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Abstract

This paperstudieghedatalocality of thework-stealingscheduling
algorithm on hardware-controlledhared-memorynachines. We
presentiower and upperboundson the numberof cachemisses
usingwork stealing,andintroducea locality-guidedwork-stealing
algorithmalongwith experimentalalidation.

As a lower bound,we show that thereis a family of multi-
threadeccomputations,, eachmemberof which requires©(n)
total operationgwork), for whichwhenusingwork-stealingheto-
tal numberof cachemisse®n oneprocessois constantwhile even
on two processorshe total numberof cachemissess Q(n). For
nested-parallatomputationshowever, we shav thaton P proces-
sorsthe expectedadditionalnumberof cachemissesheyondthose
onasingleprocessois boundedby O(C[2] P T, ), wherem is
the executiontime of aninstructionincurringa cachemiss, s is the
stealtime, C is the sizeof cache,and7, is the numberof nodes
onthelongestchainof dependence Basedon this we give strong
boundson the total running time of nested-paralletomputations
usingwork stealing.

For the secondpartof our results,we presentlocality-guided
work stealingalgorithmthatimproves the datalocality of multi-
threadeccomputationdy allowing a threadto have anaffinity for
aprocessarOurinitial experimenton iterative data-paralleappli-
cationsshow thatthe algorithmmatcheghe performancef static-
partitioningundertraditionalwork loadsbutimprovesthe perform-
anceup to 50% over static partitioning under multiprogrammed
work loads. Furthermore the locality-guidedwork stealingim-
provesthe performancef work-stealingup to 80%.

1 Introduction

Many of today’s parallel applicationsuse sophisticatedadaptie
algorithmswhich arebestrealizedwith parallelprogrammingsys-
temsthat supportdynamic, lightweight threadssuchas Cilk [8],
Nesl[5], Hood[10], andmary others[3, 16, 17,21, 32]. Thecore
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of thesesystemss athreadschedulethatbalancesoadamongthe
processesln additionto a goodload balance however, gooddata
locality is essentiain obtaininghigh performancefrom modern
parallelsystems.

Severalresearchebave studiedtechniquego improve thedata
locality of multithreadedprograms.One classof suchtechniques
is basedon software-controlledlistribution of dataamongthe lo-
cal memoriesof a distributed sharednemorysystem[15, 22, 26].
Anotherclassof techniquess basedon hints suppliedby the pro-
grammerso that “similar” tasksmight be executedon the same
processof15, 31, 34]. Both theseclassesf techniquegely on
the programmeior compilerto determinethe dataaccesgatterns
in the program which may be very difficult whenthe programhas
complicateddataaccespatterns Perhapsheearliestclassof tech-
nigueswasto attemptto executethreadghatareclosein the com-
putationgraphon the sameprocessof1, 9, 20, 23, 26, 28]. The
work-stealingalgorithmis the moststudiedof thesetechniqueg9,
11, 19,20, 24, 36, 37]. Blumofeetal shavedthatfully-strict com-
putationsachieve a provably gooddatalocality [7] whenexecuted
with the work-stealingalgorithm on a dag-consistentlistributed
sharednemorysystemslin recentwork, Narlikarshovedthatwork
stealingimprovestheperformancef space-dfcientmultithreaded
applicationsby increasinghe datalocality [29]. Noneof this pre-
vious work, however, hasstudiedupperor lower boundson the
datalocality of multithreadedcomputationsxecutedon existing
hardware-controlledharednemorysystems.

In this paper we presenttheoreticaland experimentalresults
onthedatalocality of work stealingon hardware-controllegdhared
memorysystemgHSMSSs). Our first setof resultsare upperand
lowerboundsonthenumberof cachemissesn multithreadedom-
putationsexecutedoy thework-stealingalgorithm.Let M, (C) de-
notethe numberof cachemissesn the uniprocessoexecutionand
Mp(C) denotethe numberof cachemissesin a P-processoex-
ecutionof a multithreadeccomputatiorby the work stealingalgo-
rithm on an HSMS with cachesizeC. Then,for a multithreaded
computatiorwith 77 work (total numberof instructions).l criti-
cal path(longestsequencef dependencgswe shaw thefollowing
resultsfor thework-stealingalgorithmrunningonaHSMS.

e Lower boundson the numberof cachemissesfor general
computations:We show that thereis a family of computa-
tions G, with Ty = ©(n) suchthat M, (C) = 3C while
even on two processorghe numberof missesM,(C) =
O(n).

e Upper boundson the numberof cachemissesfor nested-
parallelcomputationsFor anested-paralleiomputationywe
shav thatMp < M;(C) 4+ 2Cr, wherer is thenumberof
stealsin the P-processoexecution. We thenshow thatthe
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Figurel: The speedupmbtainedby threedifferentoverrelaxation
algorithms.

expectednumberof stealsis O([ =] PT. ), wherem is the
timefor acachemissands is thetime for a steal.

e Upperboundon the executiontime of nested-paralletom-
putations: We show that the expectedexecutiontime of a

nested-paralletomputatioron P processorss O(ﬂlpgl +
m[2]CTw+(m+s)Tw), wherely (C) is theuniprocessor
executiontime of the computatiorincluding cachemisses.

As in previouswork [6, 9], we represena multithreadeccom-
putationas a directed,agyclic graph(dag) of instructions. Each
nodein thedagrepresenta singleinstructionandthe edgegepre-
sentorderingconstraintsA nested-paralletomputatior[5, 6] is a
race-freeccomputatiorthatcanberepresentedith aseries-parallel
dag[33]. Nested-paralletomputationsncludecomputationgon-
sistingof parallelloopsandfork anjoins andary nestingof them.
This classincludesmost computationghat can be expressedn
Cilk [8], andall computationghat canbe expressedn Nesl [5].
Ourresultsshaw thatnested-parallstomputationdiave muchbet-
terlocality characteristicanderwork stealinghandogeneracom-
putations.We alsobriefly consideranotherclassof computations,
computationswith futures[12, 13, 14, 20, 25|, andshaw thatthey
canbeasbadasgeneraktomputations.

Thesecondartof ourresultsareon furtherimproving thedata
locality of multithreadedomputationsvith work stealing.In work
stealinga processostealsathreadfrom arandomly(with uniform
distribution) choserprocessowhenit runsout of work. In certain
applications,such as iteratve data-parallelapplications,random
stealamaycausegpoordatalocality. Thelocality-guidedwork steal-
ing is aheuristicmodificationto work stealingthatallows a thread
to have an affinity for a process.In locality-guidedwork stealing,
whena processobtainswork it gives priority to a threadthat has
affinity for the processLocality-guidedwork stealingcanbeused
to implementa numberof techniqueghat researchersuggesto
improve datalocality. For example theprogrammercanachie/ean
initial distribution of work amongtheprocessesr scheduleghreads
basedn hintsby appropriatelyassigningaffinitiesto threadsn the
computation.

Our preliminary experimentswith locality-guidedwork steal-
ing give encouragingesults,shoving thatfor certainapplications
the performances very closeto that of staticpartitioningin ded-
icatedmode(i.e. whenthe usercanlock down a fixed numberof
processors)but doesnot suffer a performancecliff problem[10]
in multiprogrammednode(i.e. when processorsnight be taken
by otherusersor the OS).Figure 1 shovsagraphcomparingvork

stealing locality-guidedwork stealing,andstaticpartitioningfor a
simple over-relaxationalgorithmon a 14 processoSunUltra En-
terprise. The over-relaxationalgorithm iteratesover a 1 dimen-
sionalarrayperforminga 3-point stencilcomputatioron eachstep.
The superlineaspeedugor staticpartitioningandlocality-guided
work stealingis dueto the fact thatthe datafor eachrun doesnot
fit into the L2 cacheof oneprocessobut fits into the collective L2

cacheof 6 or more processorsFor this benchmarkhe following

canbe seenfrom thegraph.

1. Locality-guidedwork stealingdoessignificantlybetterthan
standardwork stealingsinceon eachstepthe cacheis pre-
warmedwith thedatait needs.

