:= argmin |[|[T{BRXYSBT, — T1BTs||1 (%)
XER’X",YER’(XS
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Repeatedly Apply Multiple Regression Sketch

Given : rank-t B € R™9 k > 1, t = poly(k)
S, rt,b= p0|y(k)
Choose : sketching matrices S € RS*", B € RIx"
T, € thn, T e RAXE

By S,7: min  [BAXYSB— Bl <pym min_|B'—B|;-----

XeRr<k, Y eRkx B

By 7.,7,: |BRX*Y*SB—B|y <y min  |BRXYSB—B|i-----

XGR'Xk,YGRkXS

where X*, Y*:= argmin ||T{BRXYSBT, — T1BTs||1 ()
XER’X",YER’(XS
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Repeatedly Apply Multiple Regression Sketch

Given : rank-t B € R™9 k > 1, t = poly(k)
S, rt,b= p0|y(k)
Choose : sketching matrices S € RS*", B € RIx"
T, € thn, T e RAXE

By S,R BRXYSB - B T
y SR emin Iy <Bvm_min B~ B];

By 7.,7,: |BRX*Y*SB—B|y <y min  |BRXYSB—B|i-----

XGR'Xk,YGRkXS

where X*, Y*:= argmin ||T{BRXYSBT, — T1BTs||1 ()
XER’X",YER’(XS

Thus, BRX*, Y*SB gives a py+/m-approximation to Bs - - - - - !
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Repeatedly Apply Multiple Regression Sketch

Given : rank-t B € R™9 k > 1, t = poly(k)
S, r by, b = poly(k)
Choose : sketching matrices S € RS*", B € RIx"
T, € thn, T e RAXE

By S,R BRXYSB—B B —Bl|{-----
y XG]R’IDIPG]R“ | Il < Bf m'QB,” Bls

By 7.,7.: |BRX*Y*SB—B|;1<y _min  |[BRXYSB—B|{-----
XER'Xk,YERkXS

where X*, Y*:= argmin ||T{BRXYSBT, — T1BTs||1 ()
XER’X",YER’(XS

Thus, BRX*, Y*SB gives a py+/m-approximation to Bs - - - - - !

We can solve (x) by either using polynomial system solver
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Repeatedly Apply Multiple Regression Sketch

Given : rank-t B € R™9 k > 1, t = poly(k)
S, r by, b = poly(k)
Choose : sketching matrices S € RS*", B € RIx"
T, € thn, T e RAXE

By S,R BRXYSB—B B —Bl|{-----
y XGRfXII“\peRk | Il < Bf m'QB,” Bls

By 7.,7.: |BRX*Y*SB—B|;1<y _min  |[BRXYSB—B|{-----
XE]R’Xk,YERkXS

where X*, Y*:= argmin ||T{BRXYSBT, — T1BTs||1 ()
XER’X",YGR’(XS

Thus, BRX*, Y*SB gives a py+/m-approximation to Bs - - - - - !

We can solve (x) by either using polynomial system solver
orrelaxing || - [[1 to || - [|F.
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Reducing Arbitrary Matrix A to Rank-r Matrix B
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Reducing Arbitrary Matrix A to Rank-r Matrix B

Given k e N, r > k, A€ R™9 and rank-r B, C € R"*9,
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Reducing Arbitrary Matrix A to Rank-r Matrix B
Given ke N, r > k, Ae R™ and rank-r B, C € R"™<,

If|1B— Al < in 1A — A Bl < ! /B,
|B— Al <B_min [|A'—Alsand |C— By <v_min_|B'—B;
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Reducing Arbitrary Matrix A to Rank-r Matrix B
Given ke N, r > k, Ae R™ and rank-r B, C € R"™<,

If |B— A A By <y mi '_ Bl
|B— Al <B_min [|A'—Alsand |C— By <v_min_|B'—B;

then | C — Alls < O(By) min _[|A’—All.
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Reducing Arbitrary Matrix A to Rank-r Matrix B
Given ke N, r > k, Ae R™ and rank-r B, C € R"™<,

If |B— A A By <y mi '_ Bl
|B— Al <B_min [|A'—Alsand |C— By <v_min_|B'—B;

then | C — Alls < O(By) min _[|A’—All.

