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Neural-network-based algorithms strike a good balance 
between performance and complexity in adaptive equalization, 

show promise in spread spectrum systems 
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daptive equalization has been an active area of re- 
search for many years. Even in 1985 there were a A plethora of available solutions [ 17 whose properties 

were well understood. Many of the techniques are firmly 
based on linear adaptive filter algorithms and exhibit the 
same much-lauded ‘learning’ property as neural networks. 
Alternatively, maximum likelihood strategies, which are usu- 
ally based on the Viterbi algorithm (VA) [2] and its variants, 
have long been understood to provide the best performance 
of all equalization techniques. Why then is it worth consid- 
ering the application of artificial neural networks (NN) to this 
problem? The answer comes in two parts. 

The first is one that has always driven science, and that is 
curiosity. How well will a neural network perform in this 

benchmark problem and how will it fare when compared with 
standard solutions? 

Initial work [ 3 ]  demonstrated that multilayer perceptron 
(MLP) equalizers were superior to conventional transversal 
and decision feedback equalizers in terms of the usual meas- 
ure of equalizer performance, which is bit error rate (BER). 
On the other hand, the work also highlighted several of the 
difficulties that are well known in the wider application of 
MLP’ s. 

These are the extreme length of training times; the inde- 
terminate nature of the training times; the lack of a method- 
ology for architecture selection. These problems are largely 
unsolved and severely restrict the practical application of 
MLP’s in this area. 
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The second reason for considering neural networks as 
adaptive equalizers is an engineering one. Each of the con- 
ventional solutions has associated with it a measure of com- 
putational complexity and a measure of performance. Thus, 
for example, a transversal equalizer is one of the least com- 
putationally demanding techniques and one of the poorest 
performers, whereas maximum likelihood has theoretically 
the best performance and can be extremely expensive com- 
putationally. 

There is always a demand for algorithms that provide 
alternative compromises between performance and complex- 
ity. For example, an algorithm with slightly poorer perform- 
ance than maximum likelihood but significantly lower 
complexity would be particularly attractive and provide the 
practitioner with a useful alternative solution in addressing ,a 
range of adaptive equalization problems. 

If MLP’s are not the solution, why should radial basis 
function (RBF) networks fare better? The answer to this 
question lies in the structure of the RBF network and its close 
relationship to Bayesian methods for channel equalization 
and interference rejection. This relationship has encourageld 
the blending of techniques from communications, neurad 
networks, and signal processing. For example, in many apl- 
plications of neural networks there may not be a universally 
recognised “best” or “optimal” solution. The network is 
presented with a training set of input/output pairs and leams 
a nonlinear mapping from input to output. The network is 
then tested on unseen data, and if performance goals are met, 
the operation is deemed a success. 

By contrast, in the design of nonlinear adaptive equalizers 
and receivers, the optimal solution has been clearly defined 
by the communications community as the Bayesian or one- 
shot receiver [5-71. There are several papers in the commu- 
nications literature that develop this receiver from the 
perspective of known channel characteristics. It has been 
compared and contrasted with both linear equalizers and 
maximum likelihood methods. The radial basis function net- 
work, on the other hand, has its origins in the signal process- 
ing and neural networks literature [SI, and is a general 
purpose method for approximating nonlinear mappings. A,$- 
sociated with it is a body of techniques for training the 
network, such as data clustering, gradient descent, and recur- 
sive least squares. Further, it has a robust quality, which 
indicates that it may not be necessary to learn the exact 
Bayesian solution to achieve satisfactory performance. Thus, 
the signal processing and neural network perspective on the 
problem has enabled the development of algorithms that 
converge reliably in a reasonable timescale for practical 
application. 

The general approach in this article is to cover the applii- 
cation of radial basis function networks, or equivalently, 
adaptive Bayesian techniques, to a range of equalization and 
interference rejection problems. In all application areas, the 
training of the receiver is assumed to be non-blind i.e., a 
training sequence is available. Simple examples are used 
extensively to illustrate the methods. Thus, all transmitted 
data is assumed to be binary and hence the terms bit rate and 

symbol rate are used interchangeably. All signal and channels 
are assumed to be real. The interested reader can find the 
complex versions developed in [9-111. The focus of the 
discussion will be on finite-memory linear channels. Com- 
ments on the use of the techniques on nonlinear channels are 
made occasionally, where appropriate. 

Radial Basis Function Networks 

Originally, RBF networks were developed for data interpo- 
lation in multi-dimensional space [ 12- 141. The interpolation 
problem can be stated as follows: given a set of vectors {yi} 
and a set of associated scalar data points { ui}, find a function 
F( ) of the vectors that is constrained to go through all the 
data points, i.e., 

The function can then be used to calculate values for the 
data points at vectors that are not in the original set. One 
solution is to choose F(y) such that: 

where +(lly - yill) is a radially symmetric scalar function with 
yi at its center. Hence, the vectors { yi} are frequently referred 
to as the centers. The vector norm 114 is usually an Eucilean 
one. Possible choices for the radial basis function +( ) include 
a thin plate spline: 

a multi-quadratic: 

(No = JP 
an inverse multi-quadratic: 

a Gaussian kernel 

The parameter, U, controls the radius of influence of each 
basis function. This is particularly evident in the case of the 
inverse multi-quadratic and the Gaussian kernel, as they are 
both bounded and localised in that +([) -+ 0 as 5 + W. T ~ E  
pa6tu0, U , determines how rapidly the basis function goes 
to zero as y gets further from the center yi. Micchelli’s results 
[12] indicate that there are a range of both bounded and 
unbounded function that are suitable for interpolation in that 
they lead to linear sets of equations in the weights { W i }  for 
which a unique solution exists. 
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. Radial basis function network. 

In a signal processing context, interpolation can be prob- 
lematic. Typically, the amount of data available is larger than 
the number of basis functions (degrees of freedom) required 
to give an acceptable approximation i.e. the number of linear 
equations is greater than the number of unknowns. Further, 
the data may also be corrupted by noise in which case 
interpolation or fitting the function through every data point 
is inappropriate. 

To accommodate these situations, Broomhead and Lowe 
[SI re-interpreted the RBF network as a least squares estima- 
tor. This can be achieved by relaxing the requirement for each 
input vector to have an associated basis function and by 
removing the requirement for the centers to be drawn from 
the original set of vectors. The set of linear equations for the 
weights is then overdetermined with a minimum norm solu- 
tion provided through the use of a Moore-Penrose pseudo 
inverse [SI. The approach is justified by universal approxi- 
mation properties of RBF networks, which were demon- 
strated first by Hart", et al., [15] for Gaussian kernels and 
subsequently for a wider class of basis functions by Park and 
Sandberg [16, 171. Essentially, an RBF network with the 
same radius for each basis function can form an arbitrarily 
close approximation to any continuous function provided that 
there are enough basis functions. 