2. Locality-guidedwork stealingdoesapproximatelyaswell as
staticpartitioningfor up to 14 processes.

3. When trying to schedulemore than 14 processen 14
processorsstatic partitioning has a serious performance
drop. Theinitial dropis dueto load imbalancecausedoy
the coarse-grainegartitioning. The performancehen ap-
proacheghat of work stealingasthe partitioninggetsmore
fine-grained.

We areinterestedn theperformancef work-stealingcomputa-
tionson hardware-controlledharednemory(HSMSs).We model
anHSMS asa groupof identicalprocessorgachof which hasits
own cacheandhasa singlesharednemory Eachcachecontains
C blocksandis managedy the memorysubsystenautomatically
We allow for avarietyof cacheorganizationgndreplacemenpoli-
cies,including bothdirect-mappedndassociatie cachesWe as-
signa sener processwith eachprocessoandassociatehe cache
of aprocessowith processhattheprocessors assignedOnelim-
itation of ourwork is thatwe assumehatthereis nofalsesharing.

2 Reéated Work

As mentionedin Sectionl, therearethreemain classesf tech-
niguesthatresearchersave suggestedo improve the datalocality
of multithreadedorograms. In the first class,the programdatais
distributedamonghenodesf adistributedshared-memorgystem
by theprogrammernndathreadin the computatioris schedulean
the nodethat holdsthe datathat the threadaccesse§l5, 22, 26].
In the secondtlass data-localityhintssuppliedby the programmer
areusedin threadscheduling15, 31, 34]. Techniquesrom both
classeareemployedn distributedsharednemorysystemsuchas
COOL andlllinois Concert[15, 22] andalsousedto improve the
datalocality of sequentiaprogramq31]. However, thefirst class
of techniqueslo not applydirectly to HSMSs becausédSMSsdo
notallow softwarecontrolleddistribution of dataamonghecaches.
Furthermorebothclasse®f techniquesely onthe programmeto
determinghedataaccesyatternsn theapplicationandthus,may
not be appropriatefor applicationswith complex data-accespat-
terns.

The third classof techniqueswhich is basedon execution
of threadsthat are closein the computationgraph on the same
processijs appliedin mary schedulingalgorithmsincludingwork
stealing[1, 9, 23, 26, 28, 19. Blumofe et al shoved bounds
on the numberof cachemissesin a fully-strict computationexe-
cutedby the work-stealingalgorithmunderthe dag-consisterdis-
tributed shared-memorgf Cilk [7]. Dag consistenyg is a relaxed
memory-consisteycmodel that is employedin the distributed
shared-memorymplementationof the Cilk language. In a dis-
tributed Cilk application,processesnaintainthe dag consisteng
by meansf the BACKER algorithm. In [7], Blumofeetal bound
the numberof shared-memorgachemissesin a distributed Cilk



Figure2: A dag(directedagyclic graph)for a multithreadedcom-
putation.Threadsareshovn asgrayrectangles.

applicationfor cacheghat are maintainedwith the LRU replace-
mentpolicy. They assumedhat accesseso the sharedmemory
are distributed uniformly and independentlywhich is not gener

ally true becausehreadsmay concurrentlyaccesthe samepages
by algorithmdesign.Furthermorethey assumedhatprocessedo

not generatestealattemptsrequentlyby makingprocesseso ad-

ditional pagetransfersbeforethey attemptto stealfrom another
process.

3 TheModd

In thissectionwe presentigraph-theoretimodelfor multithreaded
computationsdescribethe work-stealingalgorithm,defineseries-
parallelandnested-parallatomputationsandintroduceour model
of anHSMS (Hardware-controlle&hared-Memorgystem).

Aswith previouswork [6, 9] werepresena multithreadedom-
putationasadirectedagyclic graph,adag, of instructiongseeFig-
ure2). Eachnodein thedagrepresentaninstructionandtheedges
represenbrderingconstraintsTherearethreetypesof edgescon-
tinuation,spavn, anddependeng edges.A threadis a sequential
orderingof instructionsandthe nodesthat correspondso the in-
structionsare linked in a chainby continuation edges.A spawn
edgerepresentthecreationof anew threadandgoesfrom thenode
representingheinstructionthatspavnsthe new threadto thenode
representinghe first instructionof the new thread.A dependency
edgefrom instruction: of a threadto instructionj of someother
threadrepresents synchronizatiorbetweertwo instructionssuch
thatinstructiony mustbe executedafter:. We drav spavn edges
with thick straightarrons, dependengedgeswith curly arrovsand
continuatioredgeswith thick straightarravs throughouthis paper
Also we show pathswith wavy lines.

For acomputatiorwith anassociatedagG, wedefinethecom-
putational work, 73, asthe numberof nodesin G andthecritical
path, T, , asthe numberof nodeson thelongestpathof G.

Let w andv beary two nodesin adag. Thenwe call u anan-
cestorof v, andv adescendanof « if thereis a pathfrom « to v.
Any nodeis its descendarandancestar\We saythattwo nodesare
relativesif thereis a pathfrom oneto the other, otherwisewe say
thatthe nodesareindependent The childrenof a nodeareinde-
pendentecausetherwisethe edgefrom the nodeto onechild is
redundantWe call acommondescendan of u andv a mergerof
u andv if thepathsfrom u to y andv to y have only y in common.
We definethe depth of a nodeu asthe numberof edgeson the
shortespathfrom therootnodeto u. We definetheleastcommon
ancestorof u andv astheancestopof bothu andv with maximum
depth. Similarly, we definethe greatestcommondescendantf u
andv, asthe descendantf both« andv with minimumdepth.An
edge(u, v) is redundantif thereis a pathbetweenu andv that
doesnot containtheedge(u, v). Thetransitive reductionof adag
is thedagwith all theredundanedgesemorved.

In thispapemwve areonly concernedvith thetransitve reduction
of the computationaldags. We also requirethat the dagshave a

singlenodewith in-degree0, theroot, anda singlenodewith out-
degree0, thefinal node.

In amultiprocesexecutionof amultithreadedomputationin-
dependenhodescanexecuteat the sametime. If two independent
nodesreador modify the samedata,we saythatthey are RR or
WW sharingrespectiely. If onenodeis readingandthe otheris
modifying the datawe saythey areRW sharing.RW or WW shar
ing cancausealataracesandtheoutputof acomputatiorwith such
racesusuallydepend®on the schedulingof nodes.Suchracesare
typically indicative of abug [18]. We referto computationghatdo
nothave ary RW or WW sharingasrace-freecomputationsin this
papenwe consideronly race-freecomputations.

The work-stealingalgorithmis a threadschedulingalgorithm
for multithreadedcomputations.The idea of work-stealingdates
backto theresearctof BurtonandSleep[11] andhasbeenstudied
extensively sincethen[2, 9, 19, 20, 24, 36, 37]. In thework-stealing
algorithm,eachprocesanaintainsa pool of readythreadsandob-
tainswork from its pool. Whena processpavnsanew threadthe
processaddsthe threadinto its pool. Whena processunsout of
work andfinds its pool empty it choosesa randomprocessasits
victim andtriesto stealwork from thevictim’s pool.

In our analysiswe imaginethe work-stealingalgorithmoper
atingonindividualnodesn thecomputatiordagratherthanonthe
threads Consideamultithreadedomputatiorandits executionby
the work-stealingalgorithm. We divide the executioninto discrete
time stepssuchthatat eachstep,eachprocesss eitherworkingon
anode whichwe call theassignechode or is trying to stealwork.
Theexecutionof anodetakesl time stepif thenodedoesnotincur
acachamissandm stepstherwise We saythatanodeis executed
atthetime stepthata procesompletesxecutingthe node. The
executiontime of a computationis the numberof time stepsthat
elapsebetweerthetime stepthata processtartsexecutingtheroot
nodeto thetime stepthatthefinal nodeis executed.The execution
schedulespecifieghe activity of eachprocessteachtime step.

