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Abstract

Speedup learning seeks to improve the computational efficiency of problem solving
with experience. In this paper, we develop a formal framework for learning efficient problem
solving from random problems and their solutions. We apply this framework to two different
representations of learned knowledge, namely control rules and macro-operators, and prove
theorems that identify sufficient conditions for learning in each representation. Our proofs
are constructive in that they are accompanied with learning algorithms. Our framework
captures both empirical and explanation-based speedup learning in a unified fashion. We
illustrate our framework with implementations in two domains: symbolic integration and
Eight Puzzle. This work integrates many strands of experimental and theoretical work
in machine learning, including empirical learning of control rules, macro-operator learning,
Explanation-Based Learning (EBL), and Probably Approximately Correct (PAC) Learning.

1. Introduction

A lot of work in machine learning is in the context of concept learning. A prototypical
example of this is learning to recognize hand-written characters from classified examples.
Concept learning is the subject of an intense theoretical study under the name of “Probably
Approximately Correct (PAC) Learning” — so called because the learner is required only
to learn an approximation to the target concept with a high probability (Valiant, 1984).
This rich and growing body of knowledge studies the possibility of learning approximations
to concepts in different representations under various learning protocols. (See Natarajan,
1991, Anthony & Biggs, 1992, or Kearns & Vazirani, 1994 for a broad introduction.)

In this paper, we are concerned with a different kind of learning called “speedup learn-
ing,” which deals with improving the computational efliciency of a problem solver with
experience. One of the main differences between the concept learning and the speedup
learning is that, in the latter, it is theoretically possible to solve the problems optimally
using a brute-force problem solver. However, problem solving without learning is NP-hard
in most of these domains, and hence is impractical in most cases. The role of learning
can be seen as improving the efficiency of a brute-force problem solver by acquiring some
“control knowledge” that is useful to guide problem solving in fruitful directions. In a con-
cept learning task, before learning, there is not enough information to classify an example
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even by brute-force. Even though the speedup learning program has access to a brute-force
problem solver, it is still a challenge to reformulate its knowledge in a way that makes prob-
lem solving eflicient. There have been many successful speedup learning systems described
in the experimental machine learning literature, PRODIGY (Minton, 1990) and SOAR
(Laird, Rosenbloom, & Newell, 1986) being two of the most prominent ones.

Consider the domain of symbolic integration. Given the definition of the domain and a
standard table of integrals, anyone has complete information on how to solve any solvable
problem. Yet, while we humans are capable of solving problems of symbolic integration,
we are by no means efficient in our methods. It appears that we need to examine sample
instances, study solutions to these instances, and based on these solutions build up a set of
heuristics that will enable us to quickly solve future problems. In this sense, the learning
process has helped improve our computational efficiency.

We briefly describe the intuition behind our framework here, deferring the formal details
to later sections. In essence, we would like our learning program to behave in the following
manner: consider a class M of domains, such that each domain in the class is known to
possess an efficient algorithm. We are interested in a learning algorithm for the class M, an
algorithm that takes as input the specification of a domain drawn from the class as well as
sample instances of the problems in that domain and their solutions, and produces as output
an efficient algorithm for the domain. As we will see, the sample instances and their solutions
play a crucial role in the process, as in their absence, constructing an efficient problem solver
for the input domain can be computationally intractable. In this paper, we are interested
in examining the conditions under which such learning is made computationally efficient by
using sample instances and solutions. We present a unified formal framework that captures
both supervised and unsupervised forms of speedup learning, where examples of successful
problem solving are provided by a teacher and by a search program respectively. Our
framework is based on some of our previous work reported earlier (Natarajan & Tadepalli,
1988; Tadepalli, 1991a). Our methods of analysis are similar to that of PAC learning, in
that we only require the learner to output an approximately correct problem solver with a
high probability. Just as in PAC learning, we require the learner to be successful on any
stationary problem distribution unknown to the learner.

