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Abstract

Termination of logic programs with negated body atoms (here called general logic
programs) is an important topic. One reason is that many computational mechanisms
used to process negated atoms, like Clark’s negation as failure and Chan’s constructive
negation, are based on termination conditions. This paper introduces a methodology for
proving termination of general logic programs w.r.t. the Prolog selection rule. The idea is to
distinguish parts of the program depending on whether or not their termination depends on
the selection rule. To this end, the notions of low-, weakly up-, and up-acceptable program
are introduced. We use these notions to develop a methodology for proving termination
of general logic programs, and show how interesting problems in non-monotonic reasoning
can be formalized and implemented by means of terminating general logic programs.

1. Introduction

General logic programs (GLP’s for short) provide formalizations and implementations for
special forms of non-monotonic reasoning, as illustrated by Apt and Bol (1994) and Baral
and Gelfond (1994). For example, Prolog’s negation as finite failure operator can be used
to implement the temporal persistence problem in Artificial Intelligence as a logic program
(Kowalski & Sergot, 1986; Evans, 1990; Apt & Bezem, 1991). The implementation of
operators like Clark’s negation as failure (Clark, 1978) and Chan’s constructive negation
(Chan, 1988), is based on termination conditions. Therefore the study of termination of
GLP’s (e.g., De Schreye & Decorte, 1994) is an important topic.

Two classes of GLP’s that behave well w.r.t. termination are the so-called acyclic and
acceptable programs (Apt & Bezem, 1991; Apt & Pedreschi, 1991). In fact, Apt and Bezem
(1991) prove that if negation as finite failure is incorporated into the proof theory, then
for any acyclic program, all sld-derivations with arbitrary selection rule of ground queries
terminate. The converse of this result, i.e., if a program terminates for all ground queries,
then it is acyclic, holds only under the assumption that the program is ‘non-floundering’.
Apt and Pedreschi (1991) establish analogous results on termination for so-called acceptable
programs, this time w.r.t. the Prolog selection rule, which selects the leftmost literal of a
query.

Floundering is an abnormal form of termination which arises as soon as a non-ground
negated atom is selected, as explained e.g., in (Apt & Bol, 1994). To treat also non-ground
negated atoms, Chan (1988) introduced a procedure known as Chan’s constructive negation.
Using Chan’s constructive negation, Marchiori (1996) showed that the notions of acyclicity
and acceptability provide a complete characterization of programs that terminate for all
ground queries.
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The notion of acceptability combines the definition of acyclicity with a semantic condi-
tion, and therefore proving acceptability may be rather cumbersome. The aim of this paper
is to develop a methodology for proving termination with respect to the Prolog selection
rule, by using as little semantic information as possible. A program P is split into two
parts, say P, and P»; then one part is proven to be acyclic, the other one to be acceptable,
and these results are combined to conclude that the original program is terminating w.r.t.
the Prolog selection rule. The decomposition of P is done in such a way that no relations
defined in P; occur in P,. We introduce the notions of up-acceptability, where P; is proven
to be acceptable and P, to be acyclic, and of low-acceptability, which treats the converse
case (P acyclic and P, acceptable). In order to be of more practical use, the notion of
up-acceptability is generalized to weak up-acceptability. We integrate these notions in a
bottom-up methodology for proving termination of general logic programs. We apply our
results to programs formalizing problems in non-monotonic reasoning. In particular, we
show that the planning in the blocks world problem can be formalized and implemented by
means of an up-acceptable program. This provides a class of queries (up-bounded queries)
that can be completely answered.

Even though our main theorems (Theorem 5.5, 6.4 and 7.2) deal with Chan’s construc-
tive negation only, a simple inspection of the proofs shows that they hold equally well for
the case of negation as finite failure.

Our approach provides a simple methodology for proving termination of GLP’s, by com-
bining the results of Bezem, Apt and Pedreschi on acyclic and acceptable programs. The
relevance of this methodology is twofold: for a large class of programs, it overcomes the
drawback of the method of Apt and Pedreschi (1991), namely the use of too much semantic
information; and it allows to identify those parts of the program whose termination is de-
pendent on the use of the Prolog selection rule. Moreover, the examples that are given, show
that systems based on the logic programming paradigm provide a suitable formalization and
implementation for problems in non-monotonic reasoning.

