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Abstract

In default reasoning, usually not all possible ways of resolving conflicts between default
rules are acceptable. Criteria expressing acceptable ways of resolving the conflicts may
be hardwired in the inference mechanism, for example specificity in inheritance reasoning
can be handled this way, or they may be given abstractly as an ordering on the default
rules. In this article we investigate formalizations of the latter approach in Reiter’s default
logic. Our goal is to analyze and compare the computational properties of three such
formalizations in terms of their computational complexity: the prioritized default logics
of Baader and Hollunder, and Brewka, and a prioritized default logic that is based on
lexicographic comparison. The analysis locates the propositional variants of these logics on
the second and third levels of the polynomial hierarchy, and identifies the boundary between
tractable and intractable inference for restricted classes of prioritized default theories.

1. Introduction

Nonmonotonic logics and related systems for nonmonotonic and default reasoning (Reiter,
1980; Moore, 1985; McCarthy, 1980) were developed for representing knowledge and forms
of reasoning that are not conveniently expressible in monotonic logics, like the first-order
predicate logic or propositional logics. In nonmonotonic logics inferences can be made on
the basis of what cannot be inferred from a set of facts. When extending this set, some of the
inferences may become invalid, and hence the set of inferable facts does not monotonically
increase. For example, in the kind of reasoning expressed as inheritance networks (Horty,
1994), one network link may say that priests imbibe non-alcoholic beverages only. This is,
in the absence of contrary information, a sufficient reason to conclude that a certain priest
will not drink vodka. Without contradiction, information stating that the priest does drink
vodka can be added, which retracts the previous conclusion.

The need to incorporate priority information to nonmonotonic logics (Lifschitz, 1985;
Brewka, 1989; Geffner & Pearl, 1992; Ryan, 1992; Brewka, 1994; Baader & Hollunder,
1995) stems from the possibility that two default rules are in conflict. One source of such
priority information is the specificity of defaults. When one rule says that priests usually do
not drink and another says that men usually do, inferences concerning male priests should
be based on the first one because it is more specific, as male priests are a small subset of
men. Specificity as a basis for resolving conflicts between defaults has been investigated
in the framework of path-based inheritance theories (Horty, 1994). In general, however,
priorities may come from different sources, and therefore it is justified to investigate non-
monotonic reasoning with an abstract notion of priorities as orderings on defaults. In this
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setting the problem is to define what are the correct inferences in the presence of priorities.
There have been many proposals of differing generality. Preferred subtheories (Brewka,
1989) and ordered theory presentations (Ryan, 1992) do not have as general a notion of
defaults as Reiter’s default logic, and they can both be translated to prerequisite-free nor-
mal default theories of a prioritized default logic (Rintanen, 1999). Also the definitions of
model minimization in conditional entailment (Geffner & Pearl, 1992) and in prioritized
circumscription (Lifschitz, 1985) do not directly support defaults with prerequisites.

In this work we concentrate on Brewka’s (1994) and Baader and Hollunder’s (1995)
proposals for incorporating priorities to default logic, as well as a proposal that uses lexico-
graphic comparison (Rintanen, 1999). These three proposals address default reasoning with
defaults that have prerequisites. Like earlier work on complexity of nonmonotonic logics
(Kautz & Selman, 1991; Stillman, 1990; Gottlob, 1992), the purpose of our investigation is
to point out fundamental differences and similarities between these logics, characterized by
polynomial time translatability between their decision problems, and to identify restricted
classes of default theories where reasoning is tractable. The first kind of results are useful
for example when developing theorem-proving techniques for the logics in question. The in-
existence of polynomial time translations between two decision problems indicates that the
techniques needed are likely to be different: it is not feasible to solve one decision problem
by simply translating it to the other. Also, if polynomial time translations exist and they
turn out to be simple, there is often no reason to treat the decision problems separately.
The second kind of results, identification of tractable cases, directly give efficient, that is
polynomial time, decision procedures for prioritized reasoning in special cases. The utility
of these algorithms depends on the application at hand. In many cases the restrictions
that lead to polynomial time decision procedures are too severe to make the procedures
practically useful. Even though nonmonotonic reasoning usually cannot be performed in
polynomial time, new developments in implementation techniques have made it possible to
solve problems that previously were too difficult (Niemeld & Simons, 1996). Hence there
are some prospects of making nonmonotonic reasoning practically useful, which makes the
problem of introducing priority information in nonmonotonic reasoning more acute. This
paper can be seen as giving guidelines in that direction.