During the execution,eachprocessnaintainsa deque(doubly
endedqueue)of readynodes;we call the endsof a dequethe top
andthebottom Whenanode,u, is executedjt enablesomeother
nodev if u is thelastparentof v thatis executed We call theedge
(u, v) anenablingedgeandu thedesignategbarentof ». Whena
proces&xecutesanodethatenable®thernodespneof theenabled
nodesbecomethe assignechodeandthe procesgpusheshe rest
ontothebottomof its deque If nonodeis enabledthentheprocess
obtainswork from its dequeby removing anodefrom thebottomof
thedequellf aprocesdindsits dequeempty it becomes thief and
stealsfrom a randomlychosenprocessthe victim. Thisis a steal
attemptand takesat leasts and at mostks time stepsfor some
constant > 1 to complete.A thief procesamight makemultiple
stealattemptseforesucceedingor might never succeedWhena
stealsucceedghe thief processstartsworking on the stolennode
atthestepfollowing thecompletionof the steal.We saythata steal
attemptoccursat the stepit completes.

The work-stealingalgorithm can be implementedin various
ways. We say that an implementationof work stealingis deter-
ministic if, whenever a processenablesother nodes,the imple-
mentationalwayschooseghe samenodeasthe assignedodefor
thennext stepon thatprocessandthe remainingnodesarealways
placedin the dequein the sameorder This mustbetrue for both
multiprocessand uniprocessexecutions. We refer to a determin-
istic implementatiorof the work-stealingalgorithmtogethemwith
the HSMS that runs the implementationas a work stealer For
brevity, we refer to an executionof a multithreadedcomputation
with a work stealerasan execution We definethe total work as
thenumberof stepgakenby a uniprocesgxecution,includingthe
cachemissesanddenoteit by 7 (C), whereC is the cachesize.
We denotethe numberof cachemissesin a P-processexecution
with C-block cachesas Mp(C). We definethe cacheoverhead
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Figure3: lllustratesherecursve definitionfor series-parallefags.
Figure(a) is the basecase figure (b) depictsthe serial,andfigure
(c) depictsthe parallelcomposition.

of a P-processxecutionas Mp(C) — M, (C), whereM,(C) is
thenumberof missedn the uniprocesgxecutiononthesamework
stealer

We referto a multithreadedcomputatiorfor which the transi-
tive reductionof the correspondinglag is series-paralle[33] as
aseries-parallecomputation A series-paralleflag G(V, E) is a
dagwith two distinguishedvertices,a source s € V andasink,
t € V andcanbedefinedrecursvely asfollows (seeFigure3).

e Base:G consistof asingleedgeconnectings to ¢.

e SeriesComposition:G consistsof two series-paralletlags
G1(V1, Ev) andG; (V2 E;) with disjointedgesetssuchthat
s is thesourceof Gy, u is the sink of G; andthe sourceof
G-, andt isthesinkof G,. MoreoverVy NV, = {u}.

e Parallel Composition:Thegraphconsistof two series-parallel

dagsd, (Vi, E1) and Gz (Vz, E2) with disjoint edgessets
suchthat s and¢ arethe sourceandthesink of bothG; and
G». Moreover Vi NV, = {s, t}.

A nested-paralletomputatioris arace-freeseries-paralletompu-
tation[6].

Wealsoconsidemultithreadedomputationshatusefutures[12,
13, 14, 20, 25. The dagstructuresof computationswvith futures
aredefinedelsavhere[4]. Thisis a superclas®f nested-parallel
computations put still much more restrictive than generalcom-
putations. The work-stealingalgorithmfor futuresis a restricted
form of work-stealingalgorithm,whereaprocesstartsexecutinga
newly createdhreadimmediately puttingits assignedhreadonto
its deque.

In our analysiswe considerseveral cacheorganizationandre-
placementpolicies for an HSMS. We model a cacheas a set of
(cache)ines, eachof which canhold thedatabelongingto amem-
ory block (a consecutre, typically small, region of memory).One
instructioncanoperateon at mostonememoryblock. We saythat
aninstructionaccesses block or the line that containsthe block
whenthe instructionreadsor modifiesthe block. We saythatan
instructionoverwritesa line that containsthe block b whenthein-
structionaccessesomeother block that replacesh in the cache.
We saythata cachereplacemenpolicy is simpleif it satisfieswo
conditions.Firstthe policy is deterministic.Secondvhenever the
policy decidesto overwrite a cacheline, I, it makesthe decision
to overwrite! by only usinginformationpertainingto the accesses
thatare madeafterthe lastaccesgo {. We referto a cacheman-
agedwith a simple cache-replacememolicy asa simple cache.
Simple cachesand replacemenpolicies are commonin practice.
For example least-recentlyused(LRU) replacemenpolicy, direct

Figure4: Thestructurefor dagof a computatiorwith alargecache
overhead.

mappedccachesandsetassociatie cacheswhereeachsetis main-
tainedby a simplecachereplacemenpolicy aresimple.

In regardsto the definition of RW or WW sharing we assume
thatreadsandwritespertainto thewholeblock. This meansve do
not allow for falsesharing—whenwo processesaccessingliffer-
entportionsof ablockinvalidatethe blockin eachother’s caches.
In practice,falsesharingis anissue,but canoften be avoided by
aknowledgeof underlyingmemorysystemandappropriatelypad-
ding the shareddatato preventtwo processefrom accessinglif-
ferentportionsof the sameblock.

4 General Computations

In this sectionwe shav thatthe cacheoverheaddf a multiprocess
executionof ageneratomputatioranda computatiorwith futures
canbe large even thoughthe uniprocessxecutionincursa small

numberof misses.

Theorem 1 Thereis a family of computations
{G, :n=kC, fork e 2%}

with O(n) computationaivork, whoseuniprocessxecutionincurs
3C missewhile any2-processexecutionof thecomputatiorincurs
Q(n) misseson a work stealerwith a cache sizeof C, assuming
thatS = O(C), wher S is themaximunstealtime

Proof:  Figure4 shavsthe structureof adag,Gsc for n = 4C.
Eachnode exceptthe root noderepresenta sequencesf C in-
structionsaccessing setof C' distinct memoryblocks. The root
noderepresent€’+ S instructionghataccesse§' distinctmemory
blocks. The graphhastwo symmetriccomponentd.sc and Rsc,
which correspondso the left andtheright subtreeof the root ex-
cludingtheleaves.We partitionthenodesn G, ¢ intothreeclasses,
suchthatall nodesin a classaccesshe samememoryblockswhile
nodedrom differentclassesccessutuallydisjointsetof memory
blocks. Thefirst classcontaingherootnodeonly, the secondtlass
containsall the nodesin L4¢, andthethird classcontainstherest
of the nodes,which arethe nodesin R4¢- andthe leavesof G4c.
For general = kC, G,, canbepartitionedinto L,,, R, andthek
leavesof G,, andtheroot similarly. Eachof L,, and R,, contains
2[£] — 1 nodesandhasthestructureof acompletebinarytreewith
additionalk leavesatthelowestlevel. Thereis adependengedge
from theleavesof both L,, and R,, to theleavesof G,,.
Considemwork stealethatexecuteshenodesof G,, in theor-
derthatthey arenumberedn auniprocesgxecution.In theunipro-
cessexecution,no nodein L,, incursa cachemissexcepttheroot
node,sinceall nodesn L,, accesshe samememoryblocksasthe
root of L,,. Thesameargumentholdsfor R,, andthe k leavesof
G ,. Hencethe executionof thenodesin L,,, R,, andtheleaves
cause22C misses.Sincetheroot nodecauses” missesthe total



Figure5: The structurefor dagof a computationwith futuresthat
canincuralarge cacheoverhead.

numberf missesn theuniprocesgxecutionis 3C. Now, consider
a 2-processexecutionwith the samework stealerandcall the pro-
cessesprocess) and1. At time step1, process) startsexecuting
theroot node which enablegherootof R,, nolaterthantime step
m. Sinceprocesy) startsstealingimmediatelyandthereareno
otherprocesseso stealfrom, processl stealsandstartsworking
ontherootof R,, no laterthantime stepm + S. Hence theroot
of R, executedeforetherootof L,, andthus,all thenodesn L.,

executebeforethe correspondingymmetricnodein R,.. There-
fore, for ary leaf of G,,, the parentthatis in R,, executesbefore
theparentin L,,. Thereforealeafnodeof G,, is executedmmedi-
atelyafterits parentin L,, andthus,causes” cachemissesThus,
thetotal numberof cachemisseds Q(kC) = Q(n). [ ]

There exists computationssimilar to the computationin Fig-
ure4 thatgeneralize§ heoreml for arbitrarynumberof processes
by making surethat all the processe$ut 2 stealthroughoutary
multiprocessxecution. Evenin the generalcase however, where
the averageparallelismis higher than the numberof processes,
Theoreml canbe generalizedvith the sameboundon expected
numberof cachemisseshy exploiting the symmetryin G,, andby
assuminga symmetricallydistributedsteal-time With a symmetri-
cally distributedsteal-timefor ary ¢, astealthattakese stepamore
thanmeansteal-timds equallylikely to happerasastealthattakes
e lessstepghanthemean.Theoreml holdsfor computationsvith
futuresaswell. Multithreadedcomputingwith futuresis a fairly
restrictedform of multithreadedcomputingcomparedo comput-
ing with eventssuchassynchronizatiorvariables.Thegraph#' in
Figure5 shaws the structureof a dag, whose2-processexecution
causedarge numberof cachemisses.In a 2-processxecutionof
F, the enablingparentof theleaf nodesin theright subtreeof the
rootarein theleft subtreeandthereforethe executionof eachsuch
leaf nodecauses” misses.