Broomhead and Lowe's approach has lead to its wide- 
spread application in signal processing problems such as 
prediction of time series [18], system modelling [19], inter- 
ference rejection [20], and channel equalization 1211. Figure 
1 depicts a feedforward REF network that is commonly used 
in such applications. The tapped delay line (TDL) extracts the 
input M-vector y(k) ,  where 

y ( k )  = [ y ( k ) y ( k  - 1) ...y( k -  M +  l)J1 

The network function, fr(y(k)),  is defined as a linear combi- 
nation of basis functions: 

The vectors { c l }  are the centers and Nr is the number of 
centers. In general, RBF networks are easier to train than 
MLP's, primarily because the learning processes for the 
centers, Ci , the radius parameter, (T, and the weights wz can 
be performed in sequence. For example, unsupervised clus- 
tering 122, 231 can be used to estimate the centers. An 
estimate of the variance of the input vector with respect to 
each center provides the radius. Finally, having fixed the 
centers and the radii, we calculate the weights as a linear-in- 
the-parameter problem, for which the least mean squares 
(LMS) algorithm provides a simple solution. Having per- 
formed this initial estimate of the network parameters, we 
fine tune that estimate using gradient techniques based on all 
the parameters, rather than the weights alone [ 1 11. An alter- 
native strategy might be to choose a large set of vectors from 
realizations of y (k )  as candidate centers, and use forward 
regression techniques such as the orthogonal least squares 
(OLS) algorithm to select a parsimonious set of centers and 
associated weights [24]. Indeed, it was OLS training that was 
used in the initial application of RBF networks to the channel 
equalization problem [21]. 

Bayesian Equalizers and RBF Networks 

Many digital communications channels are subject to in- 
tersymbol inteerference (ISI). This interference is usually a 
result of the restricted bandwidth allocated to the channel 
and/or the presence of multipath distortion in the medium 
through which the information is transmitted. Many such 
channels can be characterized by a finite impulse response 
digital filter and an additive noise source [25]. The appropri- 
ate channel model is depicted in Fig. 2. The digital data 
sequence {x (k ) }  is passed through a linear dispersive channel 
of finite impulse response (FIR). The observed sequence, 
{ y f k ) ) ,  is formed by adding Gaussian random noise { n(k)} to 
the output of the FIR filter. The relationship between the 
channel input, x(k), and the channel output, y(k) ,  can be 
sumarized in the following equation. 

N-1 

,=O 
y ( k )  = Ch,x(k - i) + n(k)  

The transfer function of the FIR filter is 

FIR FILTER x(k) 

transmitted 
- 

W Z )  

1 data signal 1 
2. Digital communications channel. 
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where N is the length of the impulse response. 
In symbol-by-symbol equalization, the problem is that of' 

using the information present in the observed channel output 
M-vector y(k)  to produce an estimate, 2(k - d )  , as in Fig. 3., 
of the channel input, x(k - 4. The device or algorithm thal 
performs this function is the equalizer. Such equalizers oper- 
ate in two stages: (i) a scalar functionfd ( ) of the vector y(k)i 
is evaluated- the decision function; (ii) a slicer or memo-. 
ryless decision device that selects the element of the trans-. 
mitted alphabet that is closest tofd (y (k) ) .  For binary data, the: 
slicer is the sign function i.e., sgn(<) = 1, if 530, and 0 
otherwise. Such an equalizer has order, M ,  and operates withi 
lag or decision delay, d. 

One method of adaptively compensating for the IS1 is to 
restrictfd ( ) to be a linear function of y(k). The function of 
the linear adaptive filter is to construct a causal approxima- 
tion to the inverse of the channel i.e., H1(z). The output of 
the adaptive filter is then applied to the slicer to form a 
reconstruction of the transmitted sequence. This approach 
has both an intuitive and practical appeal: equalization has; 
been reduced to an inverse filtering or deconvolution prob- 
lem; there are many linear adaptive filter algorithms available 
with which to train the equalizer [26]. The disadvantages of 
this technique are well known [ 11. In attempting to compen- 
sate for the frequency response of the channel, the adaptive 
filter can enhance the additive noise component; the adaptive 
filter does not exploit the fact that the transmitted sequence 
is drawn from a finite alphabet. 

In order to exploit the characteristics of the transmitted 
sequence more fully, it is appropriate to highlight the finite 
state nature of the channel itself. To simplify the development 
it is convenient to assume that the transmitted sequence is 
chosen from (-1, +1} with equal probability and that the 
sequence is i.i.d. The channel H(z) is assumed to be purely 
real rather than the more general complex case. For the simple 
case where the channels has two coefficients and the equal- 
izer vector y (k )  has two elements, all possible channel output 
vectors can be summarized by the following equation: 

which can be written more compactly as 

I 
4. Observation space for channel with transfer function H(z) = I 
+ 0.5~- '  (M = 2; N = 2; d = 0): (a )  linear decision boundary; (b )  
Bayesian decision boundary. 

y(k)=Hx(k)+n(k) (2 )  

Equation 2 is fundamental to the development of many 
equalization and interference rejection techniques. More gen- 
erally for the case where y has M elements and the IS1 extends 
over Nsymbols, the "impulse response matrix" H has Mrows 
and M + N - 1 columns. It is a Toeplitz matrix and has the 

. .  " q 
' . hN-1 

the vector y'(k) Hx(k), 
contains channel output values before noise has been added. 
Because the channel input vector, x(k),  contains 3 elements, 
each with 2 possible values, there are a total of Z3 states for 
x(k), and hence 23 states for the channel output vector y(k) .  
Table 1 shows all possible channel output vectors for a simple 
2 coefficient channel. 

Figure 4 shows each of these 8 possible points plotted as 
either a *to indicate that the output vector represents an input 
x(k) = -1, or a 0 (circle) to represent an input x(k)  = +l. As 
noise is added to the vector y'(k), the 8 points become 8 
clusters and the 8 possible values of y'(k) are the 8 means or 
centers of the clusters. Thus, the equalization problem is now 
one of classification, i.e., the task is to assign regions within 
the observation space spanned by the noisy vector y(k)  to 
represent inputs of either x(k)  = +1, or x(k) = -1. 

