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Abstract

Thispaperstudiesthedatalocality of thework-stealingscheduling
algorithmon hardware-controlledshared-memorymachines.We
presentlower and upperboundson the numberof cachemisses
usingwork stealing,andintroducea locality-guidedwork-stealing
algorithmalongwith experimentalvalidation.

As a lower bound,we show that there is a family of multi-
threadedcomputations

���
eachmemberof which requires�����	�

totaloperations(work), for whichwhenusingwork-stealingtheto-
tal numberof cachemissesononeprocessorisconstant,whileeven
on two processorsthe total numberof cachemissesis 
����	� . For
nested-parallelcomputations,however, weshow thaton � proces-
sorstheexpectedadditionalnumberof cachemissesbeyondthose
on asingleprocessoris boundedby 
�������� ����������� , where � is
theexecutiontimeof aninstructionincurringacachemiss, � is the
stealtime, � is thesizeof cache,and � � is thenumberof nodes
on thelongestchainof dependences.Basedon this wegive strong
boundson the total running time of nested-parallelcomputations
usingwork stealing.

For thesecondpartof our results,we presenta locality-guided
work stealingalgorithmthat improves the datalocality of multi-
threadedcomputationsby allowing a threadto have anaffinity for
aprocessor. Ourinitial experimentson iterativedata-parallelappli-
cationsshow thatthealgorithmmatchestheperformanceof static-
partitioningundertraditionalwork loadsbut improvestheperform-
anceup to � �"! over static partitioning undermultiprogrammed
work loads. Furthermore,the locality-guidedwork stealingim-
provestheperformanceof work-stealingup to #$�"! .

1 Introduction

Many of today’s parallel applicationsusesophisticated,adaptive
algorithmswhicharebestrealizedwith parallelprogrammingsys-
temsthat supportdynamic,lightweight threadssuchasCilk [8],
Nesl[5], Hood[10], andmany others[3, 16, 17,21, 32]. Thecore

of thesesystemsis athreadschedulerthatbalancesloadamongthe
processes.In additionto a goodloadbalance,however, gooddata
locality is essentialin obtaininghigh performancefrom modern
parallelsystems.

Severalresearcheshavestudiedtechniquesto improve thedata
locality of multithreadedprograms.Oneclassof suchtechniques
is basedon software-controlleddistribution of dataamongthe lo-
cal memoriesof a distributedsharedmemorysystem[15, 22, 26].
Anotherclassof techniquesis basedon hintssuppliedby thepro-
grammerso that “similar” tasksmight be executedon the same
processor[15, 31, 34]. Both theseclassesof techniquesrely on
theprogrammeror compilerto determinethedataaccesspatterns
in theprogram,which maybevery difficult whentheprogramhas
complicateddataaccesspatterns.Perhapstheearliestclassof tech-
niqueswasto attemptto executethreadsthatareclosein thecom-
putationgraphon the sameprocessor[1, 9, 20, 23, 26, 28]. The
work-stealingalgorithmis themoststudiedof thesetechniques[9,
11, 19,20,24,36,37]. Blumofeetal showedthatfully-strict com-
putationsachievea provably gooddatalocality [7] whenexecuted
with the work-stealingalgorithm on a dag-consistentdistributed
sharedmemorysystems.In recentwork,Narlikarshowedthatwork
stealingimprovestheperformanceof space-efficientmultithreaded
applicationsby increasingthedatalocality [29]. Noneof this pre-
vious work, however, hasstudiedupperor lower boundson the
datalocality of multithreadedcomputationsexecutedon existing
hardware-controlledsharedmemorysystems.

In this paper, we presenttheoreticaland experimentalresults
onthedatalocality of work stealingonhardware-controlledshared
memorysystems(HSMSs). Our first setof resultsareupperand
lowerboundsonthenumberof cachemissesin multithreadedcom-
putationsexecutedby thework-stealingalgorithm.Let %'&(����� de-
notethenumberof cachemissesin theuniprocessorexecutionand%')*����� denotethe numberof cachemissesin a � -processorex-
ecutionof amultithreadedcomputationby thework stealingalgo-
rithm on an HSMS with cachesize � . Then,for a multithreaded
computationwith ��& work (totalnumberof instructions),� � criti-
calpath(longestsequenceof dependences),weshow thefollowing
resultsfor thework-stealingalgorithmrunningon aHSMS.+ Lower boundson the numberof cachemissesfor general

computations:We show that thereis a family of computa-
tions

���
with ��&-,.�����	� suchthat %'&(�����/,102� while

even on two processorsthe numberof misses %435�����6,�����	� .+ Upper boundson the numberof cachemissesfor nested-
parallelcomputations:For anested-parallelcomputation,we
show that % )87 %'&9������:<;=��> , where > is thenumberof
stealsin the � -processorexecution. We thenshow that the
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Figure1: The speedupobtainedby threedifferentover-relaxation
algorithms.

expectednumberof stealsis 
��(� � � �(��� � � , where � is the
timefor acachemissand � is thetime for asteal.+ Upperboundon the executiontime of nested-parallelcom-
putations: We show that the expectedexecutiontime of a
nested-parallelcomputationon � processorsis 
��=@$A9BDCFE) :�'� � � �$��� � :/���G:H� �I� � � , where��&9����� is theuniprocessor
executiontimeof thecomputationincludingcachemisses.

As in previouswork [6, 9], we representa multithreadedcom-
putationas a directed,acyclic graph(dag) of instructions. Each
nodein thedagrepresentsasingleinstructionandtheedgesrepre-
sentorderingconstraints.A nested-parallelcomputation[5, 6] is a
race-freecomputationthatcanberepresentedwith aseries-parallel
dag[33]. Nested-parallelcomputationsincludecomputationscon-
sistingof parallelloopsandfork anjoins andany nestingof them.
This classincludesmost computationsthat can be expressedin
Cilk [8], andall computationsthat canbe expressedin Nesl [5].
Our resultsshow thatnested-parallelcomputationshavemuchbet-
terlocalitycharacteristicsunderworkstealingthandogeneralcom-
putations.We alsobriefly consideranotherclassof computations,
computationswith futures[12, 13, 14, 20, 25], andshow that they
canbeasbadasgeneralcomputations.

Thesecondpartof ourresultsareonfurtherimproving thedata
locality of multithreadedcomputationswith work stealing.In work
stealing,aprocessorstealsathreadfrom arandomly(with uniform
distribution) chosenprocessorwhenit runsout of work. In certain
applications,suchas iterative data-parallelapplications,random
stealsmaycausepoordatalocality. Thelocality-guidedwork steal-
ing is aheuristicmodificationto work stealingthatallowsa thread
to have an affinity for a process.In locality-guidedwork stealing,
whena processobtainswork it givespriority to a threadthat has
affinity for theprocess.Locality-guidedwork stealingcanbeused
to implementa numberof techniquesthat researcherssuggestto
improvedatalocality. For example,theprogrammercanachievean
initial distributionof workamongtheprocessesor schedulethreads
basedonhintsby appropriatelyassigningaffinitiesto threadsin the
computation.

Our preliminaryexperimentswith locality-guidedwork steal-
ing give encouragingresults,showing that for certainapplications
the performanceis very closeto that of staticpartitioningin ded-
icatedmode(i.e. whentheusercanlock down a fixed numberof
processors),but doesnot suffer a performancecliff problem[10]
in multiprogrammedmode(i.e. whenprocessorsmight be taken
by otherusersor theOS).Figure1 showsagraphcomparingwork

stealing,locality-guidedwork stealing,andstaticpartitioningfor a
simpleover-relaxationalgorithmon a J9K processorSunUltra En-
terprise. The over-relaxationalgorithm iteratesover a J dimen-
sionalarrayperforminga 0 -pointstencilcomputationoneachstep.
Thesuperlinearspeedupfor staticpartitioningandlocality-guided
work stealingis dueto the fact that thedatafor eachrun doesnot
fit into theL ; cacheof oneprocessorbut fits into thecollectiveL ;
cacheof L or moreprocessors.For this benchmarkthe following
canbeseenfrom thegraph.

1. Locality-guidedwork stealingdoessignificantlybetterthan
standardwork stealingsinceon eachstepthe cacheis pre-
warmedwith thedatait needs.

2. Locality-guidedwork stealingdoesapproximatelyaswell as
staticpartitioningfor up to 14 processes.

3. When trying to schedulemore than 14 processeson 14
processorsstatic partitioning has a serious performance
drop. The initial drop is dueto load imbalancecausedby
the coarse-grainedpartitioning. The performancethen ap-
proachesthatof work stealingasthepartitioninggetsmore
fine-grained.