5 Nested-Parallel Computations

In this sectionwe shaw thatthe cacheoverheadf anexecutionof

a nested-paralletomputationwith a work stealeris at mosttwice

the productof the numberof stealsandthe cachesize. Our proof
hastwo steps First,weshaw thatthecacheoverheads boundedy

the productof the cachesizeandthe numberof nodeghatareexe-

cuted“out of order”with respecto the uniprocesgxecutionorder

Secondywe prove thatthe numberof suchout-of-orderexecutions
is at mosttwice the numberof steals.

Considera computationG andits P-processexecution, X p,
with awork stealelandtheuniprocesgxecution,X; with thesame
work stealerLet v beanodein G andnodeu bethenodethatexe-
cutesimmediatelybeforev in X;. Thenwe saythatw is drifted in
X p if nodeu is not executedmmediatelybeforev by theprocess

thatexecutesy in X p.
Lemma2 establisheakey propertyof anexecutionwith simple
caches.

Lemma2 Consideraprocesswith asimplecacheof C blocks. Let
X, denotethe executionof a sequencef instructionson the proc-
essstarting with cache state S; andlet X, denotethe execution
of the samesequencef instructionsstartingwith cache stateS,.

ThenX; incursat mostC moremisseghan Xs.

Proof: We constructa one-to-onemapping betweenthe cache
linesin X; and X, suchthat an instructionthat accesses line
1 in X, accessetheentryl; in X», if andonlyif I, is mappedo
l>. ConsiderX; andlet!; beacachdine. Let: bethefirstinstruc-
tion that accessesr overwritesl;. Let l; be the cacheline that
the sameinstructionaccessesr overwritesin X, andmap!; to
l>. Sincethecachesaresimple,aninstructionthatoverwrites!; in
X1 overwritesl, in X>. Thereforethe numberof misseghatover
writes!; in X, is equalto the numberof misseghatoverwritesi,
in X afterinstruction:. Since: itself cancausel miss,thenumber
of misseghatoverwritesl; in X; is atmostl morethanthenum-
ber of misseghatoverwritesl, in X,. We constructhe mapping
for eachcacheline in X in the sameway. Now, let us shawv that
the mappingis one-to-one.For the sakeof contradictionassume
thattwo cachelines,!; andi;, in X; mapto thesameline in X-.
Let :; and:; bethefirst instructionsaccessinghe cachelinesin
X, suchthat:; is executedbeforei,. Sincei; andi, mapto the
samdine in X, andthecachesresimple,i, accessetheline that
1; accessem X butthenl; = I3, acontradictionHencethetotal
numberof cachemissesn X is at mostC morethanthe misses
in X5. | |

Theorem 3 Let D denotethe total numberof drifted nodesin an
executionof a nested-paallel computatiorwith a work stealeron
P processesad of which hasa simplecachewith C' words. Then
the cacheoverheadf theexecutionis at mostC D.

Proof: Let Xp denotethe P-processxecutionandlet X; bethe
uniproces®xecutionof the samecomputatiorwith the samework
stealer We divide themultiprocesgomputatiorinto I pieceseach
of which canincur at mostC' moremisseghanin the uniprocess
execution.Let u beadriftednodelet ¢ bethe procesghatexecutes
u. Letv bethe next drifted nodeexecutedon ¢ (or the final node
of the computation) Let the orderedsetO representheexecution
orderof all the nodesthatareexecutedafter« (u is included)and
beforev (v is excludedif it is drifted, includedotherwise)on g in
Xp. Thennodesn O areexecutedon thesameprocessandin the
sameorderin both X; andX p.

Now consideithe numberof cachemissesduringtheexecution
of thenodesin O in X; and X p. Sincethe computations nested
paralleland thereforeracefree, a processthat executesin paral-
lel with ¢ doesnot causey to incur cachemissesdueto sharing.
Thereforeby Lemma2 duringthe executionof thenodesin O the
numberof cachemissedn X p is atmostC' morethanthenumber
of missesin X;. This boundholdsfor eachof the D sequencef
suchinstructionsO correspondindgo D drifted nodes. Sincethe
sequencsstartingat the root nodeand endingat the first drifted
nodeincursthesamenumberof missesn X, and X p X p takesat
mostC D moremisseghan X, andthe cacheoverheads at most
CD. ]

Lemmaz2 (andthus Theorem3) doesnot hold for cacheghat
arenot simple. For example,considerthe executionof a sequence
of instructionson a cachewith least-frequently-useteplacement
policy startingattwo cachestatesin thefirst cachestate theblocks
thatarefrequentlyaccessetly theinstructionsarein thecachewith
highfrequencieswhereasn thesecondtachestate theblocksthat



Figure7: Thejoint embeddingf « andv.

arein the cacheare not accessedy the instructionand have low
frequenciesThe executionwith the secondcachestate therefore,
incurs mary more missesthanthe size of the cachecomparedo
the executionwith the seconccachestate.

Now we shaw thatthe numberof drifted nodesin anexecution
of aseries-paralletomputatiorwith awork stealeiis atmosttwice
the numberof steals. The proof is basedon the representatioof
series-paralletomputationsas sp-dags.We call a nodewith out-
degreeof atleast2 afork nodeandpartitionthenodesof ansp-dag
exceptthe root into threecateyories: join nodes stablenodesand
nomadicnodes. We call a nodethat hasan in-degreeof at least
2 ajoin nodeandpartitionall the nodesthathave in-degreel into
two classesanomadicnodehasa parenthatis a fork node,anda
stablenodehasaparenthathasout-degreel. Therootnodehasin-
degree0 andit doesnotbelongto ary of thesecateyories.Lemma4
lists two fundamentabpropertiesof sp-dags;one can prove both
propertiedy inductionon thenumberof edgesn ansp-dag.

Lemma4 Let G beansp-dag ThenG hasthefollowing proper
ties.

1. Theleastcommorancestomf anytwo nodesn G is unique

2. Thegreatestcommondescendathof any two nodesin G is
uniqueandis equalto their uniquememer.

Lemma5 Lets beafork node Thenno child of s is a join node

Proof: Letu andv denotetwo childrenof s andsuppose: is a
join nodeasin Figure6. Lett denotesomeotherparentof » and
z denotethe uniquememger of u andv. Thenboth z andu are
megersfor s and¢, whichis a contradictiorof Lemma5. Henceu
is notajoin node. [ |

Corollary 6 Only nomadicnodescanbe stolenin an executionof
a series-paallel computatiorby the work-stealingalgorithm.

Proof: Letu beastolennodein anexecution.Thenu is pushed
on a dequeandthusthe enablingparentof « is a fork node. By
Lemmab,  is notajoin nodeandhasanincomingdegreel. There-
fore u is nomadic. [ |

Considera series-paralletomputatiorandlet G beits sp-dag.
Let u andv betwo independennhodesin G andlet s andt denote
their leastcommonancestomland greatestommondescendante-
spectiely asshown in Figure7. Let G, denotethe graphthatis

Figure8: Thejoin nodes is theleastcommonancestoof y andz.
Nodeu andv arethechildrenof s.

inducedby therelatvesof u thataredescendantsf s andalsoan-
cestorsof ¢. Similarly, let G2 denotethe graphthatis inducedby
therelativesof v thataredescendantsf s andancestorsf t. Then
we call G; theembeddingof » with respecto » and G, theem-
beddingof v with respecto u. We call the graphthatis the union
of G; andG» the joint embeddingof » andv with sources and
sinkt. Now considemnexecutionof G andy andz bethechildren
of s suchthaty is executedbeforez. Thenwe call y theleaderand
z theguard of thejoint embedding.