The decision problems of propositional default logic are located on the second level of
the polynomial hierarchy (Gottlob, 1992), and hence they do not belong to the classes NP
or co-NP unless the polynomial hierarchy collapses to its first level. The proof of this result
suggests that reasoning in default logic cannot be performed in polynomial time simply by
restricting the formulae in default theories to a tractable subclass of propositional logic like
2-literal clauses (Even, Itai, & Shamir, 1976) or Horn clauses (Dowling & Gallier, 1984).
This fact can be seen as a consequence of the possibility of conflicting defaults. A conflict
between defaults gives rise to multiple extensions because a case analysis on alternative
ways of resolving the conflict is required. For a default theory of size n, the number of
conflicts may be proportional to n, and each conflict may double the number of extensions.
Hence the number of extensions can be proportional to 2". Priorities in many cases uniquely
determine how a conflict between defaults is resolved, and hence the case analyses that lead
to an exponential number of extensions can be avoided. This gives rise to the question
whether priorities would in some cases produce a computational advantage in the sense
that the decision problems could be solved more efficiently than in the unprioritized case.
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To investigate these questions we consider three definitions of priorities in the framework
of Reiter’s default logic.

First we analyze the computational complexity of two closely related prioritized default
logics (Brewka, 1994; Baader & Hollunder, 1995). These logics are based on the semicon-
structive definition of extensions of default logic (Reiter, 1980): the priorities control the
construction of extensions, ruling out those that do not respect the priorities. In the general
case the complexity of the decision problems of these logics equals the complexity of those
of Reiter’s default logic, being complete for the second level of the polynomial hierarchy.
When the priorities are a total ordering on the defaults, the complexity decreases by one
level, leading to many tractable cases when the propositional reasoning involved is tractable,
for example with Horn clauses or 2-literal clauses. With arbitrary strict partial orders there
is no similar decrease.

We continue by analyzing a prioritized default logic that is based on comparing the
Reiter extensions of a default theory by lexicographic comparison (Rintanen, 1999). The
decision problem of this logic is harder than the decision problems of Reiter’s default logic,
assuming that the polynomial hierarchy does not collapse. For default theories with a
total priority relation some syntactically restricted classes are easier than the corresponding
unprioritized ones, but in general even total priorities do not reduce the complexity of the
decision problems. For partial priorities tractability can be achieved only with extreme
syntactic restrictions, the complexity being the same as with the prioritized default logics
by Brewka and by Baader and Hollunder.

2. Preliminaries on Computational Complexity

In this section we introduce some basic concepts in computational complexity. For details
see (Balcdzar, Diaz, & Gabarré, 1995). The complexity class P consists of decision problems
that are solvable in polynomial time by a deterministic Turing machine. NP is the class
of decision problems that are solvable in polynomial time by a nondeterministic Turing
machine. The class co-NP consists of problems the complements of which are in NP. In
general, the class co-C consists of problems the complements of which are in the class C.
The polynomial hierarchy PH is an infinite hierarchy of complexity classes X¥, II¥ and A?
for all ¢ > 0 that is defined by using oracle Turing machines as follows.

SPo= p m = P AP = P
»P P
Efﬂ = NP~ Hf+1 = CO'E];H A];H = P

CIC 2 denotes the class of problems that is defined like the class C except that oracle Turing
machines that use an oracle for a problem in Cs are used instead of Turing machines without
such an oracle. Oracle Turing machines with an oracle for a problem B are like ordinary
Turing machines except that they may perform tests for membership in B with constant
cost. A problem L is Turing reducible to a problem L’ if there is an oracle Turing machine
with an oracle for L’ that solves L. The problem is Turing reducible in polynomial time if
the oracle Turing machine solves L with a polynomial number of execution steps. A problem
L is C-hard for a complexity class C if all problems in C' are polynomial time many-one
reducible to it; that is, for all problems L’ € C there is a function f7; that can be computed
in polynomial time on the size of its input and fr/(z) € L if and only if z € L'. We say
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that the function f;s is a translation from L’ to L. A problem is C-complete if it belongs
to the class C' and is C-hard.

3. Preliminaries on Default Logic

Default logic is one of the main formalizations of nonmonotonic reasoning (Reiter, 1980).
A default theory A = (D, W) consists of a set of default rules a:f, ..., 0, /v where a (the
precondition), v (the conclusion) and f;,i € {1,...,n} (the justifications) are formulae of
the classical propositional logic, and a set W of objective facts that also are formulae of
the classical propositional logic. A default rule a:f4, ..., B,/ can be used for inferring the
fact 7 if @ has been derived, and none of the formulae —f1,...,—8, can be derived. As
derivability and underivability are mutually dependent, there is circularity in the definition
of what is derivable in default logic. Unlike in monotonic logics, where the consequences of
a set of formulae is defined as the formulae that can be derived by using the axioms of the
logic and the inference rules, the conclusions of a default theory A = (D, W) are defined
as fixpoints of a nonmonotonic operator. The operator may have several fixpoints, none
of which is the least fixpoint, and different fixpoints can be seen as a result of applying
different mutually incompatible sets of default rules. The fixpoints of the operator for a
default theory are the extensions of the default theory.

Informally, the construction of each extension of a default theory starts from the ob-
jective facts W, and proceeds by adding conclusions of default rules the preconditions of
which have already been derived, and the justifications of which have not been and will not
later be contradicted. The construction ends when no more defaults can be applied.