A linear equalizer performs such a classification in con- 
junction with a decision device or slicer. The decision bound- 
ary is the locus of all values of y(k) for which the output of 
the linear filter is zero. The decision device in this simple case 
is a sign function. Thus, zero is the point where the slicer 
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decides whether +1 or - 1 was transmitted. If the equalizer has 
transfer function G(z) = C$’gnZ-’ , then the boundary is the 
solution of 

where 

For the simple example where y (k )  has only two elements, 
Eq. 3 represents a straight line rather than a hyperplane. The 
coefficients of the equalizer g are calculated by minimizing 
the mean squared error with respect to g, and is thus a Wiener 
filter. The straight line divides the space into two regions. All 
observation vectors to the right of line will be classified as 
indicating that x(k) = +I and all points to the left of the line 
as x(k) = - 1. If, however, noise was added to the output of the 
channel, then output vectors distributed about each of the 8 
centers would be observed. Take, for example, the points y(k)  
= [ - O S  O S ] *  and y(k) = [1.5 0.5IT. The point associated with 
a - 1 decision is closer to the boundary than the point associ- 
ated with a +l decision. Therefore, there is a higher prob- 
ability of a channel output centerd on [-0.5 0.5f being 
incorrect1 detected as a +1 than a channel output centerd on 
[ 1.5 0.51 being incorrectly detected as a -1. This is clearly a 
non-optimum strategy. 

This geometrical description of the shortcomings of the 
linear equalizer leads directly to a Bayesian approach [3, 51. 
Having observed the vector y(k), we decide in favor of +1 
rather than - 1, if the probability that it was caused by x(k -d) 
= +1 exceeds the probability that it was caused by x(k - d) = 
-1, and vice versa. The optimal decision boundary is the locus 
of all values of y(k) for which the probability x(k -d) = +l is 
equal to the probability that x(k - 6) = -1, given the same value 
of y(k).  More formally, the decision boundary is defined as 
the solution to a conditional probability equation. 

7 .  

The boundary defined by this equation can be expressed in a 
slightly more useful manner by applying Bayes rule and using 
the common assumption that the probability of transmitting 
a +1 is equal to the probability of transmitting a -1. 

This defines the Bayesian decision function: 

I with associated boundary 

wherepylx is the condition density function of y(k)  given x(k 
- d). This decision boundary is also depicted in Fig. 4. Another 
shortcoming of linear equalizers can also be demonstrated 
using this geometrical presentation. If the channel is non- 

2 
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I Observation space for  channel with transfer function H(z) = 
0.5 + I.Oz-‘. (A4 = 2; N = 2; d = 0): (a )  linear decision bound- 
ary; (b) Bayesian decision boundary. 

minimum phase it may not be possible to separate the two 
classes at all using a straight line. This situation is illustrated 
in Fig. 5. 

For the signal generation process defined by Eq. 2, the 
observation vector y(k)  is drawn from a Gaussian mixture. 
with means given by the values of y’= H x. The conditional 
densities that constitute the decision function are straightfor- 
ward to evaluate. The set of noise free output states of y’(k) 
is partitioned into two sets conditioned on the transmitted 
symbol of interest: 

S’ = {y’(k)lx(k - d )  = +I) 

and 

S- = {y’(k)l~(k - d )  = -1) 

Thus, the Bayesian decision function becomes 

Since the decision function is applied to a slicer, the 
scaling factor, ( 2 7 ~ 0 : ) ~ ~ ’ ~  N ,  , is irrelevant as far as the deci- 
sions are concerned and can be normalized to unity. The 
relationship between the Bayesian decision function and the 
RBF of Eq. 1 is clear. 

The centers of Eq. 1 are the noise free states of Eq. 6, and 
the weights of Eq. 1 are +I or -1, depending on whether a +1 
or -1 was transmitted. This relationship between the Bayesian 
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decision function and the RBF network provides many in- 
sights that assist with the formulation of training algorithms. 

1 

1 

Training the Equalizer 

-1 -1 0.5 -1.5 

-1 1 0.5 -0.5 

Many communications systems that exploit adaptive receiv- 
ers or equalizers are designed to include a training signal 
which is transmitted at regular intervals. The receiver has a 
replica of this training signal and can use it for supervised 
training of the receiver subsystems. The simplest example is 
a linear adaptive equalizer [l]. The actual data is transmitted 
between the bursts of training data. If the channel charac- 
teristics change slowly with time, there may be a requirement 
for the receiver to track changes in the channel between the 
training bursts. One method of doing this is known as deci- 
sion directed mode where the decisions from the equalizer 
are assumed to be correct and used to continue the training 
process when actual data is being transmitted. In common 
with many bootstrap techniques, it works well when the 
decisions are correct but can produce bursts of errors or error 
propagation in response to one incorrect decision. Training 
of RBF equalizers is usually a two stage process consisting 
of estimation of the centers or clustering and learning of the 
weights in the output layer [27]. When selecting a clustering 
algorithm there are three design choices to be made. Should 
it be supervised or unsupervised; explicit or implicit; vector 
or scalar? 

When the receiver has access to a replica of the transmitted 
signal x(k) for a limited period, clustering can be supervised 
during that period. For example, if the transmitted data is 
available to the receiver, it is possible to uniquely identify 
which row of Table 1 is appropriate and update an estimate 
of that center. If training data is not available or is interrupted, 
then an unsupervised clustering algorithm such a K-means 
algorithm [28] or adaptive K-means algorithm [23] can be 
used. The convergence performance of the supervised tech- 
niques is superior to the unsupervised ones, but unsupervised 
may be more convenient if there is a requirement to track 
changes in a slowly varying channel without allowing the 
possibility of error propagation to the centers through deci- 
sion errors. 

Explicit clustering algorithm operate directly on the re- 
ceived vector y(k) to produce estimates of the centers or 
means of the distribution. Alternatively, if the channel is 
linear, an adaptive filter algorithm such as the least mean 
squares (LMS) or recursive least squares (RLS) can be used 
to estimate the channel impulse response; implicit estimates 
of the centers are generated using all possible realisations of 
x(k) and the identity y'= H x. 

Generally, the number of channel coefficients is smaller 
than the number of centers and hence the implicit method 
requires a shorter training period than the explicit one. It also 
tends to perform better on time-varying channels. However, 
if the channel is subject to nonlinear distortion, the implicit 
method based on Eq. 2 would either produce biased estimates 
of the centers or would have to be modified to include a 

Table 1: 
Possible Noise-Free Output Vectors y'(k) for H(z)  = 1 + 0.52.' 

I I I I I 

I -1 I -1 I -1 1 -1.5 I -1.5 
I I I I 

1 -1 I -1 1 1 1 -1.5 1 -0.5 

I -1 I 1 I -1 I -0.5 I 0.5 

I -1 I 1 I 1 I -0.5 I 1.5 
I ! I I I 

1 1 -1 1.5 0.5 
I I I 

1 1 1  1 )  1 1 1 . 5 1 1 . 5  

nonlinear system identification algorithm. The explicit 
method is immune to nonlinear distortion. 