Weareinterestedin theperformanceof work-stealingcomputa-
tionson hardware-controlledsharedmemory(HSMSs).Wemodel
anHSMSasa groupof identicalprocessorseachof which hasits
own cacheandhasa singlesharedmemory. Eachcachecontains� blocksandis managedby thememorysubsystemautomatically.
Weallow for avarietyof cacheorganizationsandreplacementpoli-
cies,includingbothdirect-mappedandassociativecaches.We as-
signa server processwith eachprocessorandassociatethecache
of aprocessorwith processthattheprocessoris assigned.Onelim-
itationof ourwork is thatweassumethatthereis nofalsesharing.

2 Related Work

As mentionedin Section1, thereare threemain classesof tech-
niquesthatresearchershavesuggestedto improve thedatalocality
of multithreadedprograms.In the first class,the programdatais
distributedamongthenodesof adistributedshared-memorysystem
by theprogrammerandathreadin thecomputationis scheduledon
the nodethat holdsthe datathat the threadaccesses[15, 22, 26].
In thesecondclass,data-localityhintssuppliedby theprogrammer
areusedin threadscheduling[15, 31, 34]. Techniquesfrom both
classesareemployedin distributedsharedmemorysystemssuchas
COOL andIllinois Concert[15, 22] andalsousedto improve the
datalocality of sequentialprograms[31]. However, thefirst class
of techniquesdo not applydirectly to HSMSs,becauseHSMSsdo
notallow softwarecontrolleddistributionof dataamongthecaches.
Furthermore,bothclassesof techniquesrely on theprogrammerto
determinethedataaccesspatternsin theapplicationandthus,may
not be appropriatefor applicationswith complex data-accesspat-
terns.

The third classof techniques,which is basedon execution
of threadsthat are close in the computationgraphon the same
process,is appliedin many schedulingalgorithmsincludingwork
stealing[1, 9, 23, 26, 28, 19]. Blumofe et al showed bounds
on the numberof cachemissesin a fully-strict computationexe-
cutedby thework-stealingalgorithmunderthedag-consistentdis-
tributedshared-memoryof Cilk [7]. Dagconsistency is a relaxed
memory-consistency model that is employedin the distributed
shared-memoryimplementationof the Cilk language. In a dis-
tributed Cilk application,processesmaintainthe dag consistency
by meansof theBACKERalgorithm. In [7], Blumofeet al bound
the numberof shared-memorycachemissesin a distributedCilk
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Figure2: A dag(directedacyclic graph)for a multithreadedcom-
putation.Threadsareshown asgrayrectangles.

applicationfor cachesthat aremaintainedwith the LRU replace-
ment policy. They assumedthat accessesto the sharedmemory
are distributeduniformly and independently, which is not gener-
ally true becausethreadsmayconcurrentlyaccessthesamepages
by algorithmdesign.Furthermore,they assumedthatprocessesdo
not generatestealattemptsfrequentlyby makingprocessesdo ad-
ditional pagetransfersbeforethey attemptto stealfrom another
process.

3 The Model

In thissection,wepresentagraph-theoreticmodelfor multithreaded
computations,describethework-stealingalgorithm,defineseries-
parallelandnested-parallelcomputationsandintroduceour model
of anHSMS(Hardware-controlledShared-MemorySystem).

As with previouswork [6, 9] werepresentamultithreadedcom-
putationasadirectedacyclic graph,adag, of instructions(seeFig-
ure2). Eachnodein thedagrepresentsaninstructionandtheedges
representorderingconstraints.Therearethreetypesof edges,con-
tinuation,spawn, anddependency edges.A thread is a sequential
orderingof instructionsandthe nodesthat correspondsto the in-
structionsarelinked in a chainby continuation edges.A spawn
edgerepresentsthecreationof anew threadandgoesfromthenode
representingtheinstructionthatspawnsthenew threadto thenode
representingthefirst instructionof thenew thread.A dependency
edgefrom instruction W of a threadto instruction X of someother
threadrepresentsa synchronizationbetweentwo instructionssuch
that instruction X mustbe executedafter W . We draw spawn edges
with thickstraightarrows,dependency edgeswith curly arrowsand
continuationedgeswith thickstraightarrowsthroughoutthispaper.
Also weshow pathswith wavy lines.

For acomputationwith anassociateddag
�

, wedefinethecom-
putational work, ��& , asthenumberof nodesin

�
andthecritical

path, ��� , asthenumberof nodeson thelongestpathof
�

.
Let Y and Z beany two nodesin a dag.Thenwe call Y anan-

cestorof Z , and Z adescendantof Y if thereis a pathfrom Y to Z .
Any nodeis its descendant andancestor. Wesaythattwo nodesare
relativesif thereis a pathfrom oneto theother, otherwisewe say
that the nodesare independent. The childrenof a nodeareinde-
pendentbecauseotherwisetheedgefrom thenodeto onechild is
redundant.Wecall acommondescendant[ of Y and Z amergerofY and Z if thepathsfrom Y to [ and Z to [ haveonly [ in common.
We definethe depthof a node Y as the numberof edgeson the
shortestpathfrom therootnodeto Y . Wedefinethe leastcommon
ancestorof Y and Z astheancestorof both Y and Z with maximum
depth.Similarly, we definethegreatestcommondescendantof Y
and Z , asthedescendantof both Y and Z with minimumdepth.An
edge ��Y]\^Z2� is redundant if thereis a pathbetweenY and Z that
doesnotcontaintheedge��Y	\^Z2� . Thetransitive reductionof adag
is thedagwith all theredundantedgesremoved.

In thispaperweareonlyconcernedwith thetransitivereduction
of the computationaldags. We also requirethat the dagshave a

singlenodewith in-degree � , theroot, andasinglenodewith out-
degree� , thefinal node.

In amultiprocessexecutionof amultithreadedcomputation,in-
dependentnodescanexecuteat thesametime. If two independent
nodesreador modify the samedata,we say that they areRR or
WW sharingrespectively. If onenodeis readingandthe otheris
modifying thedatawesaythey areRW sharing.RW or WW shar-
ing cancausedataraces,andtheoutputof acomputationwith such
racesusuallydependson theschedulingof nodes.Suchracesare
typically indicativeof abug[18]. Wereferto computationsthatdo
nothaveany RW or WW sharingasrace-freecomputations.In this
paperweconsideronly race-freecomputations.

The work-stealingalgorithmis a threadschedulingalgorithm
for multithreadedcomputations.The ideaof work-stealingdates
backto theresearchof BurtonandSleep[11] andhasbeenstudied
extensivelysincethen[2, 9, 19, 20, 24, 36, 37]. In thework-stealing
algorithm,eachprocessmaintainsa pool of readythreadsandob-
tainswork from its pool. Whena processspawnsanew threadthe
processaddsthe threadinto its pool. Whena processrunsout of
work andfinds its pool empty, it choosesa randomprocessasits
victim andtriesto stealwork from thevictim’s pool.

In our analysis,we imaginethework-stealingalgorithmoper-
atingon individualnodesin thecomputationdagratherthanonthe
threads.Consideramultithreadedcomputationanditsexecutionby
thework-stealingalgorithm.We divide theexecutioninto discrete
timestepssuchthatateachstep,eachprocessis eitherworkingon
anode,whichwecall theassignednode, or is trying to stealwork.
Theexecutionof anodetakesJ timestepif thenodedoesnot incur
acachemissand � stepsotherwise.Wesaythatanodeis executed
at the time stepthata processcompletesexecutingthenode.The
executiontime of a computationis thenumberof time stepsthat
elapsebetweenthetimestepthataprocessstartsexecutingtheroot
nodeto thetimestepthatthefinal nodeis executed.Theexecution
schedulespecifiestheactivity of eachprocessateachtimestep.

During theexecution,eachprocessmaintainsa deque(doubly
endedqueue)of readynodes;we call the endsof a dequethe top
andthebottom. Whenanode,Y , is executed,it enablessomeother
node Z if Y is thelastparentof Z that is executed.We call theedge��Y]\^Z2� anenablingedgeand Y thedesignatedparentof Z . Whena
processexecutesanodethatenablesothernodes,oneof theenabled
nodesbecomethe assignednodeandthe processpushesthe rest
ontothebottomof its deque.If nonodeis enabled,thentheprocess
obtainsworkfrom itsdequeby removinganodefrom thebottomof
thedeque.If aprocessfindsits dequeempty, it becomesa thief and
stealsfrom a randomlychosenprocess,thevictim. This is a steal
attemptand takesat least � and at most _F� time stepsfor some
constant_a`bJ to complete.A thief processmight makemultiple
stealattemptsbeforesucceeding,or might never succeed.Whena
stealsucceeds, the thief processstartsworking on thestolennode
atthestepfollowing thecompletionof thesteal.Wesaythatasteal
attemptoccursat thestepit completes.