Proof :
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Reducing Arbitrary Matrix A to Rank-r Matrix B
Given ke N, r > k, Ae R™ and rank-r B, C € R"™<,

If |B— A A By <y mi '_ Bl
|B— Al <B_min [|A'—Alsand |C— By <v_min_|B'—B;

then | C — Alls < O(By) min _[|A’—All.

Proof : [|C—Alls <[|C—Blls +[B—Allx
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Reducing Arbitrary Matrix A to Rank-r Matrix B
Given ke N, r > k, Ae R™ and rank-r B, C € R"™<,

_ r_ _ < i r_
1B~ Aly <B_min |A"—Allyand |C— By <y_min_||B"~B]s,

then | C — Alls < O(By) min _[|A’—All.

Proof : [|C — Alls < [|C — Blls + | B— Al

<YIIB* — Bl +[|B—Ally  (B*:=argmin||B'— B
rank —k B’
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Reducing Arbitrary Matrix A to Rank-r Matrix B
Given ke N, r > k, Ae R™ and rank-r B, C € R"™<,

_ r_ _ < i r_
1B~ Aly <B_min |A"—Allyand |C— By <y_min_||B"~B]s,

then | C — Alls < O(By) min _[|A’—All.

Proof : [IC— Alls < |C = Blls + 1B~ Al
<YIB =Bl +B—Aly (8= agmin||&'~ By

<Y||A* = BJl1 + ||B— All1 (A" :=argmin||A’— All1)
rank —k A’
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Reducing Arbitrary Matrix A to Rank-r Matrix B
Given ke N, r > k, Ae R™ and rank-r B, C € R"™<,
—_— I_ [e— i /_
If[B—Allh <B_min [A"—Alrand |[C—Blls <v_min _[B"— B,
then [|C — Ally < O(By)_min |4’ — Al
Proof: [C—Al1 <[|C—BJ1+[|B— Al
<v[B =Blli +[[B-Alr  (B:= arkgiTEIIB’ — Blh1)

<Y||A* = BJl1 + ||B— All1 (A" :=argmin||A’— All1)
rank —k A’

SYIA" = Al + (v + 1)I1B— Alls
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Reducing Arbitrary Matrix A to Rank-r Matrix B
Given ke N, r > k, Ae R™ and rank-r B, C € R"™<,

_ r_ _ < i r_
1B~ Aly <B_min |A"—Allyand |C— By <y_min_||B"~B]s,

then | C — Alls < O(By) min _[|A’—All.

Proof : [|C—Alls < |C—Bll1 + |B— Al
<Y|B" = Blls +[B—Alx (B = argmin |5~ B}
SYIA" =Bl +[IB=Alls (A= argmin A" Al;)
SYIAT = Alls + (v + 1)|1B—Allx
< OBY)A" = Alls
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Reducing Arbitrary Matrix A to Rank-r Matrix B

Given k e N, r > k, A€ R™9 and rank-r B, C € R"*9,

If ||B—Al1 < [3 m|n |A"—Allyand |[C—B|ls <y min |B —
rank —k B’

—k A’

thenllIC Ali <O Bv) _min A" — A||1< ............

—k A’

Proof : [|C—Alls <[|C—Blls +[B—Allx

<v|B*—=B|1 +1B—All1 (B*:= argmin||B’ —
rank —k B’

<Y||A* = BJl1 + ||B— All1 (A" = argmin||A’ —
rank —k A’

<YIA = Alls + (v + DIIB= Al

S OBY)IA = Alli=mmmmmmmm oo
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Main Results - Summary of Hard Instance and
Hardness

o Lower bound (hard instance, hardness)
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Main Results - Summary of Hard Instance and
Hardness

o Lower bound (hard instance, hardness)

» Under the Exponential Time Hypothesis(ETH)
» Hard instance for row subset selection
» Hard instance for oblivious subspace embeddings(OSE)
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Main Results - Summary of Hard Instance and
Hardness

o Lower bound (hard instance, hardness)

Under the Exponential Time Hypothesis(ETH)