An examination of Table 1 reveals that there are only 4 
possible values fory(k): either ? 1.5, or 20.5. These 4 values 
alone could be used to reconstruct all eight entries for y (k )  
and y(k - 1). This is not surprising, since both y(k)  and y(k  - 
1) are just consecutive outputs from a FIR filter driven by a 
sequence drawn from a finite alphabet i.e., x(k). Thus, as in, 
[29], vector clustering is not necessary. Rather, it is sufficient 
to perform scalar clustering on y (k )  and use the results to 
regenerate all of the entries in Table 1. By its very nature 
scalar clustering will converge more rapidly than vector 
clustering. 

Training the output layer is a supervised training process. 
The fastest method (in terms of learning rate) is to use the 
relationship with the Bayesian equalizer and simply assign 
values to the weights. Thus, if a particular center y i  was an 
element of S+, then wj = +l. Likewise, if y; , then W j  = -1. 
Alternatively, the weights could be trained using an LMS or 
RLS algorithm e.g., - 

where EJ. is the step size. If the estimates of the centers are 
accurate then clearly the assignment technique is to be pre- 
ferred. However, if the exact number of centers is not known 
precisely or if there is a deliberate choice to use a reduced set 
of centers, it may be more prudent to use the LMS or RLS 
techniques as they will make best use of the actual centers 
that have been provided. 

Similarly in noisy environments, where the clustering 
techniques may only provide fairly crude estimates of the 
centers, an LMS or RLS algorithm will make best use of 
available centers. It is tempting to combine the two tech- 
niques i.e., assign the weights to ? 1 and then use these values 
as the starting weights for the LMS algorithm. However, 
caution is advised. As noted in [30], the Bayesian decision 
function of Eq. 6 can be scaled arbitrarily, whereas the LMS 
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will find a specific set of weights that minimizes the MSE 
E[{x(k - d) -fY(~(k))}~]. Assigning +1 or -1 to the weights will 
not necessarily provide a solution that is close to that which 
minimizes the MSE. Thus, initializing in this manner may not 
necessarily speed up the convergence of the LMS algorithm. 
A possible solution is to follow Cha and Kassam [ZO] and 
construct a Bayesian estimate of the transmitted data, i.e., 

This estimate is minimal in a MSE sense and the decision 
boundary is identical to that implied by Eq. 6. It is straight- 
forward to show that: 

where the normalized basis function is: 

Since the decision function is also the MMSE estimator, there 
is no longer any ambiguity about the weights. 

Recurrent Networks 

The Bayesian decision boundary defined by Eq. 4 has finite 
memory-in other words, all decisions are conditioned on the 
M channel output samples contained in the vector y(k). The 
quality of the decisions naturally improves as the number of 
elements in y(k) is increased. The price to be paid for this 
improvement is an increase in complexity. The solution, of 
course, is to seek a recursion for the conditional densities of 
Eq. 5, which updates them as the data record grows. Such a 
method was provided in [5] and recently given a radial basis 
function interpretation in [31]. The starting point is to rede- 
fine y(k) as a growing vector that contains all the available 
data from time t = 0. Thus: 

The Bayesian decision boundary in common with Eq. 5 is 
based on conditional densities of the form pylx(y(k)lx(k)). 
To simplify the presentation it is assumed that the equalizer 
is operating with a lag, d = 0. In general, it can accommodate 
lags up to N conveniently. Applying total probability theory 
[32] and using standard probability techniques leads us to the 
following recursion for the probability density of y(k) condi- 
tioned on the last N - 1 channel inputs: 

where 

and 

f , ,+(k-  1) = Py(k-lXN-l ( y ( k  - l ) l x ( k -  l ) ,  ..., x(k- N+ 1) = +1) 

are defined in an analogous manner. pn( ) is the probability 
density function associated with the noise n(k), and the argu- 
ment is the difference or error between the scalar channel 
output y(k)  and the scalar noise-free channel output [x(k) 
x(k-1) ... x(k-N+l) ]h ,  where h is the channel impulse response 
vector, i.e., 

Thus, for Gaussian noise this density function provides a 
scalar radial basis function expansion with single input y(k),  
and a set of centers given by all possible values of [x(k) 
x(k-1) ... x(k-N+l)h. The outputs from this expansion provide 
the inputs to arecurrent network defined by Eq. 7. The desired 
decision function pyk(y(k)lx(k)) can be obtained from 
p y ( k ) s ~ + i  (y(k)lx(k), . . .~ (  k-N+2)) by repeated application of the 
total probability theorem, e.g., 

Thus, the final layer in the network is a simple linear com- 
biner. The network architecture for a simple case where M = 
3 is illustrated in Fig. 6. The network is trained by estimating 
the channel impulse response or equivalently the appropriate 
mapping for fmite memory nonlinear channels. MLP recur- 
rent networks have also been applied to the channel equali- 

:(kJ 

+-- 

U 

. Recurrent RBF Equalizer for M = 3. (The notation (+++) on 
the layer of basis functions indicates the scalar center which has 
been used, e.g., (+++) implies the center [+I,+1,+1 ]h. The nota- 
tion (+ -) indicates the values of the channel inputs upon the den- 
sities are conditioned, e.g., (+ -) indicates densities conditioned 
on x(k) = +1 andx(k - 1) = -1.) 
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7. Generic decision feedback equalizer. 

zation problem [33]. However, these are even more difficult 
to train than their feedforward counterparts. 

Decision Feedback Equalizers 

Decision feedback has been used both in linear and nonlinear 
equalizers to improve the performance. The general structure 
of a DFE is illustrated in Fig. 7. In contrast to the feedforward 
equalizer of Fig. 3, the decision function is dependent on 
previous decisions contained in the vector xg(k) ,  where 

x,(k) = [ i ( k  - d - 1) ... i ( k  - d - D)lT 

as well as the vector of received samples y(k). In conventional 
DFE’s, the decision function would be a linear combination 
of y(k) and xg(k). Such equalizers can be trained with linear 
adaptive filter algorithms. Care must be exercised in the use 
of the word ‘nonlinear.’ In the communications literature, a 
conventional DFE is described as nonlinear because the 
decision function can be viewed a a nonlinear function of y 
rather than a linear function of y and xg. For the remainder 
of this article, the conventional DFE will be referred to as a 
linear equalizer to differentiate it from MLP and RBF DFE 
architectures. 

Initial investigations [3,21] into the application of MLP’s 
and RBF’s to the DFE problem used a neural network to 
approximate the decision function, with the aggregate vector 
[yTx;lT as the input to the network. Although this work 
demonstrated that neural networks could provide superior 
performance to conventional DFE’s, the structures employed 
did not fully exploit the links with Bayesian decision theory. 
The operation of a Bayesian DFE is most readily described 
through an example. 