The work-stealingalgorithm can be implementedin various
ways. We say that an implementationof work stealingis deter-
ministic if, whenever a processenablesother nodes,the imple-
mentationalwayschoosesthesamenodeastheassignednodefor
thennext stepon thatprocess,andtheremainingnodesarealways
placedin the dequein thesameorder. This mustbetrue for both
multiprocessanduniprocessexecutions. We refer to a determin-
istic implementationof thework-stealingalgorithmtogetherwith
the HSMS that runs the implementationas a work stealer. For
brevity, we refer to an executionof a multithreadedcomputation
with a work stealerasan execution. We definethe total work as
thenumberof stepstakenby auniprocessexecution,includingthe
cachemisses,anddenoteit by ��& ����� , where � is thecachesize.
We denotethe numberof cachemissesin a � -processexecution
with � -block cachesas %')c����� . We definethe cacheoverhead
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Figure3: Illustratestherecursivedefinitionfor series-paralleldags.
Figure(a) is thebasecase,figure(b) depictstheserial,andfigure
(c) depictstheparallelcomposition.

of a � -processexecutionas % ) �����kjl%'&(����� , where %'&9����� is
thenumberof missesin theuniprocessexecutiononthesamework
stealer.

We refer to a multithreadedcomputationfor which the transi-
tive reductionof the correspondingdag is series-parallel[33] as
a series-parallelcomputation. A series-paralleldag

� ��mn\po�� is a
dagwith two distinguishedvertices,a source, �rqsm anda sink,t qrm andcanbedefinedrecursively asfollows (seeFigure3).+ Base:

�
consistsof asingleedgeconnecting� to

t
.+ SeriesComposition:

�
consistsof two series-paralleldags� &9��m]&(\^o�&^� and

� 3$��mu32\^o�3=� with disjointedgesetssuchthat� is thesourceof
� & , Y is thesink of

� & andthesourceof� 3 , and
t

is thesink of
� 3 . Moreover m &wv m 3 ,yx$YFz .+ Parallel Composition:Thegraphconsistsof twoseries-parallel

dags
� &9��m]&(\^o�&^� and

� 3$��mu32\^o�3=� with disjoint edgessets
suchthat � and

t
arethesourceandthesink of both

� & and� 3 . Moreover m &*v m 3 ,{x$�$\ t z .
A nested-parallelcomputationis arace-freeseries-parallelcompu-
tation[6].

Wealsoconsidermultithreadedcomputationsthatusefutures[12,
13, 14, 20, 25]. The dagstructuresof computationswith futures
aredefinedelsewhere[4]. This is a superclassof nested-parallel
computations,but still much more restrictive than generalcom-
putations. The work-stealingalgorithmfor futuresis a restricted
form of work-stealingalgorithm,whereaprocessstartsexecutinga
newly createdthreadimmediately, puttingits assignedthreadonto
its deque.

In our analysis,weconsiderseveralcacheorganizationandre-
placementpolicies for an HSMS. We model a cacheas a set of
(cache)lines, eachof whichcanhold thedatabelongingto amem-
ory block (a consecutive,typically small,region of memory).One
instructioncanoperateon at mostonememoryblock. We saythat
an instructionaccessesa block or the line that containstheblock
whenthe instructionreadsor modifiesthe block. We saythat an
instructionoverwritesa line thatcontainstheblock | whenthein-
structionaccessessomeother block that replaces| in the cache.
We saythata cachereplacementpolicy is simpleif it satisfiestwo
conditions.First thepolicy is deterministic.Secondwhenever the
policy decidesto overwrite a cacheline, } , it makesthe decision
to overwrite } by only usinginformationpertainingto theaccesses
that aremadeafter the last accessto } . We refer to a cacheman-
agedwith a simplecache-replacementpolicy as a simple cache.
Simplecachesandreplacementpoliciesarecommonin practice.
For example,least-recentlyused(LRU) replacementpolicy, direct
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Figure4: Thestructurefor dagof acomputationwith a largecache
overhead.

mappedcachesandsetassociative cacheswhereeachsetis main-
tainedby asimplecachereplacementpolicy aresimple.

In regardsto thedefinitionof RW or WW sharing,we assume
thatreadsandwritespertainto thewholeblock. Thismeanswedo
not allow for falsesharing—whentwo processesaccessingdiffer-
entportionsof ablock invalidatetheblock in eachother’s caches.
In practice,falsesharingis an issue,but canoften be avoidedby
aknowledgeof underlyingmemorysystemandappropriatelypad-
ding theshareddatato prevent two processesfrom accessingdif-
ferentportionsof thesameblock.

4 General Computations

In this section,we show that thecacheoverheadof amultiprocess
executionof ageneralcomputationandacomputationwith futures
canbe large even thoughthe uniprocessexecutionincursa small
numberof misses.

Theorem 1 Thereis a familyof computations

x � ��� ��,y_F��\^�F�"�n_�qr�H�cz
with 
����	� computationalwork,whoseuniprocessexecutionincurs02� misseswhileany ; -processexecutionof thecomputationincurs
����	� misseson a work stealerwith a cache sizeof � , assuming
that �a,y
������ , where � is themaximumstealtime.

Proof: Figure4 shows thestructureof a dag,
��� C for �4,�K2� .

Eachnodeexcept the root noderepresentsa sequenceof � in-
structionsaccessinga setof � distinct memoryblocks. The root
noderepresents��:/� instructionsthataccesses� distinctmemory
blocks. Thegraphhastwo symmetriccomponents� � C and � � C ,
which correspondsto the left andthe right subtreeof the root ex-
cludingtheleaves.Wepartitionthenodesin

��� C into threeclasses,
suchthatall nodesin aclassaccessthesamememoryblockswhile
nodesfromdifferentclassesaccessmutuallydisjointsetof memory
blocks.Thefirst classcontainstherootnodeonly, thesecondclass
containsall thenodesin � � C , andthethird classcontainstherest
of thenodes,which arethenodesin � � C andthe leavesof

� � C .
For general��,y_�� ,

���
canbepartitionedinto � � , � �

andthe _
leavesof

� �
andthe root similarly. Eachof � � and � �

contains;]���3 �]j-J nodesandhasthestructureof acompletebinarytreewith
additional_ leavesat thelowestlevel. Thereis adependency edge
from theleavesof both � � and � �

to theleavesof
� �

.
Considerawork stealerthatexecutesthenodesof

���
in theor-

derthatthey arenumberedin auniprocessexecution.In theunipro-
cessexecution,no nodein � � incursa cachemissexcepttheroot
node,sinceall nodesin � � accessthesamememoryblocksasthe
root of � � . Thesameargumentholdsfor � �

andthe _ leavesof� �
. Hencetheexecutionof thenodesin � � , � �

, andthe leaves
causes;=� misses.Sincethe root nodecauses� misses,the total
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Figure5: Thestructurefor dagof a computationwith futuresthat
canincura largecacheoverhead.

numberof missesin theuniprocessexecutionis 0"� . Now, consider
a ; -processexecutionwith thesamework stealerandcall thepro-
cesses,process� and J . At time step J , process� startsexecuting
theroot node,whichenablestherootof � �

no laterthantimestep� . Sinceprocess� startsstealingimmediatelyand thereareno
otherprocessesto stealfrom, processJ stealsandstartsworking
on theroot of � �

, no later thantime step �b:<� . Hence,theroot
of � �

executesbeforetheroot of � � andthus,all thenodesin � �
executebeforethe correspondingsymmetricnodein � �

. There-
fore, for any leaf of

���
, the parentthat is in � �

executesbefore
theparentin � � . Thereforea leafnodeof

� �
is executedimmedi-

atelyafter its parentin � � andthus,causes� cachemisses.Thus,
thetotal numberof cachemissesis 
¤�¥_����*,y
¤���	� .

Thereexists computationssimilar to the computationin Fig-
ure4 thatgeneralizesTheorem1 for arbitrarynumberof processes
by makingsurethat all the processesbut ; stealthroughoutany
multiprocessexecution.Evenin thegeneralcase,however, where
the averageparallelismis higher than the numberof processes,
Theorem1 canbe generalizedwith the sameboundon expected
numberof cachemissesby exploiting thesymmetryin

� �
andby

assumingasymmetricallydistributedsteal-time.With asymmetri-
cally distributedsteal-time,for any ¦ , astealthattakes¦ stepsmore
thanmeansteal-timeis equallylikely to happenasastealthattakes¦ lessstepsthanthemean.Theorem1 holdsfor computationswith
futuresaswell. Multithreadedcomputingwith futuresis a fairly
restrictedform of multithreadedcomputingcomparedto comput-
ing with eventssuchassynchronizationvariables.Thegraph § in
Figure5 shows thestructureof a dag,whose ; -processexecution
causeslarge numberof cachemisses.In a ; -processexecutionof§ , theenablingparentof theleaf nodesin theright subtreeof the
root arein theleft subtreeandthereforetheexecutionof eachsuch
leaf nodecauses� misses.