Hard instance for row subset selection

Hard instance for oblivious subspace embeddings(OSE)
Hard instance for Cauchy embeddings
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Main Results - Summary of Hard Instance and
Hardness

o Lower bound (hard instance, hardness)

Under the Exponential Time Hypothesis(ETH)

Hard instance for row subset selection

Hard instance for oblivious subspace embeddings(OSE)
Hard instance for Cauchy embeddings

Hard instance for row span

v

vV vy VvYy
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Hardness - Under Exponential Time Hypothesis
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Hardness - Under Exponential Time Hypothesis

¢1-Low Rank Approximation Hardness
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Hardness - Under Exponential Time Hypothesis

¢1-Low Rank Approximation Hardness

Given : AeR™9 keN, o> 1
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Hardness - Under Exponential Time Hypothesis

¢1-Low Rank Approximation Hardness

Given : AeR™9 keN, o> 1

Output: U e R™K Ve RFXd st UV — A2 < «- OPT
with prob. 9/10
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Hardness - Under Exponential Time Hypothesis

¢1-Low Rank Approximation Hardness
Given : AeR™9 keN, o> 1

Output: U e R™K Ve RFXd st UV — A2 < «- OPT
with prob. 9/10

Assume : Exponential Time Hypothesis(ETH)
[Impagliazzo-Paturi-Zane’98]
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Hardness - Under Exponential Time Hypothesis

¢1-Low Rank Approximation Hardness

Given : AeR™9 keN, o> 1

Output: U e R™K Ve RFXd st UV — A2 < «- OPT
with prob. 9/10

Assume : Exponential Time Hypothesis(ETH)
[Impagliazzo-Paturi-Zane’98]

for arbitrarily small constanty > 0
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Hardness - Under Exponential Time Hypothesis

¢1-Low Rank Approximation Hardness

Given : AeR™9 keN, o> 1

Output: U e R™K Ve RFXd st UV — A2 < «- OPT
with prob. 9/10

Assume : Exponential Time Hypothesis(ETH)
[Impagliazzo-Paturi-Zane’98]

for arbitrarily small constanty > 0
for any algorithm running in (nd)°") time
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Hardness - Under Exponential Time Hypothesis

¢1-Low Rank Approximation Hardness

Given : AeR™9 keN, o> 1

Output: U e R™K Ve RFXd st UV — A2 < «- OPT
with prob. 9/10

Assume : Exponential Time Hypothesis(ETH)
[Impagliazzo-Paturi-Zane’98]

for arbitrarily small constanty > 0
for any algorithm running in (nd)°") time

i . 1
Requires : o > (1 + Iog1+y(nd))
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Hard Instance - Row Subset Selection
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Hard Instance - Row Subset Selection

No (O(v'k))-approximation for row subset selection
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Hard Instance - Row Subset Selection

No (O(v'k))-approximation for row subset selection

Given : A e R™ (K "k e N, n = poly(k)
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Hard Instance - Row Subset Selection

No (O(v'k))-approximation for row subset selection
Given : A e R™ (K "k e N, n = poly(k)
Output : rank-k matrix A is in the row span of any n/2 rows of A s.t.
|A—All; < O(k%%—¢).OPT

with positive probability.
e > 0 is a constant which can be arbitrarily small
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Hard Instance - Row Subset Selection

No (O(v'k))-approximation for row subset selection
Given : A e R™ (K "k e N, n = poly(k)

Output : rank-k matrix Ais in the row span of any n/2 rows of A s.t.
IA— Al < O(k05—¢) . OPT
with positive probability.
e > 0 is a constant which can be arbitrarily small

There is no such algorithm!
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Hard Instance - Oblivious Subspace Embeddings
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Hard Instance - Oblivious Subspace Embeddings
No (O(Vk))-approximation for any OSE
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Hard Instance - Oblivious Subspace Embeddings
No (O(Vk))-approximation for any OSE

Let k > 1, n=poly(k), t = poly(k).
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Hard Instance - Oblivious Subspace Embeddings
No (O(Vk))-approximation for any OSE

Let k > 1, n=poly(k), t = poly(k).
There exist matrices A € R™(k+n) g t. for any oblivious matrix S € R!*"