There have been some other attempts to formalize speedup learning (e.g., Cohen, 1992,
Greiner & Likuski, 1989, Subramanian & Hunter, 1992). However, most of these formaliza-
tions of speedup learning use a measure of problem-solving performance such as the number
of nodes expanded in solving a problem (Cohen, 1992) or the number of unifications done
in answering a query (Greiner & Likuski, 1989). We believe that these measures are too
fine grained to be useful as a foundation for a robust theory of speedup learning comparable
to the analysis of concept learning in the PAC-learning framework. Following the standard
practice in complexity theory, we use the worst-case asymptotic complexity as our measure
of performance. We require a successful speedup learning program to result in a problem
solver whose worst-case asymptotic complexity is better than that of the nonlearning brute-
force problem solver. Moreover, the learning itself must consume only a polynomial amount
of time and a polynomial number of examples. Note that, according to our definition, the
standard forms of compiler optimizations such as loop unrolling, and improvements in the
hardware on which the program is run do not qualify as learning processes because they
do not change the asymptotic complexity of problem solving. However, more sophisticated
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forms of program transformation such as partial evaluation are considered as learning pro-
vided they improve the asymptotic complexity of program execution. Thus, we believe that
improving the worst-case asymptotic complexity of problem solving captures a cognitively
interesting form of speedup learning. Although any decrease in asymptotic complexity is
useful and interesting, in this paper we will be concerned with learning of polynomial-time
problem solvers for domains which can only be solved in exponential time in the worst case
without learning.

In Section 2, we introduce the preliminaries of problem solving and PAC learning. In
Section 3, we introduce our formal framework for speedup learning. Drawing on prior results
in PAC-learning, we prove a general theorem identifying conditions sufficient to allow such
learning. In Section 4, we apply our framework to learning control rules and describe an
implementation and experimental results in the symbolic integration domain. In Section
5, we apply our framework to learning macro-operators in the domain of Eight Puzzle. In
Section 6, we discuss our work in relation to previous formalizations of speedup learning.
In Section 7, we discuss some future extensions to our framework, including learning from
unsolved problems and exercises. Section 8 concludes the paper.

2. Preliminaries

Without loss of generality, we assume X = {0, 1} to be the alphabet of the language of state
descriptions, and use X" for the set of binary strings of length n.

A problem domain D is a tuple (S, G, 0), where, S = X" is a set of states, G is procedure
to recognize a subset of states in S as the goal states, and O is a set of operators {oq, ..., 01},
where each o; is a procedure which takes a state in S as input and outputs another state
also in S. The combination of goals and operators is called the specification of D. A
mela-domain M is a set of domains defined over the same set of states.

We denote the result of applying an operator o to a state s by o(s). A problem is a state
s € 5. A problem s is solvable if there is a sequence of operators 8 = (0g,, ..., 0z,), and a
sequence of states (sg, ..., sq), such that (a) s = sg, (b) for all ¢ from 1 to d, s; = 04,(s;-1),
and (c) sq satisfies the goal G'. In this case, 3 is a solution sequence of s, and d is the length
of the solution sequence [3.

The problem size is a syntactic measure of the complexity of a problem such as its length
when encoded in binary. If s is an arbitrary problem in 5 = X%, then its size |s| is n.

Notice that our domain specification is not as explicit as the domain theory used in
typical speedup learning programs like PRODIGY (Minton, 1990). The operators need not
be described in the STRIPS formalism, and goals need not be logical formulas. In fact, they
need not be declaratively represented at all, but may be described by procedures whose run
time is reasonably bounded. Thus, our learning framework requires the learning techniques
to be more independent of the operator representation than the traditional methods. This
allows choosing the operator representation which is best suited to the domain rather than
being constrained by the assumptions of the learning technique.

In the speedup learning systems studied by the experimental community, the goals and
operators are usually parameterized. These systems also learn control rules and macro-
operators with parameters. Learning parameterized rules and macro-operators makes it
possible to apply them to problems of arbitrary size. Another advantage of parameterization
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is the ability to apply the same rule recursively many times, where each application binds the
parameters to different arguments. Unfortunately, however, parameterization also increases
the computational cost of instantiating the operators (or rules). When the number of
parameters can be arbitrarily high, the instantiation problem is NP-complete in general.
One way to theoretically limit this cost is to upper-bound the number of parameters of the
operators, macro-operators, and control-rules to a constant. This ensures that both the time
for instantiation and the number of different instantiations are polynomials in the length
of the state description. It is possible to extend our results to such parameterized domains
with some suitable restrictions on the number of parameters or their interdependencies
(Tambe, Newell, & Rosenbloom, 1990). In fact, our application of the formal framework
to the symbolic integration domain does involve an implicit parameter that denotes the
subexpression of the current expression to which an operator is applied. However, for
simplicity of exposition, we currently restrict our theoretical framework to nonparameterized
operators.