Consider a channel with transfer function H(z) = 0.3482 + 
0.8704 z -’ + 0.3482 z - ~ .  For the DFE the vector of received 
samples y(k)  contains two samples i.e., M = 2; the feedback 
vector x ~ ( k ) ,  contains 2 elements, i.e., D = 2; the estimation 
lag, d = 1. Proceeding in a similar manner to the example of 
Table 1, we construct a state table (Table 2) that relates the 
input signal states of channel input vector x(k) to y(k) in 
absence of noise. The states have been numbered to aid 
interpretation. At a particular sample, k the contents of XD 
reduce the number of possible output states of the vector y’ 
from 16 to 4. For example, if 

8. Observation space (formed by two successive outputs from 
channel with transferfunction H(z) = 0.3482 + 0.8704il -t 
0 .3482~-~:  (a )  feedforward decision boundary; (b )  decision-jeed- 
back decision boundary. 

then only states 3,7, 11, or 15 could have been received, and 
hence only the centers associated with these states should be 
used in the Bayesian or RBF network. Thus, the role for the 
vector XD in the decision feedback structure is to select a 
subset of centers for a particular decision, rather than provid- 
ing additional terms for the vector input to a neural network 
W I .  

The superior performance of the DFE structure in com- 
parison to the feedforward structure is suggested in Fig. 8. 
Decision errors are a function of the distance of the centers 
to the decision boundary. The further the centers are from the 
boundary, the lower the probability of misclassification. 
States 5 and 10 are the closest centers to the feedforward 
boundary, and hence will heavily influence the probability of 
misclassification. The optimal boundary for the DFE is 
determined by centers 3,7, 11, and 15 alone. Of these, 7 and 
11 are the closest to the boundary. These states are further 
from the feedforward boundary than 5 and 10 are from the 
decision feedback boundary, which suggests that the per- 
formance of the DFE will be superior to the feedforward 
equalizer. 

In addition to improving the performance the equalizer 
decision, feedback reduces the complexity, in that at any time 
period only a subset of the basis functions is used to form the 
decision function. To further improve the computational 
complexity, a technique originally proposed in [34] and 
extended in the block Bayesian equalizer of [6] can be used. 
Consider the example of Table 2. Again assume that the 
decisions i ( k  - 2) and i ( k  - 3) are correct. The state equation 
that relates the received signal vector y(k) to the vector of 
transmitted symbols is: 

y ( k ) = H x ( k ) + n ( k )  

MARCH 1996 IEEE SIGNAL PR0C:ESSING MAGAZINE 57 



.~ 

'Table 2: 
Possible Yoice Free Output Vectors for H(z) = 0.3482 + 

0.8704~-' + 0.3482~-* (M = 4, D =1 )* 
I 

# ~ ( k )  ~(k-1)  ~ ( k - 2 )  ~ ( k - 3 )  y(k) y(k-1) 

0 -1 -1 -1 -1 -1.57 -1.57 

1 -1 -1 -1 1 -1.57 -0.87 

2 -1 -1 1 -1 -0.87 0.17 

3 -1 -1 1 1 -0.87 0.87 I 
I I I I I I I 

9 1 -1 -1 1 -0.87 -0.87 

10 1 -1 1 -1 -0.17 0.17 

11 1 -1 1 1 -0.17 0.87 

4 -1 1 -1 -1 0.17 -0.87 

*"Decision" vector xo(k)=[l 1IT and associated states of y(k)  
are shown in bold typeface. 

The partitioning of H and x(k)  highlights the contribution of 
previous decisions on the observed vector y(k).  Defining the 
submatrices in a fairly obvious manner, we rewrite Eq. 8 as: 

The effect of the decisions contained in xD(k) can then be 
removed from the observation vector y(k): 

(9) 

Equation 9 has exactly the same form as Eq. 2, and so we can 
apply a Bayesian decision function to yi(k) rather than y(k).  

97RBF equaizer with-explicit decision feedback. 

Although yi(k) has the same number of elements as y(k) ,  the 
number of noise free states, and hence the number of centers 
in the RBF network, will be smaller. In this example, the 
feedforward equalizer x(k) has 4 elements, and hence 24 
centers are required, whereas in the DFE, xi(k) has 2 elements 
and hence 22 centers are required. The explicit DFE equalizer 
is illustrated in Fig. 9. The decision function is implemented 
using a radial basis function network. For this form of equal- 
izer, direct estimation of the channel impulse response is 
required to form the feedback matrix H2, and hence this 
estimate is also used to calculate the centers for the RBF. The 
weights in the output are assigned at the end of the training 
period. 

It is reasonable at this stage to ask what advantages if any 
a Bayesian/RBF structure offers over conventional solutions. 
There are two standard benchmarks for adaptive equaliza- 
tion: (i) a conventional linear DFE; (ii) amaximum likelihood 
equalizer based on a Viterbi trellis-the maximum likelihood 
Viterbi algorithm (MLVA). For fixed channels, the bit error 
rate (BER) performance of the Bayesian DFE is superior to 
the conventional DFE but inferior to the MLVA. However, 
in a fading mobile radio environment, where the channel 
impulse response is time-varying, the Bayesian DFE can out 
perform MLVA as well [35].  This result may seem surprising 
at first, since it is well known that the MLVA algorithm 
provides the best attainable equalization performance. This 
is indeed the case if the channel impulse response is known 
to the equalizer and the decision lag, d, is long in comparison 
to the length of the impulse response. 

In a fading channel environment, both the Bayesian equal- 
izer and the MLVA use an estimate of the channel impulse 
response-usually provided by an LMS algorithm. Since this 
estimate is never perfect, neither the Bayesian DFE nor the 
MLVA will operate as well as theory predicts. It is then a 
question of how robust they are to inaccuracies in the estimate 
of the impulse response. The second cause of degradation in 
the performance of the MLVA has to do with the lag, d. Some 
finite value of d must be chosen at which a hard decision is 
made in order to provide an input to the system identification 
algorithm. This exposes an inherent compromise in all adap- 
tive equalization schemes for fading channels: the longer the 
estimation lag, the better the performance of the equalization 
process tends to be; the shorter the lag, the better will be the 
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performance of the system identification. The trade-off is a 
difficult one, since the two phenomena interact. The lag that 
produces the best overall performance from the system iden- 
tification does not necessarily produce optimum performance 
from the MLVA. 

In terms of complexity, the Bayesian DFE is more expen- 
sive than conventional DFE solutions and less expensive than 
standard MLVA solutions. As in conventional DFE’s, the 
pragmatic choice for estimation lag is to set it equal to the 
length of the channel i.e., d = N .  In [29], it is also shown that 
there is a simple relation between the number of elements, M ,  
in the received signal vector y(k), and the estimation lag i.e., 
M = d + 1. This is also a common choice for a conventional 
DFE. With these choices for M and d, the computational 
complexity of the Bayesian DFE for 4-QAM signalling is of 
order 4? The complexity of the Bayesian DFEi will thus grow 
rapidly both with the size of the signal alphabet and the length 
of the channel impulse response. Thus, it is particularly suited 
to applications such as mobile radio, where the signal alpha- 
bet is of moderate size and the IS1 typically extends over 4 or 
5 symbols. Detailed comparisons in terms of relative per- 
formance and complexity are provided in [29] and [35].  