5 Nested-Parallel Computations

In this section,weshow thatthecacheoverheadof anexecutionof
a nested-parallelcomputationwith a work stealeris at mosttwice
theproductof thenumberof stealsandthecachesize. Our proof
hastwo steps.First,weshow thatthecacheoverheadis boundedby
theproductof thecachesizeandthenumberof nodesthatareexe-
cuted“out of order”with respectto theuniprocessexecutionorder.
Second,we prove thatthenumberof suchout-of-orderexecutions
is at mosttwice thenumberof steals.

Considera computation
�

and its � -processexecution, ¨-) ,
with awork stealerandtheuniprocessexecution,̈�& with thesame
work stealer. Let Z beanodein

�
andnode Y bethenodethatexe-

cutesimmediatelybefore Z in ¨ & . Thenwesaythat Z is drifted in¨-) if node Y is not executedimmediatelybefore Z by theprocess

thatexecutesZ in ¨�) .
Lemma2establishesakey propertyof anexecutionwith simple

caches.

Lemma 2 Consideraprocesswith asimplecacheof � blocks.Let¨ & denotetheexecutionof a sequenceof instructionson theproc-
essstarting with cache state ��& and let ¨/3 denotethe execution
of thesamesequenceof instructionsstartingwith cachestate � 3 .
Then̈ & incursat most � moremissesthan ¨ 3 .
Proof: We constructa one-to-onemappingbetweenthe cache
lines in ¨�& and ¨�3 suchthat an instructionthat accessesa line}¥& in ¨�& accessestheentry }©3 in ¨/3 , if andonly if }ª& is mappedto} 3 . Consider̈ & andlet } & beacacheline. Let W bethefirst instruc-
tion that accessesor overwrites }ª& . Let }©3 be the cacheline that
the sameinstructionaccessesor overwritesin ¨/3 andmap }¥& to} 3 . Sincethecachesaresimple,aninstructionthatoverwrites} & in¨ & overwrites} 3 in ¨ 3 . Thereforethenumberof missesthatover-
writes } & in ¨ & is equalto thenumberof missesthatoverwrites } 3
in ¨/3 afterinstructionW . SinceW itself cancauseJ miss,thenumber
of missesthatoverwrites} & in ¨ & is at most J morethanthenum-
berof missesthatoverwrites } 3 in ¨ 3 . We constructthemapping
for eachcacheline in ¨�& in thesameway. Now, let usshow that
themappingis one-to-one.For thesakeof contradiction,assume
that two cachelines, } & and } 3 , in ¨ & mapto thesameline in ¨ 3 .
Let W & and W 3 be the first instructionsaccessingthe cachelines in¨�& suchthat WI& is executedbefore WD3 . Since W«& and WD3 mapto the
sameline in ¨�3 andthecachesaresimple, W¬3 accessestheline thatW & accessesin ¨ & but then } & ,y} 3 , acontradiction.Hence,thetotal
numberof cachemissesin ¨�& is at most � morethanthemisses
in ¨ 3 .
Theorem 3 Let ­ denotethe total numberof drifted nodesin an
executionof a nested-parallel computationwith a work stealeron� processes,eachof which hasa simplecachewith � words.Then
thecacheoverheadof theexecutionis at most ��­ .

Proof: Let ¨�) denotethe � -processexecutionandlet ¨ & bethe
uniprocessexecutionof thesamecomputationwith thesamework
stealer. Wedividethemultiprocesscomputationinto ­ pieceseach
of which canincur at most � moremissesthanin the uniprocess
execution.Let Y beadriftednodelet ® betheprocessthatexecutesY . Let Z bethenext drifted nodeexecutedon ® (or thefinal node
of thecomputation).Let theorderedset 
 representtheexecution
orderof all thenodesthatareexecutedafter Y ( Y is included)and
before Z ( Z is excludedif it is drifted, includedotherwise)on ® in¨ ) . Thennodesin 
 areexecutedon thesameprocessandin the
sameorderin both ¨ & and ¨�) .

Now considerthenumberof cachemissesduringtheexecution
of thenodesin 
 in ¨-& and ¨ ) . Sincethecomputationis nested
parallel andthereforeracefree, a processthat executesin paral-
lel with ® doesnot cause® to incur cachemissesdueto sharing.
Thereforeby Lemma2 duringtheexecutionof thenodesin 
 the
numberof cachemissesin ¨ ) is at most � morethanthenumber
of missesin ¨ & . This boundholdsfor eachof the ­ sequenceof
suchinstructions
 correspondingto ­ drifted nodes. Sincethe
sequencestartingat the root nodeand endingat the first drifted
nodeincursthesamenumberof missesin ¨ & and ¨�)�¨�) takesat
most ��­ moremissesthan ¨ & andthecacheoverheadis at most��­ .

Lemma2 (andthusTheorem3) doesnot hold for cachesthat
arenot simple.For example,considertheexecutionof asequence
of instructionson a cachewith least-frequently-usedreplacement
policy startingattwocachestates.In thefirstcachestate,theblocks
thatarefrequentlyaccessedby theinstructionsarein thecachewith
highfrequencies,whereasin thesecondcachestate,theblocksthat
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Figure7: Thejoint embeddingof Y and Z .

arein the cachearenot accessedby the instructionandhave low
frequencies.Theexecutionwith thesecondcachestate,therefore,
incursmany moremissesthanthe sizeof the cachecomparedto
theexecutionwith thesecondcachestate.

Now we show thatthenumberof driftednodesin anexecution
of aseries-parallelcomputationwith awork stealeris atmosttwice
the numberof steals.The proof is basedon the representationof
series-parallelcomputationsassp-dags.We call a nodewith out-
degreeof at least; a fork nodeandpartitionthenodesof ansp-dag
exceptthe root into threecategories: join nodes,stablenodesand
nomadicnodes. We call a nodethat hasan in-degreeof at least; a join nodeandpartitionall thenodesthathave in-degree J into
two classes:anomadicnodehasaparentthat is a fork node,anda
stablenodehasaparentthathasout-degreeJ . Therootnodehasin-
degree� andit doesnotbelongto any of thesecategories.Lemma4
lists two fundamentalpropertiesof sp-dags;one can prove both
propertiesby inductionon thenumberof edgesin ansp-dag.

Lemma 4 Let
�

bean sp-dag. Then
�

hasthefollowing proper-
ties.

1. Theleastcommonancestorof anytwo nodesin
�

is unique.

2. Thegreatestcommondescendant of any two nodesin
�

is
uniqueandis equalto their uniquemerger.

Lemma 5 Let � bea fork node. Thenno child of � is a join node.

Proof: Let Y and Z denotetwo childrenof � andsupposeY is a
join nodeasin Figure6. Let

t
denotesomeotherparentof Y and¸ denotethe uniquemerger of Y and Z . Then both ¸ and Y are

mergersfor � and
t
, which is acontradictionof Lemma5. HenceY

is not a join node.

Corollary 6 Onlynomadicnodescanbestolenin an executionof
a series-parallel computationby thework-stealingalgorithm.

Proof: Let Y bea stolennodein anexecution.Then Y is pushed
on a dequeandthusthe enablingparentof Y is a fork node. By
Lemma5, Y is notajoin nodeandhasanincomingdegreeJ . There-
fore Y is nomadic.

Considera series-parallelcomputationandlet
�

beits sp-dag.
Let Y and Z betwo independentnodesin

�
andlet � and

t
denote

their leastcommonancestorandgreatestcommondescendantre-
spectively asshown in Figure7. Let

� & denotethe graphthat is

¹ G 1 G 2

º
» ¼

½¾¿
À
Á

Figure8: Thejoin node � is theleastcommonancestorof [ and ¸ .
Node Y and Z arethechildrenof � .
inducedby therelativesof Y thataredescendantsof � andalsoan-
cestorsof

t
. Similarly, let

� 3 denotethegraphthat is inducedby
therelativesof Z thataredescendantsof � andancestorsof

t
. Then

we call
� & theembeddingof Y with respectto Z and

� 3 theem-
beddingof Z with respectto Y . We call thegraphthatis theunion
of

� & and
� 3 the joint embeddingof Y and Z with source� and

sink
t
. Now consideranexecutionof

�
and [ and ¸ bethechildren

of � suchthat [ is executedbeforȩ . Thenwecall [ theleaderand¸ theguardof thejoint embedding.

Lemma 7 Let
� ��mn\^o�� bean sp-dagand let [ and ¸ betwo par-

entsof a join node
t

in
�

. Let
� & denotetheembeddingof [ with

respectto ¸ and
� 3 denotetheembeddingof ¸ with respectto [ .