A problem solver f for a domain D is a deterministic program that takes as input a
problem, s, and outputs its solution sequence if such exists, or the special symbol “L” if it
does not exist.

A hypothesis space F is a set of problem solvers. If F is a space of hypotheses, the
restriction of F to problems of size < n is called a subspace of hypotheses and is denoted by
Fn. Formally, for every f € F, there is a corresponding problem solver f, € F,, such that
fu(z) = f(z)if || < n and undefined otherwise. The logarithmic dimension or I-dimension
of a hypothesis space F is defined to be log|F,| and is denoted by dim(F,).

3. Learning from solved problems

In this section, we describe our learning framework. First, the domain specification is given
to the learner. The teacher then selects an arbitrary problem distribution and a problem
solver. We assume that there is at least one problem solver in the hypothesis space of
the learner that is functionally equivalent to the teacher’s problem solver, i.e., one which
outputs the same solution as the teacher’s problem solver on each problem. We call such a
problem solver in the learner’s hypothesis space, a target problem solver.

The learning algorithm has access to an oracle called SOLVED-PROBLEM. At each
call, SOLVED-PROBLEM randomly chooses a problem in the current domain, solves it
using the teacher’s problem solver, and returns the (problem solution) pair, which is called
an example. A lraining sample is a set of such training examples. We assume that if the
problem is not solvable by the teacher’s problem solver, it outputs the pair (problem, L).

Ideally, the goal of speedup learning is to find a target problem solver in the learner’s
hypothesis space. However, this is not always possible because our model of learning relies
on randomly chosen training examples. Hence, we allow the learning algorithm to output
an approximately correct problem solver with a high probability after seeing a reasonable
number of examples. The problem solver needs only to be approximately correct in the
sense that it may fail to produce a correct solution for a problem with a small probability
even though the teacher succeeds in solving it. We are now ready to formally define our
model of learning.
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Definition 1 An algorithm A is a speedup learning algorithm for a meta-domain M in a
hypothesis space F, if for any domain D € M, any choice of a problem distribution P, and
any target problem solver f € F,

1. A takes as inpul the specification of a domain D € M, mazimum problem size n, an
error parameter €, and a confidence parameter 6;

2. A may call SOLVED-PROBLEM, which returns examples (z, f(z)) for D, where
is chosen with probability P(xz) from the problem set ¥"; the number of oracle calls
of A must be polynomial in the maximum problem size n, %, %, and the length of
its input; its running time must be polynomial in all the previous parameters and an
upper bound t on the running times of programs in D on inpuls of size n;

3. for all D € M and all probabilily distributions P over %", with probability at least
(1=140), A outputs a program f' that approximates F in the sense that X ea P(z) < €,
where A = {z|f'(z) # f(z) and f(z) # L}; and

4. there is a fized polynomial R such that, for a mazimum problem size n, mazimum

solution length L, %, %, and the upper bound t on the programs in D, if A outpuls f’,

the run time of [’ is bounded by R(n,L,t,%, %)

There are a few things that should be noted about this framework. Similar to the
framework of Tadepalli (1991a), but unlike that of Natarajan and Tadepalli (1988), the
learning algorithm is a function of the hypothesis space. Note that the teacher is free to
generate solutions using any method. In particular, the teacher may be a human or a search
program. The only requirement is that a target problem solver that is functionally equivalent
to the teacher’s problem solver exists in the learner’s hypothesis space. This assumption is
needed so that the learner can approximate the target problem solver arbitrarily closely by
taking in more and more training examples. It would be impossible to do this if the target
problem solver itself does not exist in the learner’s hypothesis space.