Example 3.1 Define A = (D, W) by

D — { priest : ~drinks-vodka man : drinks-vodka priest : man} nd
N —drinks-vodka ' drinks-vodka ’ man ’
W = {priest}.

A default a:3/8 can be interpreted as saying that an individual who has property «a, can
be assumed to also have the property [ if this is consistent with what else is known.
The default theory A has two extensions, E = Cn({priest, man, —drinks-vodka}) and E' =
Cn({priest, man, drinks-vodka}), that represent the two possibilities of resolving the conflict
between the first two defaults in D. The extension E corresponds to the choice to apply
the first default, and the extension E' to the choice to apply the second. O

The fixpoint definition of extensions is given next. The language of the propositional
logic is denoted by L. The closure of a set of formulae S under logical consequence is
Cn(S) = {¢ € L|S = ¢}. The set {:B1,...,0n/v|n > 0,{a,B1,...,0n,7} C L} of default
rules is denoted by D. The size of a default theory (D, W) is the sum of the lengths of the
formulae in W and in defaults in D. A default theory is finite if D and W are finite.

Definition 3.1 (Reiter, 1980) Let A = (D, W) be a default theory. For any set of for-
mulae S C L, let T'(S) be the smallest set such that W C I'(S), Cn(I'(S)) = T'(S), and if
a:Biy...,Bn/y € D and a € T'(S) and {=f1,...,—0,} NS =0, then v € T'(S). A set of
formulae E C L is an extension for A if and only if I'(E) = E.
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More procedural is the semiconstructive definition, so called because it suggests a non-
deterministic procedure for computing extensions.

Theorem 3.2 (Reiter, 1980) Let E C L be a set of formulae, and let A = (D, W) be
a default theory. Define Ey = W and for all i > 0, E;1 = On(E;) U {y|a:B1,...,0n/7 €
D,a € E;j,{-f1,---,7Bn}NE = 0}. Then E is an extension of A if and only if E = ;> Ei.

The set of generating defaults of an extension identifies the extension uniquely, and is
of finite size whenever the number of defaults is finite.

Definition 3.3 (Reiter, 1980) Suppose A = (D,W) is a default theory and E is an
extension of A. The set of generating defaults of E with respect to A is

GD(E,A):{MED acE and{—'ﬁl,...,ﬂﬁn}ﬂEZ(ﬂ}.

Theorem 3.4 (Reiter, 1980) Suppose E is an extension of a default theory A = (D, W).
Then E = Cn(W U {y|a:B1,...,0n/y € GD(E,A)}).

The standard consequence relations of default logic are cautious reasoning =, and brave
reasoning |=p.

Definition 3.5 Let A = (D, W) be a default theory and ¢ € L a formula. Then A =, ¢
if and only if ¢ € E for all extensions E of A, and A =y ¢ if and only if $ € E for some
extension E of A.

The following terminology is used in referring to default rules of certain syntactic forms.
Defaults of the form a:8/8, a:BA~y/7, T:61,--.,Bn/7 are respectively normal, seminormal,
and prerequisite-free. The symbol T denotes a valid formula. Prerequisite-free defaults are
often written without prerequisites as :01,. .., By /7. We shall sometimes denote sequences
B, ..., By of justifications by o,0’, 01 and so on.

Not all seminormal default theories have extensions, but all ordered default theories do.
In some cases, a decision problem for a class of default theories is intractable, but for the
subclass in which the default theories are ordered, it is tractable (Kautz & Selman, 1991).
In later sections we analyze the complexity of decision problems both with and without the
orderedness condition.

Definition 3.6 (Etherington, 1987) Let A = (D,W) be a seminormal default theory.
Without loss of generality assume that all formulae are in clausal form. The relations <
and K are defined as follows.

1. Ifa e W, thena=a1 V---V oy, for somen > 1. For all a;, 0 € {o,...,an} such
that «; # aj, let ~0;<La;.

2. If 6 € D, then 6 = a:BN~y/B. Let A, B and G be the sets of literals of the clausal
forms of a, B and vy, respectively.

(a) If a; € A and B; € B, let 0;<L0;.

427



RINTANEN

(b) If v; € G and Bj € B, let —y; < B;.
(c) Also, B = BiA---NBy, for somem > 1. For eachi < m, B; = i 1V---V i m; where
mi > 1. Thus if Bij, Bik € {B1,1;, Bmmm  and Bij = Bik, let =B KBk

. The followin transiti it relations hold for < and K.

(a) If <0 and Ky, then <.
(b) If < B and <Ky, then <.
(c) If < B and KLy or KB and B K 7y, then <.

The default theor 18 if and onl if < for no
1 1
1
1

A default (3 -y is in if = and =-Fand =-+.
et be a default theor and

a strict artial order on . et be a set of formulae. e ne for alli>

_ B _ _ . .
i1 = vy ——€ , ;= , =208, no is acti e in
v

Then isa referred e tension of if and onl if = nog.
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