Let � denotethe sourceand
t

denotethe sink of the joint embed-
ding. Thentheparentsof anynodein

� & exceptfor � and
t

is in� & andtheparentsof anynodein
� 3 exceptfor � and

t
is in

� 3 .
Proof: Since[ anḑ areindependent,bothof � and

t
aredifferent

from [ and ¸ (seeFigure8). First, we show that thereis not an
edgethatstartsatanodein

� & exceptat � andendsatanodein
� 3

exceptat
t

andvice versa. For the sakeof contradiction,assume
thereis anedge ���G\Â�	� suchthat �ÄÃ,b� is in

� & and �yÃ, t
is in� 3 . Then � is the leastcommonancestorof [ and ¸ ; henceno

such ���G\^�	� exists.A similarargumentholdswhen � is in
� 3 and� is in

� & .
Second,we show that theredoesnot existsanedgethatorigi-

natesfrom anodeoutsideof
� & or

� 3 andendsatanodeat
� & or� 3 . For thesakeof contradiction,let ��Å�\ÂÆ	� beanedgesuchthat Æ

is in
� & and Å is not in

� & or
� 3 . Then Æ is theuniquemergerfor

the two childrenof the leastcommonancestorof Å and � , which
wedenotewith � . But then

t
is alsoamergerfor thechildrenof � .

Thechildrenof � areindependentandhaveauniquemerger, hence
thereis no suchedge ��ÅÇ\�Æ	� . A similar argumentholdswhen Æ is
in

� 3 . Thereforewe concludethat theparentsof any nodein
� &

except � and
t

is in
� & andtheparentsof any nodein

� 3 except �
and

t
is in

� 3 .
Lemma 8 Let

�
bean sp-dagandlet [ and ¸ betwo parentsof a

join node
t

in
�

. Considerthejoint embeddingof [ and ¸ andletY betheguard nodeof theembedding. Then [ and ¸ areexecuted
in the samerespectiveorder in a multiprocessexecutionas they
areexecutedin theuniprocessexecutionif theguard node Y is not
stolen.

Proof: Let � be the source,
t

the sink, and Z the leaderof the
joint embedding.Since Y is not stolen, Z is not stolen.Hence,by
Lemma7, beforeit startsworking on Y , theprocessthatexecutes� executedZ andall its descendantsin theembeddingexceptfor

t
Hence,̧ is executedbefore Y and [ is executedafter Y asin the
uniprocessexecution.Therefore,[ and ¸ areexecutedin thesame
respectiveorderasthey executein theuniprocessexecution.
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Figure9: Nodes
t & and

t 3 are two join nodeswith the common
guard Y .

Lemma 9 A nomadicnodeis drifted in an executiononly if it is
stolen.

Proof: Let Y beanomadicanddriftednode.Then,by Lemma5,Y hasa singleparent� thatenablesY . If Y is thefirst child of � to
executein theuniprocessexecutionthen Y is notdriftedin themul-
tiprocessexecution.Hence,Y is not thefirst child to execute.Let Z
bethelastchild of � thatis executedbeforeY in theuniprocessex-
ecution.Now, considerthemultiprocessexecutionandlet ® bethe
processthatexecutesZ . For thesakeof contradiction,assumethatY is not stolen.Considerthejoint embeddingof Y and Z asshown
in Figure8. Sinceall parentsof thenodesin

� 3 exceptfor � andt
arein

� 3 by Lemma7, ® executesall thenodesin
� 3 beforeit

executesY andthus, ¸ precedesY on ® . But then Y is not drifted,
becausȩ is thenodethatis executedimmediatelybefore Y in the
uniprocesscomputation.HenceY is stolen.

Let usdefinethecover of ajoin node
t
in anexecutionastheset

of all theguardnodesof the joint embeddingof all possiblepairs
of parentsof

t
in theexecution.Thefollowing lemmashowsthata

join nodeis driftedonly if anodein its cover is stolen.

Lemma 10 A join nodeis drifted in an executiononly if a nodein
its coveris stolenin theexecution.

Proof: Considerthe executionand let
t

be a join nodethat is
drifted. Assume,for thesakeof contradiction,thatno nodein the
cover of

t
, ��� t � , is stolen.Let [ and ¸ be any two parentsof

t
as

in Figure8. Then [ and ¸ areexecutedin thesameorderasin the
uniprocessexecutionby Lemma8. But thenall parentsof

t
exe-

cutein thesameorderasin theuniprocessexecution. Hence,the
enablingparentof

t
in theexecutionis thesameasin theuniprocess

execution.Furthermore,theenablingparentof
t

hasout-degree J ,
becauseotherwise

t
is not a join nodeby Lemma5 andthus,the

processthat enables
t

executes
t
. Therefore,

t
is not drifted. A

contradiction,henceanodein thecoverof
t

is stolen.

Lemma 11 Thenumberof driftednodesin anexecutionofaseries-
parallel computationis at mosttwice the numberof stealsin the
execution.

Proof: We associateeachdrifted node in the executionwith a
stealsuchthat no stealhasmore than ; drifted nodesassociated
with it. Considera drifted node, Y . Then Y is not the root node
of thecomputationandit is not stableeither. Hence,Y is eithera
nomadicor join node.If Y is nomadic,then Y is stolenby Lemma9
andwe associateY with the stealthat stealsY . Otherwise,Y is a
join nodeandthereis a nodein its cover ����YF� that is stolenby
Lemma10. We associateY with thestealthat stealsa nodein its
cover. Now, assumetherearemorethan ; nodesassociatedwith a
stealthat stealsnode Y . Thenthereareat leasttwo join nodes

t &
and

t 3 thatareassociatedwith Y . Therefore,node Y is in thejoint

embeddingof two parentsof
t & andalso

t 3 . Let Æ & , [ & be these
parentsof

t & and Æ 3 , [ 3 betheparentsof
t 3 , asshown in Figure9.

But then Y hasparentthat is a fork nodeandis a joint node,which
contradictsLemma5. Henceno such Y exists.

Theorem 12 Thecacheoverheadofanexecutionofanested-parallel
computationwith simplecachesis at mosttwicetheproductof the
numberof missesin theexecutionandthecachesize.

Proof: Follows from Theorem3 andLemma11.

6 An Analysis of Nonblocking Work Stealing

The non-blockingimplementationof the work-stealingalgorithm
delivers provably good performanceunder traditional and multi-
programmedworkloads.A descriptionof the implementationand
its analysisis presentedin [2]; anexperimentalevaluationis given
in [10]. In this section,weextendtheanalysisof thenon-blocking
work-stealingalgorithmfor classicalworkloadsandboundtheex-
ecutiontime of a nested-parallel,computationwith a work stealer
to includethenumberof cachemisses,thecache-misspenaltyand
thestealtime. First, we boundthenumberof stealattemptsin an
executionof ageneralcomputationby thework-stealingalgorithm.
Thenweboundtheexecutiontimeof anested-parallelcomputation
with a work stealerusingresultsfrom Section5. Theanalysisthat
we presenthereis similar to theanalysisgiven in [2] andusesthe
samepotentialfunctiontechnique.

We associatea nonnegativepotentialwith nodesin acomputa-
tion’ s dagandshow that the potentialdecreasesastheexecution
proceeds.We assumethat a nodein a computationdaghasout-
degreeat most ; . This is consistentwith theassumptionthateach
noderepresentson instruction.Consideranexecutionof acompu-
tationwith its dag,

� ��mc\^o�� with thework-stealingalgorithm.The
executiongrows a tree,theenablingtree, thatcontainseachnode
in thecomputationandits enablingedge.We definethe distance
of anode Y�qGm , ÐF��YF� , as � � j4Ð2ÑÂÒ tªÓ ��YF� , whereÐ2ÑÂÒ t¥Ó ��YF� is the
depthof Y in theenablingtreeof thecomputation.Intuitively, the
distanceof a nodeindicateshow far thenodeis away from endof
thecomputation.We definethepotentialfunctionin termsof dis-
tances.At any givenstep W , we assigna positive potentialto each
readynode,all othernodeshave � potential.A nodeis readyif it is
enabledandnot yet executedto completion.Let Y denotea ready
nodeat time step W . Thenwe define, Ô�ÕI��YF� , the potentialof Y at
timestepW as

Ô Õ ��Y��c, Ö 0 3^× B©Ø9EIÙ & if Y is assigned;0 3^× B©Ø9E otherwise.

ThepotentialatstepW , Ú Õ , is thesumof thepotentialof eachready
nodeat step W . Whenan executionbegins, the only readynodeis
therootnodewhichhasdistance� � andis assignedto someproc-
ess,so we startwith Ú�Û-,Ü0 3 @ Ý/Ù & . As the executionproceeds,
nodesthat are deeperin the dagbecomereadyandthe potential
decreases.Thereareno readynodesat theendof anexecutionand
thepotentialis � .