Lemma7 LetG(V, E) bean sp-dagandlet y and z betwo par-
entsof a join nodet in G. Let G, denotethe embeddingf y with
respecto z and G, denotethe embeddingf z with respecto y.
Let s denotethe sourceand ¢ denotethe sink of the joint embed-
ding. Thenthe parentsof anynodein G; exceptfor s andt is in
G, andthe parentsof anynodein G- exceptfor s andt¢ isin G,.

Proof: Sincey andz areindependentothof s andt aredifferent
from y and z (seeFigure8). First, we shav thatthereis not an
edgethatstartsatanodein G; exceptats andendsatanodein G,
exceptat ¢ andvice versa. For the sakeof contradiction,assume
thereis anedge(m, n) suchthatm # sisin Gy andn # ¢t isin
G2. Thenm is the leastcommonancestof y and z; henceno
such(m, n) exists. A similaragumentholdswhenm isin G, and
nisin G.

Secondwe shaw thattheredoesnot exists an edgethat origi-
natesfrom anodeoutsideof G, or G> andendsatanodeat G; or
G- . For thesakeof contradiction)et (w, ) beanedgesuchthatz
isin G; andw is notin G; or G,. Thenz is theuniquememgerfor
the two childrenof the leastcommonancestoof w ands, which
we denotewith r. But thent is alsoa memgerfor the childrenof r.
Thechildrenof r areindependenandhave auniguemeger, hence
thereis no suchedge(w, z). A similaragumentholdswhenz is
in G>. Thereforewe concludethatthe parentsof ary nodein G,
excepts andt isin G; andthe parentof arny nodein G excepts
andtisin Gs. [ |

Lemma8 Let G beansp-dagandlet y and z betwo parentsof a
join nodet in G. Considerthe joint embeddingf y and z andlet
u bethe guard nodeof theembedding Theny andz are executed
in the samerespectiveorder in a multiprocessexecutionas they
are executedn the uniprocessxecutionif theguard nodeu is not
stolen.

Proof: Let s bethe source,t the sink, and v the leaderof the
joint embedding.Sinceu is not stolen,v is not stolen. Hence by
Lemma?, beforeit startsworking on «, the procesghatexecutes
s executedv andall its descendants the embeddingexceptfor ¢
Hence,z is executedbeforeu andy is executedafter u asin the
uniprocesgxecution. Thereforey andz areexecutedn the same
respectie orderasthey executein theuniproces&xecution. =



Figure9: Nodest; andt, aretwo join nodeswith the common
guardu.

Lemma9 A nomadicnodeis drifted in an executiononly if it is
stolen.

Proof: Letu beanomadicanddrifted node.Then,by Lemma5,
u hasasingleparents thatenables:. If v is thefirst child of s to
executein theuniprocesgxecutionthenu is notdriftedin themul-
tiprocessxecution.Henceu is notthefirst child to execute.Let v
bethelastchild of s thatis executedbeforeu in theuniprocesx-
ecution.Now, considetthe multiprocessxecutionandlet ¢ bethe
procesghatexecutesv. For thesakeof contradictionassumehat
u is not stolen.Considerthejoint embeddingf » andv asshovn
in Figure8. Sinceall parentsof the nodesin G exceptfor s and
t arein Gz by Lemma?7, ¢ executesall the nodesin G, beforeit
executesu andthus,z precedes: ong. Butthenu is notdrifted,
because is the nodethatis executedmmediatelybeforeu in the
uniprocessomputationHenceu is stolen. [ |

Letusdefinethecover of ajoin nodet in anexecutionastheset
of all the guardnodesof the joint embeddingof all possiblepairs
of parentf ¢ in theexecution.Thefollowing lemmashawvsthata
join nodeis drifted only if anodein its coveris stolen.

Lemma 10 Ajoin nodeis drifted in an executiononly if a nodein
its coveris stolenin the execution.

Proof: Considerthe executionand let ¢ be a join nodethat is
drifted. Assume for the sakeof contradictionthatno nodein the
coverof ¢, C(t), is stolen. Let y andz be ary two parentf ¢ as
in Figure8. Theny andz areexecutedin the sameorderasin the
uniprocessxecutionby Lemma8. But thenall parentsof ¢ exe-
cutein the sameorderasin the uniprocessxecution. Hence,the
enablingparentof ¢ in theexecutionis thesameasin theuniprocess
execution. Furthermorethe enablingparentof ¢ hasout-deyreel,
becausetherwiset is not ajoin nodeby Lemmab andthus,the
processthat enablest executest. Therefore,t is not drifted. A
contradictionhencea nodein thecover of ¢ is stolen. [ |

Lemma 11 Thenumbermfdriftednodesn anexecutionof a series-
parallel computationis at mosttwice the numberof stealsin the
execution.

Proof: We associateeachdrifted nodein the executionwith a
stealsuchthat no stealhasmorethan2 drifted nodesassociated
with it. Considera drifted node,u. Thenu is not the root node
of the computationandit is not stableeither Hence,u is eithera
nomadicor join node.If » is nomadicthenu is stolenby Lemma9
andwe associate: with the stealthat stealsu. Otherwise,u is a
join nodeandthereis a nodein its cover C(u) thatis stolenby
Lemmal0. We associate: with the stealthat stealsa nodein its
cover. Now, assuméherearemorethan2 nodesassociatedvith a
stealthat stealsnodeu. Thenthereareat leasttwo join nodest;
and¢, thatareassociateavith «. Thereforenodeu is in thejoint

embeddingof two parentsof ¢, andalso¢,. Let zq, y1 bethese
parentf ¢; andzs, y» betheparentf ¢, asshavnin Figure9.
But thenu hasparentthatis afork nodeandis ajoint node,which
contradictd.emma5b. Henceno suchu exists. [ |

Theorem 12 Thecadeoverheadfanexecutionof anested-paallel
computatiorwith simplecadesis at mosttwice the productof the
numberof missesn theexecutionandthe cadesize

Proof: Follows from Theorem3 andLemmall. [ ]

6 An Analysisof Nonblocking Work Stealing

The non-blockingimplementatiorof the work-stealingalgorithm
delivers provably good performanceundertraditional and multi-
programmedvorkloads.A descriptionof the implementatiorand
its analysisis presentedh [2]; anexperimentakvaluationis given
in [10]. In this sectionwe extendthe analysisof the non-blocking
work-stealingalgorithmfor classicalworkloadsandboundthe ex-
ecutiontime of a nested-parallelcomputatiorwith awork stealer
to includethe numberof cachemissesthe cache-mispenaltyand
the stealtime. First, we boundthe numberof stealattemptsn an
executionof ageneratomputatiorby thework-stealingalgorithm.
Thenwe boundtheexecutiontime of anested-paralletomputation
with awork stealerusingresultsfrom Section5. Theanalysisghat
we presentereis similar to the analysisgivenin [2] andusesthe
samepotentialfunctiontechnique.

We associat@ nonngyative potentialwith nodesn a computa-
tion’ s dagandshow thatthe potentialdecreaseasthe execution
proceeds.We assumehat a nodein a computationdag hasout-
degreeat most2. This is consistentvith the assumptiorthateach
noderepresentsn instruction.Consideranexecutionof acompu-
tationwith its dag,G(V, E) with thework-stealingalgorithm.The
executiongrows a tree,the enablingtree, that containseachnode
in the computationandits enablingedge. We definethe distance
ofanodeu € V, d(u), asTw — depth(u), wheredepth(u) isthe
depthof u in the enablingtree of the computation.Intuitively, the
distanceof a nodeindicateshow far the nodeis away from endof
the computation.We definethe potentialfunctionin termsof dis-
tances.At ary givenstep:, we assigna positive potentialto each
readynode all othernodeshave 0 potential.A nodeis readyif it is
enabledandnot yet executedto completion.Let » denotea ready
nodeat time stepi. Thenwe define,#:(u), the potentialof u at
time step: as

32d(u)—1
¢i(u) = { 32d(u)

Thepotentialatstep:, ®,, is the sumof thepotentialof eachready
nodeat step:. Whenan executionbegins, the only readynodeis
therootnodewhich hasdistancel ., andis assighedo someproc-
ess,sowe startwith @, = 32T=—!. Asthe executionproceeds,
nodesthat are deeperin the dagbecomereadyandthe potential
decreasesThereareno readynodesatthe endof anexecutionand
the potentialis 0.