The explicit decision feedback architecture of [6], unlike 
the structure of [36], cannot be used on nonlinear channels 
because the separation of contributions from detected and 
undetected symbols inherent in Eq. 9 is not possible. How- 
ever, the desire to reduce the number of centers in the RBF 
is still attractive. 

Theodoridis, et al, [37] developed the architecture of Fig. 
10. The structure is essentially a conventional DFE, with the 
slicer replaced with an RBF decision function in cascade with 
a slicer. The philosophy of the design is that the conventional 
DFE removes most of the IS1 leaving the RBF to remove the 
residual IS1 due to the nonlinear effects in the channel. The 
equalizer is trained using a gradient-like algorithm. 

At first sight the presence of the feedback path might 
suggest that the MSE cost function would be multimodal for 
this architecture. In fact the training of the conventional DFE 
consisting of the feedforward FIR filter F(z) and feedback 
FIR filter B(z) is unaffected by the presence of the RBF 
network, provided the decisions are correct-which will 
always be the case during supervised training. The RBF is 
trained after the conventional DFE using a combination of 
clustering for the centers and the LMS algorithm for the 
weights in the output layer. 

CO-channel Interference 

Although the primary reason for using an equalizer on a 
communications channel has been to mitigate the effects of 
intersymbol interference (ISI), more recently it has been 
demonstrated that conventional equalizers can exploit the 
cyclostationary nature of the received signal and reduce the 
distortion due to both co-channel and adjacent channel inter- 
ference. Radial basis function network can also be applied to 
this problem without the need to exploit the cyclostationary 
characteristics of the received signal. 

11. Channel with co-channel interference. 

Figure 11 illustrates a simple case of channel of interest, 
the “own channel,” and one interfering channel, the “co- 
channel.” The received signal vector y(k) is now composed 
of three rather than two terms: an own-channel component 
Hx(k) as Eq. 2; a similar co-channel component Hcxc(k); and 
a noise term, n(k). Thus: 

The effect of the co-channel is to increase the number of 
centers, because the aggregate vector [ x T ( k ) x Z ( k ) l T  has by 
definition more elements than x(k). Figure 12 illustrates the 
states and Bayesian decision boundary for a simple example. 

+ 0.5~-1 and co-channel with transferfunction Hc(z) = 0.1 + 0.32 
-1: ( a )  linear decision boundary: (b) Bayesian decision boundary. 
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The co-channel interference has altered the Bayesian 
boundary from that of Fig. 4 for the single “own-channel” 
case. The number of centers or noise free states can increase 
dramatically, with a consequent increase in complexity for 
the receiver. In [38], it is demonstrated that near to optimal 
performance can be obtained using a reduced set of centers. 
The network is trained using a combination of supervised and 
unsupervised clustering. Supervised clustering alone cannot 
be used because the receiver does not usually have access to 
training data from the co-channel i.e., x&). A two stage 
learning process is adopted: (i) the ‘own-channel’ impulse 
response matrix H is estimated using the LMS or FUS algo- 
rithms; (ii) the effect of the “own-channel’’ is removed from 
received signal to form y”(k) = y (k )  -Hx(k) ; (iii) unsuper- 
vised clustering is applied to y”(k)  to obtain the centers due 
to the co-channel interference y: (k); (iv) the complete set of 
centers is reconstituted using every possible combination of 
x(k) and y: (k) .  

Equation 11 also divides the set of all possible centers in two 
sets: one with x(k - d) = +1, and one with x(k - d) = -1. The 
weights on the output layer of the RBF can then be simply 
assigned to + 1 or - 1, depending on the originating center. At 
the unsupervised clustering step (iii), the complexity of the 
network can be reduced by using a smaller number of centers 
than that indicated by the degrees of freedom in the system. 
While this degrades the performance of the equalizer, the 
degradation can be compensated for by increasing the value 
of cr of radius parameter of the RBF. A decision feedback 
equalizer can also be constructed that compensates for co- 
channel interference. Details are available in [39]. 

Spread Spectrum 

Code division multiple access (CDMA) spread spectrum (SS) 
communications systems has been an active afea for many 
years [40]. Such systems are characterized by many users 
simultaneously transmitting over the same bandwidth. A 
variety of methods are available for combatting the inherent 
multiple access interference [41-421. 

Figure 13 is a schematic of a simple CDMA system. In 
this example, there are two users, an “own-channel’’ and a 
“CO-channel.’’ The binary data, x(k)  and xc(k) ,  is generated at 
fb Hz. The action of the SS transmitter is effectively to up the 
sampling rate by a factor Q to the chip ratefch = Q f b  Hz. The 

13. CDMA Spread Spectrum System 

path. 

high sampling rate signal is then applied to the code filter 
such as C(z). This finite impulse response of this filter is 
limited to Q sampling periods at the high sampling rate. The 
effects of a multipath channel and the analog transmit and 
receive filters are combined in the channel filters with im- 
pulse response such as h(t). 

In the simplest spread spectrum system, the impulse re- 
sponse h(t) and hc(t) reduce to scaling factors. This is known 
as a synchronous CDMA system without multipath. A con- 
ventional receiver is illustrated in Figure 14. The analog 
receive signal y( t )  is sampled at the chip rate to form the 
discrete time signal y(m), which is applied to a filter matched 
to the code filter, e.g., C(z-’). The output of the matched filter 
is down sampled to the symbol rate before being applied to a 
slicer to produce the estimate of the transmitted bit. 

As an example, consider the case where the code length 
Q = 4 and the two spreading codes are c = [ 1 1 - 1 -1 ] and 
cc = [-1 1 -1 1 IT. The code filters are related to the codes in 
a simple manner, e.g., 

T 

C(Z) = [l z-l 2 z-31c 

T In this case, the codes are orthogonal since c cc = 0. Since 
the combination of the matched filters and the downsampling 
process does not destroy any information in the received 
signal, it is sufficient to base any decision upon the signal 
vectors = [si(k) sz(k)lT, For future reference, si(k) and s2(k) 
will be known as the channel 1, and channel 2 signals, 
respectively. 

Figure 15 illustrates the Bayesian decision boundary for 
recovering data on the “own channel.” A small number of 
contours of the decision function are also illustrated. The first 
point to note is that the decision boundary in this case is linear 
and is dependent only on channel 1. Thus, it can be imple- 
mented with a slicer. Hence, the lower “co-channel” path of 
Fig. 14 is redundant in this case. The contours of the decision 
function are circular, indicating that the noise components on 
s l (k)  and s2(k) are uncorrelated. 