Let us give a few moredefinitionsthat enableus to associate
a potentialwith eachprocess.Let � Õ �¥®=� denotethe setof ready
nodesthat are in the dequeof process® alongwith ® ’s assigned
node,if any, at thebeginningof step W . We saythat eachnode Y
in �ÞÕp�¥®=� belongsto process® . Thenwe definethepotentialof ® ’s
dequeas Ú Õ �¥®=��, ßØ$à"á�âªBäãIE Ô Õ ��YF�nå



In addition,let æ Õ denotethesetof processeswhosedequeisempty
at theç beginning of step W , and let ­ Õ denotethe setof all other
processes.WepartitionthepotentialÚèÕ into two parts

Ú Õ ,{Ú Õ �¥æ Õ �	:8Ú Õ ��­ Õ �n\
where

Ú Õ �¥æ Õ �*,éßãêà2ë�â Ú Õ �¥®=� and Ú Õ ��­ Õ �*,éßãêàuìcâ Ú Õ �¥®=�n\
andweanalyzethetwo partsseparately.

Lemma13listsfourbasicpropertiesof thepotentialthatweuse
frequently. Theproofsfor thesepropertiesaregivenin [2] andthe
listedpropertiesarecorrectindependentof thetime thatexecution
of anodeor astealtakes.Therefore,wegiveashortproofsketch.

Lemma 13 Thepotential functionsatisfiesthe following proper-
ties.

1. Supposenode Y is assignedto a processat step W . Thenthe
potentialdecreasesby at least ��;$í(02�IÔ Õ ��YF� .

2. Supposea node Y is executedat step W . Thenthe potential
decreasesbyat least ���$í î"�IÔ�Õ«��Y�� at stepW .

3. Considerany step W and any process® in ­ Õ . Thetopmost
node Y in ® ’s dequecontributesat least 0"í K of thepotential
associatedwith ® . Thatis, wehaveÔ�ÕI��YF�ï`y�¥0"í K"�ÂÚðÕI�¥®=� .

4. Supposea processÒ choosesprocess® in ­ Õ asits victimat
timestepW (a stealattemptof Ò targeting ® occursat step W ).
Thenthe potentialdecreasesby at least �ÂJ(í$;=�ÂÚ Õ �¥®=� dueto
theassignmentor executionof a nodebelongingto ® at the
endof step W .

Property J follows directly from thedefinitionof thepotential
function. Property ; holds becausea nodeenablesat most two
childrenwith smallerpotential,one of which becomesassigned.
Specifically, thepotentialaftertheexecutionof nodeY decreasesby
at leastÔc��YF�ê�ÂJñj &ò j &ó �*,õôó Ôc��YF� . Property0 followsfromastruc-
turalpropertyof thenodesin adeque.Thedistanceof thenodesin
aprocess’dequedecreasemonotonicallyfrom thetopof thedeque
to bottom.Therefore,thepotentialin thedequeis thesumof geo-
metricallydecreasingtermsanddominatedby thepotentialof the
top node.Thelastpropertyholdsbecausewhenaprocesschooses
process® in ­ Õ as its victim, the nodeat the top of ® ’ s deque
is assignedat the next step. Therefore,thepotentialdecreasesby;=í 0=Ô Õ ��YF� by property J . Moreover, Ô Õ ��YF�k`{�¥02í K"�ÂÚ Õ �¥®=� by prop-
erty 0 andtheresultfollows.

Lemma16 showsthatthepotentialdecreasesasa computation
proceeds.The proof for Lemma16 utilizes balls andbins game
boundfrom Lemma14.

Lemma 14 (Balls and Weighted Bins) Supposethatat least � balls
are thrown independentlyand uniformly at randominto � bins,
wherebin W hasa weight ö Õ , for W�,�J$\9å÷å9å9\^� . Thetotal weightisöø,úù )Õüû�& ö Õ . For each bin W , definetherandomvariable ¨ Õ as

¨ýÕ�,�þ öaÕ if someball landsin bin W ;� otherwise.

If ¨1,úù )Õüû�& ¨ Õ , thenfor any ÿ in therange���'ÿ��úJ , wehave��� x(¨é`'ÿnöúz��yJèj8J(í2�Â�ÂJðj4ÿ*�IÑ=� .

This lemmacan be proven with an applicationof Markov’ s in-
equality. Theproof of aweakerversionof this lemmafor thecase
of exactly � throws is similar and given in [2]. Lemma14 also
follows from theweakerlemmabecausë doesnotdecreasewith
morethrows.

Wenow show thatwhenever � ormorestealattemptsoccur, the
potentialdecreasesby a constantfractionof Ú Õ ��­ Õ � with constant
probability.

Lemma 15 Considerany step W andany later step X such that at
least � stealattemptsoccurat stepsfrom W (inclusive)to X (exclu-
sive).Thenwehave

��� þ*Ú Õ j Ú
	Þ` JK Ú Õ ��­ Õ � � � JK å
Moreoverthepotentialdecreaseis becauseof theexecutionor as-
signmentof nodesbelongingto a processin ­/Õ .
Proof: Considerall � processesand � stealattemptsthatoccur
at or afterstep W . For eachprocess® in ­ Õ , if oneor moreof the� attemptstarget ® asthe victim, thenthe potentialdecreasesby�ÂJ(í=;$�ÂÚèÕI�¥®=� dueto theexecutionor assignmentof nodesthatbelong
to ® by property K in Lemma13. If we think of eachattemptasa
ball toss,thenwehave aninstanceof theBalls andWeightedBins
Lemma(Lemma14). For eachprocess® in ­/Õ , weassignaweightö ã ,õ�ÂJ(í=;$�ÂÚèÕp�¥®=� , andfor eachotherprocess® in æ�Õ , we assign
aweight ö ã ,y� . Theweightssumto ö , �ÂJ�í$;$�ÂÚ Õ ��­ Õ � . Usingÿ , J(í=; in Lemma14, we concludethat thepotentialdecreases
by at leastÿnö , �ÂJ�í K"�ÂÚ Õ ��­ Õ � with probabilitygreaterthan JèjJ(í2�Â�ÂJ�j4ÿ*�IÑ=��� J�í K dueto theexecutionor assignmentof nodes
thatbelongto aprocessin ­ Õ .

We now boundthenumberof stealattemptsin awork-stealing
computation.

Lemma 16 Considera � -processexecutionofamultithreadedcom-
putationwith thework-stealingalgorithm. Let � & and ��� denote
the computationalwork and the critical path of the computation.
Then the expectednumberof steal attemptsin the executionis
��(� � � ����� � � . Moreover, for any 
���� , thenumberof stealat-
temptsis 
��(� � � ����� � :����F�ÂJ(í�
=�Â� with probabilityat least Jèj�
 .
Proof: We analyzethenumberof stealattemptsby breakingthe
executioninto phasesof � � ����� stealattempts.We show thatwith
constantprobability, aphasecausesthepotentialto dropby acon-
stantfactor. The first phasebegins at step

t & , J and endsat
thefirst step

t�� & suchthatat least � � � ��� stealattemptsoccurdur-
ing the interval of steps � t & \ t � &�� . The secondphasebeginsat stept 3 , t � & : J , andso on. Let us first show that thereareat least� stepsin a phase. A processhasat most J outstandingsteal
attemptat any time and a stealattempttakesat least � stepsto
complete. Therefore,at most � stealattemptsoccur in a period
of � time steps. Hencea phaseof stealattemptstakesat least�I�(� � � �(�Â���Âí$�����(��`s� timeunits.

Considera phasebeginning at step W , and let X be the stepat
which thenext phasebegins. Then W�:<� 7 X . We will show that
we have

��� x2Ú�	 7 �¥02í(K2�ÂÚ Õ z�� J(í K . Recallthatthepotentialcan
bepartitionedas ÚèÕ�,yÚèÕI�¥æ�Õ¥�2:GÚèÕª��­/Õ¥� . Sincethephasecontains�(� ���w� stealattempts,

��� x$Ú Õ j8Ú�	�`{�ÂJ(í(K2�ÂÚ Õ ��­ Õ �Âz�� J�í K due
to executionor assignmentof nodesthatbelongto aprocessin ­ Õ ,
by Lemma15. Now we show that the potentialalsodropsby a
constantfractionof Ú Õ �¥æ Õ � dueto theexecutionof assignednodes
that areassignedto the processesin æ Õ . Considera process,say® in æ Õ . If ® doesnot have an assignednode,then Ú Õ �¥®=��,.� .
If ® hasan assignednode Y , then ÚèÕI�¥®=�ý, Ô�ÕI��YF� . In this case,
process® completesexecutingnodeY atstepW=:a�új4J���X at the



latestandthe potentialdropsby at least ���$í(î2�IÔ Õ ��YF� by property; of Lemma13. Summingover eachprocess® in æ Õ , we haveÚèÕ]j Ú 	 ` ���$í î"�ÂÚèÕ«�¥æ¤Õ¥� . Thus,we haveshown thatthepotential
decreasesat leastby a quarterof Ú Õ �¥æ Õ � and Ú Õ ��­ Õ � . Therefore
no matterhow thetotal potentialis distributedover æ Õ and ­ Õ , the
total potentialdecreasesby a quarterwith probability more thanJ�í K , that is,

��� x=Ú Õ j�Ú�	�`y�ÂJ�í K"�ÂÚ Õ z��{J(í(K .
We say that a phaseis successfulif it causesthe potentialto

drop by at leasta J�í K fraction. A phaseis successfulwith prob-
ability at least J�í K . Sincethe potentialstartsat Ú�Û�,.0 3 @ Ý Ù &
andendsat � (andis alwaysan integer), the numberof success-
ful phasesis at most ��; � � j{J(���� �� �"! ò 0��b#$� � . The expected
numberof phasesneededto obtain #=� � successfulphasesis at
most 0"; ��� . Thus,theexpectednumberof phasesis 
��¥����� , and
becauseeachphasecontains � � � �w� stealattempts,the expected
numberof stealattemptsis 
��(� � � �(�4����� . The high probability
boundfollowsby anapplicationof theChernoff bound.