Let us give a few more definitionsthat enableus to associate
a potentialwith eachprocess.Let R;(g) denotethe setof ready
nodesthat arein the dequeof processy alongwith ¢’'s assigned
node,if ary, atthe beginning of step:. We saythateachnodeu
in R;(q) belongsto process;. Thenwe definethe potentialof ¢’s

dequeas
®i(q) = Z di(u) .

uER;(q)

if u isassigned;
otherwise.



In addition let A; denotehesetof processewhosedequds empty
at the beginning of step:, andlet D; denotethe setof all other
processesiVe partitionthe potential®; into two parts

©; = &;(Ai) + 0:(D),

where

®i(Ai)= > ®i(g) and

qEA;

®i(Di) =) i),

q€D;

andwe analyzethetwo partsseparately

Lemmal3listsfour basicpropertieof thepotentiathatwe use
frequently The proofsfor thesepropertiesaaregivenin [2] andthe
listed propertiesarecorrectindependentf the time thatexecution
of anodeor a stealtakes.Thereforewe give a shortproof sketch.

Lemma 13 The potential function satisfiesthe following proper
ties.

1. Supposeodeu is assignedo a processat step:. Thenthe
potentialdecreasaby atleast(2/3)¢:(u).

2. Suppose nodew is executedat step:. Thenthe potential
decreassby at least(5/9)¢:(u) at step.

3. Considerany step: and any processy in D;. Thetopmost
nodeu in ¢'s dequecontributesat least3/4 of the potential
associatedvith g. Thatis, wehaveg;(u) > (3/4)®:(q).

4. Suppos@ procesgp choosegrocessy in D; asits victimat
timestep: (a stealattemptof p targetingg occursat steps).
Thenthe potentialdecreasedy at least(1/2)®;(g) dueto
the assignmenbr executionof a nodebelongingto ¢ at the
endof stepz.

Property1 follows directly from the definition of the potential
function. Property2 holds becausea node enablesat most two
childrenwith smallerpotential,one of which becomesassigned.
Specificallythepotentialaftertheexecutionof nodeu decreasey
atleasty(u)(1— 1 — %) = 2¢(u). Property3 followsfromastruc-
tural propertyof thenodesn adeque.Thedistanceof thenodesn
aprocessdequedecreasenonotonicallyfrom thetop of thedeque
to bottom. Therefore the potentialin the dequeis the sumof geo-
metrically decreasingermsanddominatedby the potentialof the
top node.Thelastpropertyholdsbecausevhena processhooses
processy in D; asits victim, the nodeat the top of ¢’ s deque
is assignedt the next step. Therefore the potentialdecreaseby
2/3¢:(u) by propertyl. Moreover, ¢;(u) > (3/4)®:(q) by prop-
erty 3 andtheresultfollows.

Lemmal6 shavsthatthe potentialdecreaseasa computation
proceeds.The proof for Lemmal6 utilizes balls and bins game
boundfrom Lemmal4.

Lemma 14 (Ballsand Weighted Bins) Suppos¢hatatleast? balls
are thrown independenthand uniformly at randominto P bins,
whemrbin: hasaweightW;, for: = 1, ..., P. Thetotal weightis

W = Zil W;. For eadh bin ¢, definetherandomvariable X; as

¥ = ;  if someball landsin bin ¢;
7 L 0 otherwise

IfX = Zil X, thenfor any s in therange0 < 8 < 1, wehave
Pr{X > AW} >1-1/((1- Be).

This lemmacan be proven with an applicationof Markov’ s in-
equality The proof of aweakerversionof thislemmafor the case
of exactly P throws is similar and givenin [2]. Lemmal4 also
follows from theweakelemmabecauseX doesnotdecreaseavith
morethrows.

We now shaw thatwhenever P or morestealattemptccur, the
potentialdecreaseby a constanfractionof ¢;(D;) with constant
probability

Lemma 15 Considerany step: andany later stepy sud that at
least P stealattemptsoccurat stepsfroms (inclusive)to j (exclu-
sive). Thenwehave

P {(I) P >1<I>(D)}>1

r [ - Ei 7 Nk
7= 4

Moreoverthe potentialdecreasds becausef the executionor as-
signmenbf nodeshelongingto a processn D;.

Proof: Considerall P processeand P stealattemptsthatoccur
at or afterstep:. For eachprocess; in D;, if oneor moreof the
P attemptstamget ¢ asthe victim, thenthe potentialdecreaseby
(1/2)®:(q) duetotheexecutionor assignmemf nodeghatbelong
to ¢ by property4 in Lemmal3. If we think of eachattemptasa
ball toss,thenwe have aninstanceof the Balls andWeightedBins
Lemma(Lemmal4). For eachprocessy in D;, we assignaweight
W, = (1/2)®:(q), andfor eachotherprocess;y in A;, we assign
aweightW, = 0. Theweightssumto W = (1/2)®;(D;). Using
B = 1/2 in Lemmal4, we concludethat the potentialdecreases
by atleast3W = (1/4)®,(D;) with probabilitygreaterthan1 —
1/((1 — B)e) > 1/4 dueto the executionor assignmentf nodes
thatbelongto aprocessn D;. [ |

We now boundthe numberof stealattemptdn awork-stealing
computation.

Lemma 16 Consideta P-processxecutiorofamultithreadecdcom-
putationwith the work-stealingalgorithm. Let 77 and 7., denote
the computationalwork and the critical path of the computation.
Thenthe expectednumberof steal attemptsin the executionis
O([2] PTw). Moreoverfor anye > 0, the numberof stealat-
temptds O([ 2] PTw + lg(1/¢)) with probability at leastl — e.

Proof: We analyzethe numberof stealattemptdy breakingthe
executioninto phasesof [ 7] P stealattempts We show thatwith
constanprobability a phasecauseshe potentialto dropby acon-
stantfactor The first phasebegins at step¢; = 1 and endsat
thefirst stept; suchthatatleast[ 2] P stealattemptsoccurdur-
ing the intenal of steps[ti, t;]. The secondphasebegins at step
t- = t; + 1, andsoon. Let usfirst show thatthereareat least
m stepsin a phase. A processhasat most1 outstandingsteal
attemptat ary time and a steal attempttakesat leasts stepsto
complete. Therefore,at most P stealattemptsoccurin a period
of s time steps. Hencea phaseof stealattemptstakesat least
[([Z])P)/P] - s > m timeunits.

Considera phasebeginning at steps, andlet ;5 be the stepat
which thenext phasebegins. Then: + m < 3. We will show that
we have Pr{®; < (3/4)®;} > 1/4. Recallthatthe potentialcan
bepartitionedas®; = ®;(A;) + ®:(D:). Sincethephasecontains
[Z] P stealattemptsPr {®; — &, > (1/4)®:(D;)} > 1/4 due
to executionor assignmenof nodeghatbelongto aprocessn D;,
by Lemmal5. Now we show thatthe potentialalso dropsby a
constanfractionof ®;(A;) dueto theexecutionof assignedodes
thatare assignedo the processein A;. Considera processsay
g in A;. If ¢ doesnot have an assignechode,then®;(g) = 0.
If ¢ hasan assignechodeu, then ®;(g) = ¢:(u). In this case,
processq completesxecutingnodeu atstepi +m — 1 < j atthe



latestand the potentialdropsby at least(5/9)¢:(u) by property
2 of Lemmal3. Summingover eachprocessy in A;, we have
®; — ®; > (5/9)@:(A:i). Thus,we have shavn thatthe potential
decreasest leastby a quarterof ®;(A;) and®;(D;). Therefore
no matterhow thetotal potentialis distributedover A; andD;, the
total potentialdecreaseby a quarterwith probability more than
1/4, thatis, Pr {®; — &, > (1/4)®;} > 1/4.