1
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Hard Instance - Oblivious Subspace Embeddings

No (O(v/'k))-approximation for any OSE

Let k > 1, n=poly(k), t = poly(k).
There exist matrices A € R™ (k+1) g t. for any oblivious matrix S € R!*”

with probability 9/10

min |[USA— All1 > Q(k%5~ €)_ min A" — All;
UcRdxt —k A

e > 0 is a constant which can be arbltranly small

1
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Hard Instance - Oblivious Subspace Embeddings

No (O(v/'k))-approximation for any OSE

Let k > 1, n=poly(k), t = poly(k).
There exist matrices A € R™ (k+1) g t. for any oblivious matrix S € R!*”

with probability 9/10

min |[USA— All1 > Q(k%5~ €)_ min A" — All;
UcRdxt —k A

e > 0 is a constant which can be arbltranly small

1
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Hard Instance - Cauchy Embedding
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Hard Instance - Cauchy Embedding
No (O(log d))-approximation in Row Span
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Hard Instance - Cauchy Embedding
No (O(log d))-approximation in Row Span

There exist matrices A € R9%9 s t. for any o(logd) >t > 1,
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Hard Instance - Cauchy Embedding
No (O(log d))-approximation in Row Span
There exist matrices A € R9%9 s t. for any o(logd) >t > 1,

for random Cauchy matrices S € R'*9, where each entry
is sampled from i.i.d. Cauchy distribution C(0,v), vy € R

1
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Hard Instance - Cauchy Embedding
No (O(log d))-approximation in Row Span

There exist matrices A € R9%9 s t. for any o(logd) >t > 1,
for random Cauchy matrices S € R'*9, where each entry
is sampled from i.i.d. Cauchy distribution C(0,v), vy € R
with probability 9/10

min |USA—Ally > Q(2%99 ) min ||A'— A
UeRdX'H I (Ttiog ) i | I

S
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Hard Instance - Row Span
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Hard Instance - Row Span

No (2-€)-approximation in the entire row span
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Hard Instance - Row Span

No (2-€)-approximation in the entire row span

Given : AeRE-DXd g N
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Hard Instance - Row Span

No (2-€)-approximation in the entire row span

Given : AeRE-DXd g N
Output:  rank-k matrix Ais |n row span of A s.t.
IA—Ally < 2(1— glg7) - OPT

with prob. 9/10
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Hard Instance - Row Span

No (2-€)-approximation in the entire row span

Given : AeRE-DXd g N
Output:  rank-k matrix Ais |n row span of A s.t.
IA—Ally < 2(1— glg7) - OPT

with prob. 9/10

There is no such algorithm!
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Hard Instance - Row Span

No (2-€)-approximation in the entire row span

Given : AeRE-1xd ke N
Output : rank-k matrix Ais |n row span of A s.t.
IA—Ally < 2(1— glg7) - OPT

with prob. 9/10

There is no such algorithm!

1 1 0 O 0
1 0o 1 0 0
A= |1 0O 0 1 0
1 o o o --- 1
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Experimental Results

o Input matrix A = diag(n2+°-25, n1 .5+0.25, B, B) c R(2n+2)>< (2n+2),
where B ¢ R™" s all 1s matrix. Find rank-3 solution.
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Experimental Results
o Input matrix A = diag(n2+°-25, n1 .5+0.25, B, B) c R(2n+2)><(2n+2),

where B € R™ " is all 1s matrix. Find rank-3 solution.
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Experimental Results
o Input matrix A = diag(n2+°-25, n1 .5+0.25, B, B) c R(2n+2)><(2n+2),

where B € R"*" is all 1s matrix. Find rank-3 solution.
@ The performance of our algorithm has the best accuracy.
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Experimental Results
o Input matrix A = diag(n2+°-25, n1 .5+0.25, B, B) c R(2n+2)><(2n+2),
where B € R"*" is all 1s matrix. Find rank-3 solution.
@ The performance of our algorithm has the best accuracy.
o All the algorithms(including ours) can be finished in 3 seconds,

except for BDB13, KKO5.
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Thank you!

Questions?
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