15-499:Algorithms and Applications

Data Compression V - Compressing Graphs
-The Blanford-Blelloch-Kash Algorithm
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Compression Outline

Introduction: Lossy vs. Lossless, Benchmarks, ...
Information Theory: Entropy, etfc.
Probability Coding: Huffman + Arithmetic Coding
Applications of Probability Coding: PPM + others
Lempel-Ziv Algorithms: LZ77, gzip, compress, ...
Other Lossless Algorithms: Burrows-Wheeler
Lossy algorithms for images: JPEG, MPEG, ...
‘ Compressing graphs and meshes: BBK
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Compressing Structured Data

So far we have concentrated on Text and Images,
compressing sound is also well understood.

What about various forms of “structured” data?
- Web indexes
- Triangulated meshes used in graphics
- Maps (mapquest on a palm)
- XML
- Databases
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Compressing Graphs

Goal: To represent large graphs compactly while
supporting queries efficiently

- e.g., adjacency and neighbor queries

Applications:
- Large web graphs
- Large meshes
- Phone call graphs
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Results

O(n)-bit compression on “separable graphs” with n
vertices, with O(1) access time

Experimental results:
- 6-12 bits/edge in total

- access time faster than linked-list
representation
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Vertex Separators

A vertex separator for 6=(V,E) is
a set of vertices U c V, that
partitions V/U into fwo
components V; and V,

A class of graphs S satisfies a
f(n)-vertex separator theorem
if
Ja<1,B>0
vV (V,E) € S, 3 separator U,
|UL<B (IVI),

IVl <alV],i=12

A separable class of graphs is
one that satisfies an nc-
separator theorem, c<1.
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Edge Separators

An edge separator for (V,E)is a
set of edges E' C E whose
removal partitions V info two
components V; and V,

A class of graphs S satisfies a
f(n)-edge separator theorem if
Jda<1,B>0
v (V,E) € S, I separator E',

[E'l < B £(IVI),
Vil <alV],i=12

Any class of graphs that satisfies
an edge separator theorem
satisfies the corresponding
ver;;rex separator theorem as
well.
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Separable Classes of Graphs

Planar graphs: O(n'/2) separators
Well-shaped meshes in Rd: O(n'"/d) [Miller et al.]
Nearest-neighbor graphs

In practice, good separators from circuit graphs,
street graphs, web connectivity graphs, router
connectivity graphs

Note: All separable classes of graphs have bounded
density (m is O(n))
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Main Ideas

For good edge separators

- Number vertices using separators

- Use difference coding on adjacency lists

- Using efficient data structure for indexing
For good vertex separators

- Each vertex assigned multiple labels

- Separate “root-find" data structure to map
labels to a representative

- For adjacency queries, may need to direct
graph
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Compressed Adjacency Tables

15-499

# | D |Melghbors | Differences
o234 ]
1144586831172
20118 a4
3l2lo07 =37
414101784161
513|168 -4 52
613125 513
713|348 414
81411457 |-7312
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Compressed Adjacency Tables

# | D |MNeighbors | Differences
of1]1 1
113|023 -121
213|134 -121
4§ 2Bl B =i 3
4142356 |-2121
5|4|3467-2121
6|3|45a8 w2 i
T | EE -2 3
82|67 =5 3
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Log-sized Codes

Log-sized code: Any prefix code that takes
O(log(d)) bits to represent an integer d.

Gamma code, delta code, skewed Bernoulli code

Example: Gamma code
Prefix: unary code for Llog d
Suffix: binary code for d-2llgd!

(binary code for d, except leading
lis implied)
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Decimal

L B R R R S

Gamma

1
01(0
011

0o01|00
001m
0o1|10
oo
0001|000
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Difference Coding

For each vertex, encode:

- Degree # | D | Differences

- Sign of first entry 0231

- Differences in 010 0 0111
adjacency list degree sign 3 1

# | D | Differences
41-4 161

Concatenate vertex
encodings to encode the 4

graph 00100 1 00100 1 00110 1
degressign 4 1 6 1
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Indexing

Problem: We need to find the
start of a vertex quickly.

Formally: Given n numbers in
range 1..0(n), prepare a data
structure that returns the kth
smallest number.