Just as in the PAC-learning literature, learning must be successful independent of the
choice of training distribution P. The problem solver f’ output by the learner is said
to approximate the target problem solver, if they both produce the same solution with
probability no less than 1 — ¢, when tested on the problems sampled using P. Since the
training problems are randomly chosen, they sometimes may not be representative, and the
learner may fail to learn an approximately correct problem solver. Hence, we only require
that such a problem solver is learned at least with a probability 1 — 6.

Finally, there is the requirement that the learned problem solver must be efficient. We
capture this idea by insisting that it should run in time polynomial in various parameters,
including the problem size, solution length, inverses of the error and reliability parameters e
and 4, and the upper bound ¢ on the time needed for executing the domain operators. This
last parameter ¢ factors out the time for executing individual operators from the problem-
solving time, since this time is something the learning algorithm cannot be expected to
improve, because the operators are assumed to be opaque. In other words, we require only
that the number of operator executions is polynomial in various parameters, even though
the time for executing a single operator may be arbitrary but bounded.

The speedup achieved by the learner’s problem solver is with respect to a default brute-
force problem solver, which is the only one available to the learner before the learning
begins, and not with respect to the problem solvers in the learner’s hypothesis space. All
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the problem solvers in the hypothesis space of the learner are supposed to be efficient, since
we are only measuring efficiency by coarse scales such as running in polynomial time. As we
said earlier, we are not concerned with more refined notions of efficiency, such as improving
the time complexity of problem solving from O(n?) to O(n?), in this paper.

Although we treated a problem solver as simply a deterministic program that maps
problems to solutions, typically it consists of two components: a declarative representation
of some kind of control knowledge (a function) that specifies which operator or operator
sequence to apply in a given state, and an interpreter that uses the control knowledge to
solve any problem in time polynomial in its size. Since the interpreter is usually fixed, the
hypothesis space of problem solvers directly corresponds to a hypothesis space of possible
control knowledge. Assuming that there is an efficient target problem solver in the hypoth-
esis space of problem solvers implies that there is a target function in the corresponding
hypothesis space of control knowledge. Speedup learning of a hypothesis space of target
problem solvers can be achieved by PAC-learning of the corresponding hypothesis space
of control knowledge. However, we do have an additional problem of converting problem-
solution pairs of the target problem solver to examples of the target control knowledge.
We take advantage of the domain specification (definition of goals and operators) in doing
this conversion. Hence speedup learning in our framework consists of two steps: First, the
problem-solution pairs of the target problem solver should be converted to examples of the
target control knowledge using the domain specification. Second, the examples of target
control knowledge must be generalized using some function learning scheme, and the result
must be plugged into the interpreter to create an approximate problem solver.

For simplicity of exposition, this framework assumes that the maximum problem size n
is given. For a given problem distribution, this can also be easily estimated from examples
by the standard procedure of starting with size 1 and iteratively doubling it and verifying
it with a sufficiently large set of randomly generated problems (Natarajan, 1989).

Definition 2 A problem solver f is consistent with a training sample if for every (problem,
solution) pair in the training sample f(problem) = solution.

Similar to many PAC-learning algorithms, the speedup learning algorithms we consider
work by efficiently filtering the hypothesis space for a problem solver which is consistent
with the training sample. Before we prove theorems about particular hypotheses spaces, we
first state a general theorem which is a direct consequence of the results in PAC-learning
of finite hypothesis spaces (Blumer, Ehrenfeucht, Haussler, & Warmuth, 1989).

Theorem 1 Let M be a meta-domain, and F be a hypothesis space of polynomial-time
problem solvers for domains in M. Let dim(F,,) be polynomially bounded in n. Then an
algorithm is a speedup learning algorithm for M in F, if it

1. tlakes the specification of D € M, n, €, and ¢ as inpuls;

2. possibly calls the goals and operators in D;

3. collects L(dim(F,)In2 + In }) training examples;

4. terminates in time polynomial in n, %, %, and in the sizes of the domain specification

and the training examples; and

5. outputs a problem solver in F which is consistent with the training sample.
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In what follows, we refine this theorem to two particular hypothesis spaces: sets of
control rules and macro-operators. We identify sufficient conditions to guarantee speedup
learning in each of these two hypothesis spaces.