The nature of the decision function and boundary can 
change dramatically if the codes are not orthogonal. For 
exam le, if the “co-channel” code is modified to cc = [0 1 
-1 1 ] . This situation is illustrated in Fig. 16. 

The non-orthogonal nature of the codes has two effects: 
(i) the noise free states of s(k) are no longer on a rectangular 

F 
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The complete filter could be trained using any of the adaptive 
filter methods without prior knowledge of the spreading 
codes. This filter is often term as an ‘equalizer’ in this 
application, as using an adaptive filter removes the restriction 
on G(z) to be a linear combination of the matched filter 
responses. Hence, it will have the capability to remove mul- 
tipath distortion. 

The second possible solution is to train an MLP to realize 
the nonlinear decision boundary as in [43-441. The difficul- 
ties with this approach lie with the training times and archi- 
tecture selection of the MLP. Third, a radial basis function 
network, using a Mahalanobis distance metric rather than a 
Euclidean distance, will reflect the correlated nature of the 
noise components. Thus, 

. -  

chronous CDMA :orthogonal codes) (a )  Bayesian decision 
boundary; (b) contour of decision function. 

where 

QSs = E [ ~ ( k ) - s ~ ) ( s ( k ) - s ~ ) ~ ]  

chronous CDMA (non-orthogonal codes); (a )  Bayesian decision 
boundary; (b )  contour of decision function. 

grid; (ii) the noise component in si@) and s2(k) are correlated 
as indicated by the elliptical nature of the contours of the 
decision function. The overall effect is that the decision 
boundary is now a nonlinear function of both si and s2. 

An appropriate receiver structure [43] is illustrated in Fig. 
17. There are several ways the decision function could be 
implemented. The nonlinear decision boundary could be 
approximated by a linear one, e.g., 

The weights g = [go gllTcould be trained using for example 
an LMS algorithm. Alternatively, the weights could be com- 
bined with the matched filters to give one linear filter G(z) 
operating at the chip rate: 

and sj is a noise free state of s(k). The correlated nature of the 
noise components also means that any unsupervised clustering 
used to train the network would exploit Mahalanobis rather the 
Euclidean distance in calculating distances from centers. 

Mitra and Poor in [30] adopted a different strategy. They 
dispense with the matched filters and operate directly on the 
chip rate discrete sequence y(m). Because this sequence is 
cyclostationary with period Q, it is convenient to collect 
together Q consecutive signal samples into ar 
Thus, for example: 

&-vector y(k). 

(12) 

y (k )  = Hx(k) + n(k) 

where a and aC are constants that reflect the different gains 
experienced by the two channels. The similarity to Eq. 2 is 
clear. Since there are 2 users, there will be 2 noise free states 2 
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18. Observation space for  synchronous CDMA at output of eigen- 
filters: ( a )  Bayesian decision boundary (b) contour of decision 
,function. 

of the observation vector y(k). Since the noise components 
are uncorrelated, a Euclidean distance can be used for both 
unsupervised clustering and in forming the RBF network. 
The disadvantages are: (i) the input vectors to the RBF are 
now of length Q (4 in this example) as opposed to 2 (the 
number of users); (ii) any possible noise enhancement pro- 
vided by the matched filters has been lost, and hence the 
clustering algorithms may have to operate in a poorer sig- 
nalhoise environment than the receiver of Figure 17. Note 
here that, from the perspective of the clustering algorithm, 
the signal is the sequence of noise free vectors Hx(k), which 
includes components from both the "own channel" and the 
"co-channel" -the noise is the sequence of vectors n(k). 

Even for a code length of Q = 4, it is not possible to 
visualise the centers and decision boundaries in the 4-space 
spanned by y(m). However, the noise free states are linear 
combinations of the two code vectors and hence span a 
2-space. It is only the noise component that generates the 
extra degrees of freedom to span the whole 4-space. 

A similar concept is exploited in the MUSIC algorithm 
[45] for direction finding and spectral analysis. Eigenvalue 
decomposition of the covariance matrix ay,, = 

E[y(k)yT(k)] provides a means of identifying a set of orthogo- 
nal vectors which span the same 2-space as the noise free 
states. Thus, @Y,=VAVT, where A is a diagonal matrix of 
eigenvalues, and the columns of V are the associated eigen- 
vectors. If the elements of A are arranged in order of decreas- 
ing size, the last 2 elements are the variance of the noise. This 
gives the usual partition of the columns of V into signal and 
noise eigenvectors i.e., V = [VslVnl, where the column of Vs 
are the eigenvectors associated with the two largest eigenval- 
ues. The matrix Vs is (4 x 2) and provides an orthonormal 
transformation for mapping the 4-vector y(k)  to the 2-space 

spanned by the noise free states of y(k). This gives a 2-vector 
s(k) where 

s (k )  = V,TY(k) 

Because V,' is an orthonormal transformation (i.e., a series 
of rotations or reflections) it preserves all the geometrical 
features of the original 4-space. Figure- 18 illustrates the 
decision boundary in the 2-space spanned by s(k),  showing 
the Bayesian decision boundary and the contours of the 
decision function. The contours are again circular indicating 
the uncorrelated nature of the noise components. 

In general, a spread spectrum system can be both asyn- 
chronous and subject to multipath distortion. Asynchronous 
transmission is characterized in the model of Fig. 13 by 
letting the channel filters have delay as well as gain. Thus, 
for example, let 

and 

where 7 and T~ are the respective time delays on the two 
channels, and S(t) is an impulse. For multipath distortion, the 
channel filter will typically have the form: 

Such a system is both multirate and multichannel. It is mul- 
tirate in the sense that the data rate at the transmitter is fb Hz, 
and the sampling rate in the receiver is Q times that at the 
chip rate off& Hz. It is multichannel in that there can be 
several users, each transmitting at different phases of the bit 
rate clock over channels with different impulse responses. 

The system can be characterised in discrete-time by Sam- 
pling the complete impulse response of each channel at the 
chip rate. This complete impulse response is the convolution 
of the impulse response of the code filter, the analogue 
transmit and receive filters, and the multipath channel. 