The paper is organized as follows. The next section contains some terminology and
preliminaries. In Sections 3 and 4 the notions of acyclicity and acceptability are presented.
Sections 5, 6, and 7, contain our alternative definitions of acceptability. In Section 8 these
definitions are integrated in a methodology for proving termination. Finally, in Section 9
some conclusions are given. This paper is an extended and revised version of (Marchiori,
1995).

2. Preliminaries

The following notation will be used. We follow Prolog syntax and assume that a string
starting with a capital letter represents a variable, while other strings represent constants,
terms and relations. Relation symbols are often denoted by p,q,r. A literal is either an
atom p(sy,...,Sk), or a negated atom —p(sy,..., i), or an equality s = ¢, or an inequality
V(s # t), where V quantifies over some (perhaps none) of the variables occurring in s, ¢.
Equalities and inequalities are also called constraints, and denoted by c. An inequality
V(s # t) is primitive if it is satisfiable but not valid. For instance, X # a is primitive. An
(extended) general logic program, denoted by P, R, is a finite set of clauses

H<—1Li,...,Ln.
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with m > 0, where H is an atom, and L; is a literal, for ¢« € [1,m]. A query is a finite
sequence of literals, and is denoted by Q.

To treat negated non-ground atoms, Chan (1988) proposes to augment sld-resolution
with a procedure, informally described as follows. For a substitution § = {X;/t1,..., X, /tn},
we denote by Ey the equality formula (X; = ¢; A...A X, =t,). For any negated atom —A,
if all the s1d-derivations of A are finite, and 64, ..., 0, with £ > 0, are the computed answer
substitutions, then the answers for —A are obtained from the negation of 3(Ey, V...V Ey, ),
where 3 quantifies over the variables not occurring in A. For instance, consider the program

p(a) «.
p(b) «—.

The answer to the query —p(X) is X # a A X # b. We call sldcnf-resolution, sld-
resolution augmented with Chan’s procedure. To show the correctness of sldcnf-resolution,
we choose as program semantics the Clark’s completion (Clark, 1978). This semantics is a
natural interpretation of a GLP as a set of definitions. Intuitively, the Clark’s completion
of a program P, denoted by comp(P), is the first-order theory obtained by replacing the
implication of each clause of P with an equivalence. It is constructed as follows. Below, V
quantifies over X1,..., Xg.

e For every relation symbol p occurring in P, having say £ > 0 arguments:

— if p does not occur in the head of any clause then add the formula
V(p(X1,...,Xk) < false);

— otherwise, if £ = 0 then add the formula p < true; if £ > 0 and C1, ..., C}, with
[ > 1 are all the clauses of P with head symbol p, with C; = p(si, ..., s}c) — Q;,
then add the formula V(p(X1, ..., Xk) < Viepnn(3Vi(Ei A Q;)), where V; is the
set of variables of C;, E; is (s} = X1 A... A s}, = X}), and X1,..., X} are fresh
variables.

e Finally, the following free equality azioms are added, so that the equality theory of
comp(P) becomes the same as the one of the Herbrand universe.
- f(Xl,...,Xk) = f(Yl,...,Yk) — (X1 =Y1A...AXg :Yk),
for every function symbol f,

- f(Xla)Xk) 7& g(Yi,,Ym),
for every distinct function symbols f and g,

— X #s,
for every term s s.t. X occurs in s.

The soundness of sldcnf-resolution w.r.t. Clark’s semantics follows from
comp(P) V(A < 3(Ep, V...V Ey,)),

where V quantifies over all the free variables of the formula. sldcnf-resolution is complete
only for queries having all terminating derivation. In fact, Chan’s procedure is not defined
if A has an infinite derivation. As a consequence, the notion of (infinite) derivation is
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not always defined. This is a problem for the study of termination of GLP’s, because
the notion of derivation is of crucial importance. Therefore, we refer here to an alternative
definition of Chan’s procedure given by Marchiori (1996), where the subtrees used to resolve
negative literals are built in a top-down way, constructing their branches in parallel. As a
consequence, the main derivation is infinite if at least one of these subtrees is infinite.
Termination of GLP’s depends on the selection rule. For instance, the program

p <~ 4,p-

terminates if the Prolog selection rule, which chooses the leftmost literal of a query, is
used. But, the program does not terminate if the selection rule which chooses the rightmost
literal of a query is used. We shall consider the generalization of the Prolog selection
rule to programs containing constraints, which delays the selection of primitive constraints
as follows: the leftmost literal of a query which is not a primitive inequality is chosen.
For simplicity, we continue to refer to this selection rule as the Prolog selection rule. An
sldcnf-tree that is obtained by using the Prolog selection rule is called 1dcnf-tree.