4. Learning control rules

One way to build efficient problem solvers is by learning control rules as in LEX (Mitchell,
Utgoff, & Banerji, 1983) or in PRODIGY (Minton, 1990). Control rules reduce search by
selecting, rejecting or ordering operators appropriately. In this section we consider learning
of control rules that select appropriate operators to apply in a given state.

4.1 A theory of control-rule learning

A control rule is a pair (U(0),0), where U(o) describes the set of problem states on which
this rule selects the operator o. U(o) is called the select-set of o.

We assume that the select-sets of operators of domains in M are described in some
language C'. We consider a hypothesis space F of problem solvers, where every problem
solver consists of a set of select-sets in C', one for each operator in the domain. Let C), be
the select-sets restricted to problems of size < n.

The hypothesis space F uses a fixed total ordering over the operators of the domain.
This ordering is used to resolve conflicts between applicable operators when more than one
select-set contains the given problem. In what follows, without loss of generality, we assume
that the operators are numbered using this ordering. Given a problem and a set of control
rules, a problem solver in F picks the least numbered operator whose select-set contains
the problem, and applies it. This is repeated until the problem is solved or no select-set
contains the current problem, in which case, the problem solver fails (see Figure 1). If the
membership in the select-sets can be checked in polynomial time, then this problem solver
runs in time polynomial in various parameters.

Now, we are ready to state and prove the main theorem of this section. The statement
and proof of this theorem can be derived from previous results on learning sets with one-
sided error (Natarajan, 1987). We prove it from the first principles for completeness.

Let L denote a set of sentences, each of which represents a set of problems in the
domain. There is a natural partial ordering over the elements of L defined by the “more
specific than” relation. A sentence is more specific than another if the set represented by
the first sentence is a subset of that represented by the second sentence. We define a most
specific generalization (MSG) of a set S of problems in L to be a sentence in L which
represents the most specific superset of 5.

Theorem 2 A mela-domain M possesses a speedup learning algorithm in the hypothesis
space F of problem solvers based on select-setls from C, if
1. every domain D € M has a problem solver in F thal solves any solvable problem in
polynomial time;
2. for any set of problems in S, there is a unique most specific generalization in C,, and
it can be computed in polynomial time;
3. membership in the sets in C,, can be checked in time polynomial in n; and
. log|C}| is a polynomial in n.

BN
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procedure Control-rule-problem-solver

input z;
begin
o=
while —Solved(z) do
begin
pick the least i s.t. « € U(o;);
if no such ¢ exists, halt with a failure;
z = o0;(x);
o = Append(o, 0;);
end;
output o;

end Control-rule-problem-solver

Figure 1: A problem solver that uses control rules

Proof: The key idea in the proof is as follows: Given a problem domain D, the learning
algorithm will construct approximations to the select-sets of the operators of D by finding
the most specific generalizations of the example problems to which they are applied. If the
conditions of the theorem are satisfied, this can be carried out in polynomial time, which is
exponentially faster than the default brute-force search. With these select-sets in place, the
algorithm Control-rule-problem-solver of Figure 1 behaves as an approximate problem solver
for the domain D.

The rest of the proof deals with the details. Specifically, we will exhibit a speedup
learning algorithm for M. Let D be a domain in M.

Let C be a language as in the statement of the theorem. By the conditions of the
theorem, C' must possess an algorithm that finds the most specific generalization of a set of
examples in polynomial time. The learning algorithm Control-rule-learner in Figure 2 uses
this algorithm, called Generalize, to construct good approximations for the select-sets in C,
and uses them to build a problem solver.

In particular, the Control-rule-learner works as follows. It first collects the required
number of examples, and for each problem, obtains all its intermediate subproblems by
applying its solution sequence to it. For each operator o; in the domain, it collects the set
of subproblems for which it is the first operator applied in their solutions. It then calls
Generalize on these sets S(o;), which outputs approximate select-sets U(o;).

We now show that the procedure Control-rule-learner of Figure 2 is indeed a learning
algorithm for M in F, if every domain in M has a problem solver in F. First, we show that
Control-rule-learner outputs a problem solver which is consistent with the training sample.

The proof is by induction on the length of the teacher’s solutions of training problems.
It is trivially true for any solutions of length 0. Assume that the above statement is true
for any training problems and their intermediate subproblems which are solved in less than
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