A simple example of a 2-user asynchronous system might 
have an own channel sampled impulse response H(z) = ho + 
h1z-l + h ~ - ~  + h 3 ~ ' ~ ,  and a co-channel sampled impulse 
response H&) = gz-' + h,"z-' + h,"T3 + h,"z4 + hqCz-' + hgCz-6 . 
In this case, the length of the sampled impulse response is the 
same as the code length i.e., Q = 4. There is no intersymbol 
interference present in either channel. Typical transmitted 
and received sequences in Fig. 19 depict the signal compo- 
nents at the receiver due to both the own channel and the 
co-channel. In this case, the Q-vector of received samples 
then becomes: 

(14) 
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Three points are worth noting: (i) even if the impulse re- 
sponses were simply orthogonal code sequences the columns 
of H would no longer be orthogonal because of the relative 
delay between the two channels; (ii) the rank of the space 
spanned by the noise free states is now 3 rather than 2; (iii) 
the number of centers is 23 rather than 22. In the presence of 
multipath, the sampled impulse responses grow beyond the 
code length Q = 4. For example, if the impulse response of 
the two channels are extended by two samples so that 
H(z) = ho + h1z-l + h2z-' + h3z-3 + h4z-4 + h5i5 and 
Hc(z) = 
the observation vector becomes: 

h,"z-' + q z - 2  + gz-3 + gz-4 + hqCz-5 + hgz-6 

The rank is now 4 and the number of noise free states is 24. 
From Eqs. 14 and 15, it is evident than an RBF network could 
implement a Bayesian receiver using a combination of super- 
visedunsupervised clustering and LMS learning as in [30]. 

To improve the signalhoise conditions prior to clustering, 
a matched filter strategy similar to Fig. 17 could be employed. 
The appropriate vector matched filter is simply the transpose 
of H, which is applied to y(k) as a preprocessor of the decision 
function. Thus, 

Unlike Figure 17, the matched filters are not derived from the 
spreading codes but from the columns of H. In the example 
of Eq. 14, there would be three matched filters, whereas in 
the example of Eq. 15, there would be four. The matched 
filters would improve the signalhoise ratio prior to cluster- 
ing. The practical difficulty with this approach lies in estimat- 
ing the impulse response. 

While it may be reasonable to estimate the impulse re- 
sponse of the own channel using a training signal, it is 
unlikely that similar training signals will be available for the 
co-channel. Further, in common with the non-orthogonal 
synchronous case, the noise components on the elements of 
s(k) will be mutually correlated necessitating a Mahalanobis 
distance metric in the RBF. 

Matched filters are not the only filters that are useful in 
this context. The rows of the eigenvector matrix VF provide 
an alternative filter network. The action of V,' is well known 
is the signal processing literature. It is an operator that pro- 
jects the vector y(k) onto a subspace spanned by the noise free 
states of y(k), and hence reduces the noise. Since the rank of 
the subspace is less than Q, the vector s(k) will have a smaller 
number of components than y. 

The projection operator is also an orthogonal transforma- 
tion, and hence uncorrelated noise components on y(k) will 
result in uncorrelated noise components on s(k).  Hence, a 
Euclidean distance metric is still appropriate. For the exam- 
ple of Eq. 14, V,' would have three rows corresponding to the 
rank of the signal subspace. The elements of each row would 
be the coefficients of a Q-tap FIR filter. For the example of 
Eq. 15, there would be four rows and four Q-tap filters. The 
complete receiver for a 2-user asynchronous system with 
multipath is illustrated in Fig. 20 [46-471, showing the eigen- 
filters vj(z), corresponding to each row of V,' . In general, 
there will be two filters per user, provided the sampled 
impulse response of each channel has less than 2Q elements. 
The projection matrix V,' can be estimated directly from the 
received data alone, without access to transmitted training 
data. This is usually a three-step process: (i) estimation of the 
covariance matrix, e.g., a suitable estimate would be 

/ 

(ii) eigenvalue decomposition; (iii) rank determination using 
Akaike information criterion. The rank determination step 
also provides an indirect estimate of the number of users and- 
hence provides a mechanism for allocating the appropriate 
number of centers is the RBF approximation to the decision 
function. 

CDMA with multi-path. 
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Concluding Remarks 

At the beginning of this article, we introduced the motives for 
applying neural networks in general and radial basis func- 
tions in particular to adaptive equalization and interference 
rejection problems. These were scientific curiosity and a 
desire to provide alternative engineering solutions to the 
problems. The former is a matter of personal taste-neural 
networks have a tendency to evoke either extreme positive or 
negative reactions in many researchers. For the latter, more 
specific comment can be made. The most encouraging result 
is the application of an adaptive Bayesiag DFE to fading 
mobile radio channels. 

It is the author’s opinion that this goes beyond the objec- 
tives implied in the introduction in that the adaptive Bayesian 
DFE can outperform an adaptive MLVA in both computa- 
tional complexity and bit error rate performance. Such a 
statement must, however, carry with it certain caveats. In 
particular, it does not take into account the body of work on 
reduced state Viterbi algorithms. A more cautious commen- 
tator might conclude that the adaptive Bayesian D E  meets 
the original objectives in that it provides a useful alternative 
to both linear and maximum likelihood equalizers in terms of 
the complexity/performance trade-off. The application of 
RBF and adaptive Bayesian methods to CDMA systems is at 
a much earlier stage than its IS1 counterpart. Current results 
indicate that they do provide performance somewhere be- 
tween linear and maximum likelihood methods. The use of 
the RBF has provided receivers with more controllable train- 
ing characteristics than MLP receivers. However, the length 
of the training period is still too long for practical considera- 
tion. 

There is, of course, much pertinent work that has been 
omitted for reasons of space and time. Blind equalization, in 
particular, is a demanding problem that currently receives a 
great deal of attention. While many techniques have been 
applied, RBFBayesian methods [48-5 13 have a unique con- 
tribution to play in this area, inasmuch as they explicitly 
exploit the finite nature of the transmitted alphabet. This is 
unlike, for example, techniques based on higher order statis- 
tics or the cyclostationary nature of the received signal. 
Another topical area is the use of array processing techniques 
in both conventional and CDMA based communications 
systems. Arnott [52] has demonstrated how RBF techniques 
can be used to exploit spatial diversity to overcome multipath 
interference. 

It has not been the author’s intention to place the nail in 
the coffin of MLP’s in this application. As indicated in the 
introduction, significant problems presently preclude their 
use. However, that is not to say that future theoretical devel- 
opments will not provide solutions. It is appropriate to re-it- 
erate the major difficulty with RBFBayesian solutions, 
which is the growth in complexity with both the size of the 
transmit alphabet, P,  and the length, N, of the channel. In 
particular, for an explicit DFE, the complexity is of order y. 
Hence, its application is typically restricted to small signal 

alphabets such as 4-QAM and channels where the IS1 extends 
over four or five symbol periods. 

It is reasonable to ask if it is possible to form approxi- 
mately the same boundary using a network defined by a 
smaller number of coefficients. Initial results indicate that 
there are two classes of problem where this may be possible: 
(i) if the states are linearly separable it is possible to adap- 
tively design a linear equalizer with better BER performance 
than the Weiner solution [53];  (ii) if the states are not linearly 
separable, a McCulloch-Pitts network can be designed in a 
deterministic manner in a finite number of steps [54]. Both 
methods require knowledge of the centers, but the resultant 
equalizer is less complex than an RBF. 
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