We saythat a phaseis successfulf it causeghe potentialto
drop by atleasta 1/4 fraction. A phaseis successfulvith prob-
ability at least1/4. Sincethe potentialstartsat &, = 32T !
andendsat 0 (andis alwaysan integer), the numberof success-
ful phasess at most(27. — 1)log,;; 3 < 8T. Theexpected
numberof phasemeededo obtain 8T, successfuphaseds at
most327,, . Thus,the expectednumberof phasess O(7 ), and
becauseeachphasecontains[ 2] P stealattempts the expected
numberof stealattemptsis O([2]P T ). The high probability
boundfollows by anapplicationof the Chernof bound. [ |

Theorem 17 Let Mp(C) bethe numberof cache missesn a P-
processexecutionof a nested-paallel computationwith a work-
stealerthathassimplecachesof C blocksead. Let M, (C) bethe
numberof cachemissesn the uniprocessxecutionThen

Mp(C) = Mi(C) + 0([%1 CPTo + [?1 CP In(1/e))

with probabilityatleastl —e. Theexpectechumberof cachemisses
is

M, (C) +0([?1 CPTx)

Proof: Theorem12 shaws that the cacheoverheadof a nested-
parallelcomputationis at mosttwice the productof the numberof
stealsandthecachesize.Lemmal6 shavsthatthenumberof steal
attemptss O([ =] P(1w +In(1/¢))) with probabilityatleastl —e
andthe expectednumberof stealsis O([ 2] P T ). Thenumber
of stealds notgreatethanthe numberof stealattemptsTherefore
theboundsollow. [ |

Theorem 18 Considera P-processnested-paallel, work-stealing
computatiorwith simplecachesof C blocks. Then,for anye > 0,
theexecutiontimeis

Tl](JC) +m[?] C(Two+In(1/e))+(m+5)(To +1n(1/e)))

Of

with probability at least(1 — ). Moreoverthe expectedrunning
timeis
7 (0)

O(P

—I—m[?] C T+ (m+35)Ts) .

Proof: Weuseanaccountingagumento boundtherunningtime.
At eachstepin thecomputationeachprocesputsadollarinto one
of two bucketsthat matchesdts actwity at thatstep. We namethe
two bucketsasthe work andthe stealbucket. A processputsa
dollar into the work bucketat a stepif it is working on a nodein
the step. The executionof a nodein the dagaddseither1 or m
dollarsto the work bucket. Similarly, a procesgputsa dollar into
the stealbucketfor eachstepthatit spendsstealing. Eachsteal
attempttakesO(s) steps.Therefore eachstealaddsO(s) dollars
to the stealbucket. Thenumberof dollarsin thework bucketatthe
endof executionis atmostO(T) + (m — 1) Mp(C)), whichis

O(Ty(C) + (m — 1) [?} CP (T +1In(1/¢")))

Figure 10: The tree of threadscreatedin a data-parallework-
stealingapplication.

with probabilityatleastl — ¢’

Thetotal numberof dollarsin stealbucketis the total number
of stealattemptsmultiplied by the numberof dollarsaddedto the
stealbucketfor eachstealattemptwhichis O(s). Thereforetotal
numberof dollarsin the stealbucketis

(s [?} P (T +1In(1/¢")))

with probability at leastl — ¢’. Eachprocessaddsexactly one
dollar to a bucketat eachstepso we divide the total numberof
dollarsby P to getthe high probability boundin thetheorem.A
similaragumentholdsfor the expectedime bound. [ |

7 Locality-Guided Work Stealing

Thework-stealingalgorithmachievesgooddatalocality by execut-
ing nodeghatareclosein thecomputatiorgraphon thesameproc-
ess.For certainapplicationshowever, regionsof the programthat
accesghe samedataarenot closein the computationagraph. As
anexample,consideran applicationthattakesa sequencef steps
eachof which operatesn parallelover a setor arrayof values.We
will call suchanapplicationaniterative data-parallelapplication
Suchan applicationcan be implementedusing work-stealingby
forking atreeof threadson eachstep,in which eachleaf of thetree
updatesa region of the data(typically disjoint). Figure 10 shavs
anexampleof thetreesof threadscreatedn two steps.Eachnode
represents threadandis labeledwith the procesghatexecutest.
Thegraynodesaretheleaves. Thethreadssynchronizen thesame
orderasthey fork. Thefirst andsecondstepsarestructurallyiden-
tical, andeachpair of correspondingyray nodesupdatethe same
region, oftenusingmuchof the sameinput data. The dashedect-
anglein Figure 10, for example,shows a pair of suchgray nodes.
To get good locality for this application,threadsthat updatethe
samedataon differentstepsdeally shouldrun onthe sameproces-
sor, eventhoughthey arenot“close” in the dag. In work stealing,
however, thisis highly unlikely to happerdueto therandomsteals.
Figure 10, for example,shavs anexecutionwhereall pairsof cor
respondingyray nodesrun ondifferentprocesses.

In this section,we describeand evaluatelocality-guidedwork
stealing a heuristic modificationto work stealingwhich is de-
signedto allow locality betweemodesthataredistantin the com-
putationalgraph.In locality-guidedwork stealing eachthreadcan
begivenanaffinity for aprocessandwhena processbtainswork
it givespriority to threadswith affinity forit. To enablehis,in addi-
tiontoadequesachprocessnaintainsamailbox afirst-in-first-out



(FIFO) queueof pointersto threadshathave affinity for the proc-
ess. Therearethentwo differencesbetweenthe locality-guided
work-stealingand work-stealingalgorithms. First, when creating
a thread,a processwill pushthe threadonto both the deque,as
in normalwork stealing,and alsoonto the tail of the mailbox of
the procesghat the threadhasaffinity for. Seconda processwill
first try to obtainwork from its mailbox beforeattemptinga steal.
Becausehreadscanappeairtwice, oncein a mailboxandonceon
adequethereneedso be someform of synchronizatiorbetween
thetwo copiesto makesurethethreadis not executedwice.

A numberof techniqueghat have beensuggestedo improve
the datalocality of multithreadedprogramscanbe realizedby the
locality-guidedwork-stealingalgorithmtogethemith anappropri-
atepolicy to determinethe affinities of threads.For example,an
initial distribution of work amongprocessesanbeenforcedy set-
ting the affinities of a threadto the procesghatit will be assigned
at the beginning of the computation.We call this locality-guided
work-stealingwith initial placements Likewise, techniqueghat
rely on hints from the programmeicanbe realizedby settingthe
affinity of threadsbasedon the hints. In the next section,we de-
scribeanimplementatiorof locality-guidedwork stealingfor iter-
ative data-parallebpplications.Theimplementatiordescribectan
be modifiedeasilyto implementothertechniquesnentioned.

7.1 Implementation

We built locality-guidedwork stealinginto Hood. Hoodis a multi-
threadedrogrammindibrary with a nonblockingimplementation
of work stealingthat delivers provably good performanceunder
bothtraditionalandmultiprogrammeadvorkloads[2, 10, 30].

In Hood,theprogrammedefinesathreadasa C++classwhich
we refer to as the thread definition. A threaddefinition hasa
methodnamedr un thatdefinesthe codethatthe threadexecutes.
The r un methodis a C++ function which cancall Hood library
functionsto createand synchronizewith otherthreads.A ropeis
anobjectthatis aninstanceof athreaddefinitionclass.Eachtime
ther un methodof aropeis executed,t createsa new thread. A
ropecanhave anaffinity for aprocessandwhentheHoodrun-time
systemexecutessucha rope, the systempasseshis affinity to the
thread. If the threaddoesnot run on the procesgor whichit has
affinity, theaffinity of theropeis updatedo thenew process.

Iterative data-parallebpplicationscaneffectively useropesby
making sureall “corresponding”threads(threadsthat updatethe
sameregion acrossdifferent steps)are generatedrom the same
rope.A threadwill thereforealwayshave anaffinity for theprocess
onwhichit’ s correspondinghreadranon the previous step. The
dashedectangldn Figure10,for example, representswo threads
thataregeneratedn two executionsof onerope. To initialize the
ropestheprogrammeneeddo createatreeof ropesbeforethefirst
step.Thistreeis thenusedon eachstepwhenforking thethreads.