Theorem 17 Let %8)c����� be thenumberof cache missesin a � -
processexecutionof a nested-parallel computationwith a work-
stealerthathassimplecachesof � blockseach. Let % & ����� bethe
numberof cachemissesin theuniprocessexecutionThen

%')*�����c,{% & ������: 
��(� � � � �������{:�� � � � ���#�%$c�ÂJ�í�
=�Â�
with probabilityat least J2j&
 . Theexpectednumberofcachemisses
is %'&÷������:8
��(� � � � ����� � �
Proof: Theorem12 shows that the cacheoverheadof a nested-
parallelcomputationis at mosttwice theproductof thenumberof
stealsandthecachesize.Lemma16showsthatthenumberof steal
attemptsis 
��(�(� ���(�/�¥���ý:��%$c�ÂJ�í�
=�Â�Â� with probabilityatleastJ2j�

andtheexpectednumberof stealsis 
��(�(� ���(�<����� . Thenumber
of stealsis notgreaterthanthenumberof stealattempts.Therefore
theboundsfollow.

Theorem 18 Considera � -process,nested-parallel,work-stealing
computationwith simplecachesof � blocks. Then,for any 
��y� ,
theexecutiontimeis


�� � & ������ :��8� � � ��� �¥� � :��%$��ÂJ(í�
=�Â�=: ���8:��(�ê�¥� � :'�%$��ÂJ�í�
=�Â�Â�
with probability at least �ÂJ�j(
=� . Moreover, theexpectedrunning
timeis


�� ��&(������ :<�8� � � ����� � :s���b:8�(�I� � �nå
Proof: Weuseanaccountingargumenttoboundtherunningtime.
At eachstepin thecomputation,eachprocessputsadollar into one
of two bucketsthat matchesits activity at that step. We namethe
two bucketsas the work and the stealbucket. A processputs a
dollar into the work bucketat a stepif it is working on a nodein
the step. The executionof a nodein the dagaddseither J or �
dollarsto the work bucket. Similarly, a processputsa dollar into
the stealbucket for eachstepthat it spendsstealing. Eachsteal
attempttakes
����(� steps.Therefore,eachstealadds 
����(� dollars
to thestealbucket.Thenumberof dollarsin thework bucketat the
endof executionis atmost 
��¥� & :y��� j8J(��%8)k�����Â� , which is


��¥� & �����	: ��� j8J���) � ��* ��� �¥���y:��%$c�ÂJ(í+
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Figure 10: The tree of threadscreatedin a data-parallelwork-
stealingapplication.

with probabilityat least Jèj3
 � .
Thetotal numberof dollarsin stealbucketis the total number

of stealattemptsmultiplied by thenumberof dollarsaddedto the
stealbucketfor eachstealattempt,which is 
����(� . Thereforetotal
numberof dollarsin thestealbucketis


����4) � ��* �<�¥���{:3�%$c�ÂJ�í�
 � �Â�Â�
with probability at least J/j4
 � . Eachprocessaddsexactly one
dollar to a bucket at eachstepso we divide the total numberof
dollarsby � to get the high probabilityboundin the theorem.A
similarargumentholdsfor theexpectedtimebound.

7 Locality-Guided Work Stealing

Thework-stealingalgorithmachievesgooddatalocality by execut-
ing nodesthatareclosein thecomputationgraphonthesameproc-
ess.For certainapplications,however, regionsof theprogramthat
accessthesamedataarenot closein thecomputationalgraph.As
anexample,consideranapplicationthattakesa sequenceof steps
eachof whichoperatesin parallelover asetor arrayof values.We
will call suchanapplicationaniterative data-parallelapplication.
Suchan applicationcan be implementedusing work-stealingby
forking atreeof threadsoneachstep,in whicheachleafof thetree
updatesa region of thedata(typically disjoint). Figure10 shows
anexampleof thetreesof threadscreatedin two steps.Eachnode
representsa threadandis labeledwith theprocessthatexecutesit.
Thegraynodesaretheleaves.Thethreadssynchronizein thesame
orderasthey fork. Thefirst andsecondstepsarestructurallyiden-
tical, andeachpair of correspondinggray nodesupdatethe same
region, oftenusingmuchof thesameinput data.Thedashedrect-
anglein Figure10, for example,shows a pair of suchgraynodes.
To get good locality for this application,threadsthat updatethe
samedataondifferentstepsideallyshouldrunonthesameproces-
sor, eventhoughthey arenot “close” in thedag. In work stealing,
however, this is highly unlikely to happendueto therandomsteals.
Figure10, for example,showsanexecutionwhereall pairsof cor-
respondinggraynodesrunondifferentprocesses.

In this section,we describeandevaluatelocality-guidedwork
stealing, a heuristic modification to work stealingwhich is de-
signedto allow locality betweennodesthataredistantin thecom-
putationalgraph.In locality-guidedwork stealing,eachthreadcan
begivenanaffinity for aprocess,andwhenaprocessobtainswork
it givespriority to threadswith affinity for it. Toenablethis,in addi-
tion toadequeeachprocessmaintainsamailbox: afirst-in-first-out



(FIFO) queueof pointersto threadsthathave affinity for theproc-
ess. Thereare then two differencesbetweenthe locality-guided
work-stealingandwork-stealingalgorithms. First, whencreating
a thread,a processwill pushthe threadonto both the deque,as
in normalwork stealing,andalsoonto the tail of the mailbox of
theprocessthat thethreadhasaffinity for. Second,a processwill
first try to obtainwork from its mailboxbeforeattemptinga steal.
Becausethreadscanappeartwice, oncein a mailboxandonceon
a deque,thereneedsto besomeform of synchronizationbetween
thetwo copiesto makesurethethreadis notexecutedtwice.

A numberof techniquesthat have beensuggestedto improve
thedatalocality of multithreadedprogramscanbe realizedby the
locality-guidedwork-stealingalgorithmtogetherwith anappropri-
atepolicy to determinethe affinities of threads.For example,an
initial distributionof workamongprocessescanbeenforcedbyset-
ting theaffinities of a threadto theprocessthatit will beassigned
at the beginning of the computation.We call this locality-guided
work-stealingwith initial placements. Likewise, techniquesthat
rely on hints from the programmercanbe realizedby settingthe
affinity of threadsbasedon the hints. In thenext section,we de-
scribeanimplementationof locality-guidedwork stealingfor iter-
ative data-parallelapplications.Theimplementationdescribedcan
bemodifiedeasilyto implementothertechniquesmentioned.

7.1 Implementation
Webuilt locality-guidedwork stealinginto Hood.Hoodis amulti-
threadedprogramminglibrary with a nonblockingimplementation
of work stealingthat delivers provably good performanceunder
bothtraditionalandmultiprogrammedworkloads[2, 10, 30].

In Hood,theprogrammerdefinesathreadasaC++class,which
we refer to as the thread definition. A threaddefinition has a
methodnamedrun thatdefinesthecodethat thethreadexecutes.
The run methodis a C++ function which cancall Hood library
functionsto createandsynchronizewith otherthreads.A rope is
anobjectthat is aninstanceof a threaddefinitionclass.Eachtime
therun methodof a ropeis executed,it createsa new thread.A
ropecanhaveanaffinity for aprocess,andwhentheHoodrun-time
systemexecutessucha rope,thesystempassesthis affinity to the
thread. If the threaddoesnot run on the processfor which it has
affinity, theaffinity of theropeis updatedto thenew process.