[ 1010111000101 1100101101011 |

select structure

Can be supported with O(n)
bits and O(1) access time.
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Renumbering with Edge Separators

o
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Renumbering with Edge Separators

)
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Renumbering with Edge Separators
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Renumbering with Edge Separators
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Theorem (edge separators)

Any class of graphs that allows O(n°) edge
separators can be compressed to O(n) bits with
O(1) access time using:

- Difference coded adjacency lists
- O(n)-bit indexing structure
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Proof Outline
Bound cost of adjacency lists: cost of edge (a,b) is at
most O(Iog(la-blg)
If an edge is a separator in a graph of size d, then
its cost is at most log(d)

nc edges in separator: cost nc
log(n)

T(n)=n< log(n) + 2T(n/2)
= 0(n)
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Experimental Results: Test Graphs Performance: Adjacency Table

dfs metis—cf bu-bpg bu-of

Max Ty | Space | 7774 T/T; | Space || T/ | Space

Graph Vitxs | Edges |Degree Source auto 0.7¢ | 9.88 | 183.11 754 | 5980 | 1459 | 552
auto 448695 (3314611 37 3D mesh [28] foocean || (.06 | 13.88 || 388.83 17.16 | 845 || 3483 | 7.70
feocean | 143437 | 409593 6 3D mesh [28] mldb || 0.31 | 10.65 | 181.41 816 | 545 | 1532 | 513
mldb | 214765 [1679018| 40 | 3D mesh [28] ibml7 | 0.44 | 13.01 | 13643 1.0 | 679 | 2025 | 664
ibm17 185495 |2235716| 150 cireuit [2] ibml§ .48 | 11.88 (| 126.22 &.8 6.24 17.2% | 613
ibm18 | 210613 |2221860| 173 | circuit [2] CA 1076 841 | 38267 | 438 ) 1461 ) 490 | 3521
i} PA 0.43 | 847 || 964.06 | 445 | 13.85 | 4.98 || 33.02

CA 1971281|2766607| 12 |street map [27]

PA 1090920|1541898| 9 |street map [27] gorglel. | 1) Tt | ee il W e g
. Strect map googleO || 1.4 | 11.08 | 186.81 | 678 | 1271 | 621 || 40.96 | [6.05]

googlel | 916428 |5105039| 6326 | web links [9] meent | 0.04 | 756 | 39075 | 552 | 105 | 554 || 457s
googleQ | 916428 15105039 456 | web links [9] scan 012 | 800 | 280.25 | 5.0¢ | 2333 | 576 || 8175 | [566
lucent | 112969 | 181639 | 423 | routers [24] [Ave | [10.02 | 252.78 | 5.52 | 13.85 | 5.86 | 84.5% | 656 |

scan 228298 | 320168 | 1937 | routers [24]

Time is to create the structure, normalized to time for DFS
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Performance: Overall Conclusions
Array List bu-cf/semi O(n)-bit representation of separable graphs with
Graph | time | space | time | space | time | space O(1)-time queries

?:::@an 3(2}1 :::Z;g ggé ggg gg; 1711775 Space efficient and fast in practice for a wide
mldb |0.11] 341 |029 | 66.1 [0.24| 6.70 variety of graphs.

ibm17 0.15] 33.3 | 040 | 65.3 [0.34 | 7.72
ibm18 0.14 | 335 | 038 655 [0.32 | 7.33
CA 0.34 | 434 | 056 | 754 | 0.58 [ 11.66
PA 0.19 ] 433 | 031 ] 75.3 [ 0.32]11.68
googlel | 0.24 | 37.7 [ 049 | 69.7 [045 | 7.86
googleO | 0.24 | 37.7 | 0.50 | 69.7 | 0.51 | 9.90
lucent, 0.02] 42.0 | 0.04| 74.0 | 0.05|11.87
scan 0.04| 434 | 0.06 | 754 | 0.08 | 12.85

time is for one DFS
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Compression Summary

Compression is all about probabilities

Model Compress
Static Part
{p(s) | s 5 Codeword
Dynamic ol =i, 9
Part =-log p(s)
Message T T
s[5

We want the model to skew the probabilities as
much as possible (/e., decrease the entropy)
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Compression Summary

How do we figure out the probabilities

- Transformations that skew them
- Guess value and code difference
* Move to front for temporal locality
* Run-length
+ Linear transforms (Cosine, Wavelet)
+ Renumber (graph compression)

- Conditional probabilities
* Neighboring context

In practice one almost always uses a combination of
techniques
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