To implementlocality-guidedwork stealingin Hood, we use
a nonblockingqueuefor eachmailbox. Sincea threadis putto a
mailbox andto a deque,oneissueis making surethat the thread
is not executedtwice, oncefrom the mailbox and oncefrom the
deque.Onesolutionis to remove the othercopy of athreadwhen
a processstartsexecutingit. In practice,this is not efficient be-
causdt hasalarge synchronizatioroverhead.In ourimplementa-
tion, we do thislazily: whena processstartsexecutinga thread,it
setsaflag usinganatomicupdateoperationsuchastest-and-sebr
compare-and-swalp markthethread.Whenexecutingathread,a
procesddentifiesa markedthreadwith the atomicupdateanddis-
cardsthe thread. The secondissuecomesup whenone wantsto
reusethe threaddatastructurestypically thosefrom the previous
step.Whenathread'’s structures reusedn astep,thecopiesfrom
the previous step,which canbein a mailbox or a dequeneedsto
be markedinvalid. Onecanimplementthis by invalidatingall the

Benchmark| Work | Overhead]| Critical Path | Average
(1) (#) | Length(I's) | Par (7)

staticHeat | 15.95 1.10

heat 16.25 1.12 0.045 361.11

IgHeat 16.37 1.12 0.044 372.05

ipHeat 16.37 1.12 0.044 372.05

staticRelax | 44.15 1.08

relax 43.93 1.08 0.039 1126.41

IgRelax 44.22 1.08 0.039 1133.84

ipRelax 44.22 1.08 0.039 1133.84

Table 1: Measuredbenchmarkcharacteristics.We compiledall
applicationsvith SunCC compilerusing- xar ch=v8pl us - 06
- dal i gn flags. All timesaregiven in seconds.T. denoteghe
executiontime of the sequentiablgorithmfor the applicationand
T, is 14.54 for Heat and40.99for Rel ax.

multiple copiesof threadsat the end of a stepand synchronizing
all processebeforethenext stepstart. In multiprogrammeavork-
loads, however, the kernelcan swapa processout, preventing it
from participatingto the currentstep. Sucha swappedut process
preventsall theotherprocessefom proceedindo thenext step.In
ourimplementationto avoid thesynchronizatiorattheendof each
step,we time-stampthreaddatastructuressuchthat eachprocess
closelyfollows the time of the computationandignoresa thread
thatis “out-of-date”.

7.2 Experimental Results

In this section,we presentthe resultsof our preliminary experi-

mentswith locality-guidedwork stealingontwo smallapplications.
The experimentswvererunon a 14 processofSunUltra Enterprise
with 400 MHz processorand4M bytelL2 cacheeach.andrunning
Solaris2.7.We usedthepr ocessor _bi nd systencall of Solaris
2.7to bind processe$o processorso prevent Solariskernelfrom

migratingaprocessamongprocessors;ausingheprocesgo loose
its cachestate. Whenthe numberof processess lessthannum-

berof processorsve bind oneprocesgo eachprocessarotherwise
we bind processe® processorsuchthatprocessearedistributed
amongprocessorasevenly aspossible.

We usethe applicationsHeat andRel ax in our evaluation.
Heat is a Jacobioverrelaxationthat simulatesheatpropagation
ona2 dimensionagrid for anumberof steps.Thisbenchmarkvas
derivedfrom similar Cilk [27] andSPLASH[35] benchmarksThe
maindatastructuresretwo equal-sizedrrays.Thealgorithmruns
in stepseachof whichupdatesheentriesin onearrayusingthedata
in the otherarray which wasupdatedn the previousstep.Rel ax
is a Gauss-Seidalverrelaxationalgorithmthatiteratesover onea
1 dimensionahrrayupdatingeachelementby a weightedaverage
of its value andthat of its two neighbors. We implementedeach
applicationwith four stratgies, static partitioning, work stealing,
locality-guidedwork stealing,and locality guidedwork stealing
with initial placementsThe staticpartitioningbenchmarkslivide
the total work equallyamongthe numberof processeandmakes
surethat eachprocessaccessethe samedataelementsn all the
steps. It is implementeddirectly with Solaristhreads. The three
work-stealingstratgies are all implementedn Hood. The plain
work-stealingversionusesthreadsdirectly, and the two locality-
guidedversionsuseropesby building a tree of ropesat the begin-
ning of thecomputationTheinitial placemenstratgy assignsni-
tial affinities to theropesnearthe top of thetreeto achieve a good
initial load balance We usethe following prefixesin the namesof
thebenchmarksst at i ¢ (staticpartitioning),none,(work steal-
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Figurell: Speedumf heat benchmarks
on 14 processors.

ing), | g (locality guidedwork stealing),and! g (Ig with initial
placement).

Weranall Heat benchmarksvith-x 8K -y 128 -s 100
parameters.With theseparametersachHeat benchmarkallo-
cateswo arraysof doubleprecisionfloatingpointnumbersof 8192
columnsand128 rows anddoesrelaxationfor 100 steps Weranall
Rel ax benchmarksvith the parametersn 3M -s 100. With
theseparametergachRel ax benchmarlallocatesonearrayof 3
million double-precisiorfloating points numbersand doesrelax-
ationfor 100 steps.With the specifiednput parametersa Rel ax
benchmarlallocatesi6 Megabytesanda Heat benchmarlallo-
cate4 Megabytef memoryfor themaindatastructuresHence,
themaindatastructuregor Heat benchmarkét intothecollectve
L2 cachespaceof 4 or moreprocessesndthe datastructuresor
Rel ax benchmarkdit into thatof 6 or moreprocessesThe data
for no benchmarKits into the collective L1 cachespaceof the Ul-
tra Enterprise We obsene superlineaspeedupsvith someof our
benchmarksvhenthecollective cache®f theprocessebold asig-
nificantamountof frequentlyaccessedata.Tablel shovs charac-
teristicsof our benchmarksNeitherthe work-stealingpbenchmarks
nor the locality-guidedwork-stealingoenchmarkave significant
overheaccomparedo theserialimplementatiorof thecorrespond-
ing algorithms.

Figures11 and Figure 1 show the speedupof the Heat and
Rel ax benchmarksrespectiely, asa function of the numberof
processesThe static partitioningbenchmarksleliver superlinear
speedupsindertraditionalworkloadsbut suffer from the perform-
ancecliff problemand deliver poor performanceundermultipro-
grammingworkloads.Thework-stealingoenchmarksieliver poor
performancewith almostany numberof processesthe locality-
guidedwork-stealindpenchmarksvith or withoutinitial placements,
however, matcheghe static partitioningbenchmarksindertradi-
tional workloadsand delivers superiorperformanceunder multi-
programmingworkloads. Theinitial placemenstratgy improves
the performanceaundertraditionalwork loads,but it doesnot per
form consistentlybetterundermultiprogrammedvorkloads. This
is anartifactof binding processeto processorsTheinitial place-
mentstratgy distributesthe load amongthe processegqually at
the baginning of the computatiorbut binding createsaloadimbal-
ancebetweenprocessorandincreaseghe numberof steals. In-
deed,the benchmarkghat employ the initial-placementstratgy
doesworseonly whenthe numberof processess slightly greater
thanthe numberof processors.

The locality-guidedwork-stealingdelivers good performance
by achievzing gooddatalocality. To substantiat¢his, we counted
the averagenumberof times that an elementis updatedby two
differentprocesse# two consecutie steps,which we call a bad
update. Figure 12 shows the percentageof bad updatesin our
Heat benchmarksith work stealingand locality-guidedwork-
stealing. The work-stealingbenchmarksncur a high percentage

20 25 5
Number of Processes Number of Processes

Figure12: Percentagef badupdatedor
theHeat benchmarks.

30 35 0 5 50

Figure13: Numberof stealsin the Heat
benchmarks.

of bad updateswhereaghe locality-guidedwork-stealingbench-
marksachieve a very low percentage Figure 13 shows the num-

berof randomstealsfor the samebenchmarkgor varyingnumber
of processes.The graphis similar to the graphfor bad updates,
becauset is the randomstealsthat causeghe bad updates.The

figuresfor theRel ax applicationaresimilar.
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