Iterative data-parallelapplicationscaneffectively useropesby
makingsureall “corresponding”threads(threadsthat updatethe
sameregion acrossdifferent steps)are generatedfrom the same
rope.A threadwill thereforealwayshaveanaffinity for theprocess
on which it’ s correspondingthreadranon thepreviousstep.The
dashedrectanglein Figure10, for example,representstwo threads
thataregeneratedin two executionsof onerope. To initialize the
ropes,theprogrammerneedstocreateatreeof ropesbeforethefirst
step.This treeis thenusedon eachstepwhenforking thethreads.

To implementlocality-guidedwork stealingin Hood, we use
a nonblockingqueuefor eachmailbox. Sincea threadis put to a
mailbox andto a deque,oneissueis makingsurethat the thread
is not executedtwice, oncefrom the mailbox andoncefrom the
deque.Onesolutionis to remove theothercopyof a threadwhen
a processstartsexecutingit. In practice,this is not efficient be-
causeit hasa large synchronizationoverhead.In our implementa-
tion, we do this lazily: whena processstartsexecutinga thread,it
setsaflag usinganatomicupdateoperationsuchastest-and-setor
compare-and-swapto markthethread.Whenexecutinga thread,a
processidentifiesamarkedthreadwith theatomicupdateanddis-
cardsthe thread. The secondissuecomesup whenonewantsto
reusethe threaddatastructures,typically thosefrom the previous
step.Whena thread’s structureis reusedin astep,thecopiesfrom
the previousstep,which canbe in a mailbox or a dequeneedsto
bemarkedinvalid. Onecanimplementthis by invalidatingall the

Benchmark Work Overhead Critical Path Average
( � & ) ( @$A@�5 ) Length( ��� ) Par. ( @$A@(Ý )

staticHeat J(�2å î"� J$å©J9�
heat J9Lñå ;=� J$å©J(; �uå �$K2� 0=LuJ=åüJ=J
lgHeat J9Lñå 076 J$å©J(; �uå �$K$K 076$;2å �"�
ipHeat J9Lñå 076 J$å©J(; �uå �$K$K 076$;2å �"�
staticRelax K$KñåüJ�� J$å �$#
relax K$0ñå î=0 J$å �$# �uå �$0$î J$J�; Lñå KñJ
lgRelax K$Kñå ;=; J$å �$# �uå �$0$î J$J÷0$0ñå #=K
ipRelax K$Kñå ;=; J$å �$# �uå �$0$î J$J÷0$0ñå #=K

Table 1: Measuredbenchmarkcharacteristics.We compiledall
applicationswith SunCC compilerusing-xarch=v8plus -O5
-dalign flags. All timesaregiven in seconds. � � denotesthe
executiontime of thesequentialalgorithmfor theapplicationand� � is J9Kñå �(K for Heat and40.99for Relax.

multiple copiesof threadsat the endof a stepandsynchronizing
all processesbeforethenext stepstart.In multiprogrammedwork-
loads,however, the kernelcan swapa processout, preventing it
from participatingto thecurrentstep.Suchaswappedoutprocess
preventsall theotherprocessesfromproceedingto thenext step.In
our implementation,to avoid thesynchronizationattheendof each
step,we time-stampthreaddatastructuressuchthat eachprocess
closely follows the time of the computationandignoresa thread
thatis “out-of-date”.

7.2 Experimental Results
In this section,we presentthe resultsof our preliminaryexperi-
mentswith locality-guidedworkstealingontwosmallapplications.
Theexperimentswererun on a J÷K processorSunUltra Enterprise
with K$�=� MHz processorsand K M byteL2 cacheeach,andrunning
Solaris2.7.Weusedtheprocessor bind systemcall of Solaris
2.7 to bind processesto processorsto preventSolariskernelfrom
migratingaprocessamongprocessors,causingtheprocessto loose
its cachestate. Whenthe numberof processesis lessthannum-
berof processorswebindoneprocessto eachprocessor, otherwise
webindprocessesto processorssuchthatprocessesaredistributed
amongprocessorsasevenlyaspossible.

We usethe applicationsHeat andRelax in our evaluation.
Heat is a Jacobiover-relaxationthat simulatesheatpropagation
ona ; dimensionalgrid for anumberof steps.Thisbenchmarkwas
derivedfrom similarCilk [27] andSPLASH[35] benchmarks.The
maindatastructuresaretwo equal-sizedarrays.Thealgorithmruns
in stepseachof whichupdatestheentriesin onearrayusingthedata
in theotherarray, whichwasupdatedin thepreviousstep.Relax
is aGauss-Seidelover-relaxationalgorithmthatiteratesover oneaJ dimensionalarrayupdatingeachelementby a weightedaverage
of its valueandthat of its two neighbors.We implementedeach
applicationwith four strategies,staticpartitioning,work stealing,
locality-guidedwork stealing,and locality guidedwork stealing
with initial placements.Thestaticpartitioningbenchmarksdivide
the total work equallyamongthenumberof processesandmakes
surethat eachprocessaccessesthe samedataelementsin all the
steps. It is implementeddirectly with Solaristhreads.The three
work-stealingstrategiesareall implementedin Hood. The plain
work-stealingversionusesthreadsdirectly, and the two locality-
guidedversionsuseropesby building a treeof ropesat thebegin-
ningof thecomputation.Theinitial placementstrategy assignsini-
tial affinities to theropesnearthetop of thetreeto achievea good
initial loadbalance.Weusethefollowing prefixesin thenamesof
thebenchmarks:static (staticpartitioning),none,(work steal-
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ing), lg (locality guidedwork stealing),andlg (lg with initial
placement).

Weranall Heat benchmarkswith -x 8K -y 128 -s 100
parameters.With theseparameterseachHeat benchmarkallo-
catestwoarraysof doubleprecisionfloatingpointnumbersof #ñJ9î";
columnsand J(;(# rowsanddoesrelaxationfor J9�$� steps.Weranall
Relax benchmarkswith theparameters-n 3M -s 100. With
theseparameterseachRelax benchmarkallocatesonearrayof 0
million double-precisionfloating pointsnumbersanddoesrelax-
ationfor J9�=� steps.With thespecifiedinput parameters,aRelax
benchmarkallocatesJ÷L Megabytesanda Heat benchmarkallo-
cates; K Megabytesof memoryfor themaindatastructures.Hence,
themaindatastructuresfor Heat benchmarksfit into thecollective
L2 cachespaceof K or moreprocessesandthedatastructuresfor
Relax benchmarksfit into thatof L or moreprocesses.Thedata
for no benchmarkfits into thecollectiveL1 cachespaceof theUl-
tra Enterprise.We observesuperlinearspeedupswith someof our
benchmarkswhenthecollectivecachesof theprocessesholdasig-
nificantamountof frequentlyaccesseddata.Table1 showscharac-
teristicsof ourbenchmarks.Neitherthework-stealingbenchmarks
nor thelocality-guidedwork-stealingbenchmarkshave significant
overheadcomparedto theserialimplementationof thecorrespond-
ing algorithms.

Figures11 and Figure1 show the speedupof the Heat and
Relax benchmarks,respectively, asa function of the numberof
processes.The staticpartitioningbenchmarksdeliver superlinear
speedupsundertraditionalworkloadsbut suffer from theperform-
ancecliff problemanddeliver poor performanceundermultipro-
grammingworkloads.Thework-stealingbenchmarksdeliver poor
performancewith almostany numberof processes.the locality-
guidedwork-stealingbenchmarkswith orwithoutinitial placements,
however, matchesthe static partitioningbenchmarksundertradi-
tional workloadsand delivers superiorperformanceundermulti-
programmingworkloads.The initial placementstrategy improves
theperformanceundertraditionalwork loads,but it doesnot per-
form consistentlybetterundermultiprogrammedworkloads.This
is anartifactof bindingprocessesto processors.Theinitial place-
mentstrategy distributesthe loadamongthe processesequallyat
thebeginningof thecomputationbut bindingcreatesa loadimbal-
ancebetweenprocessorsand increasesthe numberof steals. In-
deed,the benchmarksthat employ the initial-placementstrategy
doesworseonly whenthenumberof processesis slightly greater
thanthenumberof processors.

The locality-guidedwork-stealingdelivers good performance
by achieving gooddatalocality. To substantiatethis, we counted
the averagenumberof times that an elementis updatedby two
differentprocessesin two consecutive steps,which we call a bad
update. Figure 12 shows the percentageof bad updatesin our
Heat benchmarkswith work stealingand locality-guidedwork-
stealing. The work-stealingbenchmarksincur a high percentage

of badupdates,whereasthe locality-guidedwork-stealingbench-
marksachieve a very low percentage.Figure13 shows the num-
berof randomstealsfor thesamebenchmarksfor varyingnumber
of processes.The graphis similar to the graphfor bad updates,
becauseit is the randomstealsthat causesthe badupdates.The
figuresfor theRelax applicationaresimilar.
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