To prove termination of logic programs, suitable functions from ground atoms to natural
numbers, called level mappings, will be used. Let Bp denote the Herbrand base of P.

Definition 2.1 (Level Mapping) A level mapping (for P) is a function | | from Bp to
natural numbers. a

A level mapping is extended to negated ground atoms by |~A| = |A|. We do not need to
extend this notion also to constraints, because they represent terminating atomic actions.
However, note that the presence of constraints in a query influences termination, because,
for instance, a derivation finitely fails if an unsatisfiable constraint is selected.

3. Acyclic Programs

Our method will be based on the notions of acyclicity and acceptability, which are used
to characterize a class of terminating programs w.r.t. an arbitrary and the Prolog selection
rule, respectively. In this section we recall the definition of acyclicity, and some useful
results from (Marchiori, 1996), while acceptability will be discussed in Section 4.

Apt and Bezem (1991) study termination of GLP’s w.r.t. an arbitrary selection rule.
They introduce the following elegant syntactic notion.

Definition 3.1 (Acyclic Program) A program P is acyclic w.r.t. a level mapping | | if
for all ground instances H « L1,..., L, of clauses of P we have that |H| > |L;| holds for
all i <1 < nst. L; is not a constraint. P is acyclic if there exists a level mapping | | s.t.
P is acyclic w.r.t. | |. O

If a program is acyclic, then all ground queries have only finite derivations, and hence
terminate. To extend this result to non-ground queries, the following notion of boundedness
is used.

Definition 3.2 (Bounded Query) Let | | be a level mapping. A query Q = L1,...,L, is
bounded (w.r.t. | |) if for every 1 < i < n, the set

|Q|i = {|L}| | L is a ground instance of L;}
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is finite. O

Notice that ground queries are bounded. Apt and Bezem prove that for an acyclic
program, every bounded query () has only finite derivations w.r.t. negation as finite failure.
The converse of this result does not hold, due to the possibility of floundering. Instead, using
Chan’s constructive negation, we obtain a complete characterization (Marchiori, 1996).

First, we formalize the concept of termination w.r.t. an arbitrary selection rule.

Definition 3.3 (Terminating Query and Program) A query is terminating (w.r.t. P) if
all its s1dcnf-derivations (in P) are finite. A program P is terminating if all ground queries
are terminating w.r.t. P. O

Theorem 3.4 Let P be an acyclic program and let () be a bounded query. Then every
sldcnf-tree for QQ in P contains only bounded queries and is finite.

Theorem 3.5 Let P be a terminating program. Then there exists a level mapping | | s.t.:
(i) P is acyclic w.r.t. | |; (ii) for every query Q, Q is bounded w.r.t. | | iff Q is terminating.

From Theorems 3.4 and 3.5 it follows that terminating programs coincide with acyclic
programs and that for acyclic programs a query has a finite sldcnf-tree if and only if it
is bounded. Notice that when negation as finite failure is assumed, Theorem 3.5 does not
hold. For instance, the program:

p(X) « = q(V).
q(s(X)) « q(X).
q(0) «.

is terminating (floundering) but it is not acyclic.

Finding a level mapping for proving acyclicity is a creative process. We refer the reader
to (De Schreye & Decorte, 1994) for a thorough presentation of various techniques for
constructing level mappings.

The following section illustrates how an interesting problem in nonmonotonic reasoning
can be formalized and implemented as an acyclic program.

3.1 An Example: Blocks World

The blocks world is a formulation of a problem in AI, where a robot performs a number
of primitive actions in a simple world (see for instance Nilsson, 1982). Here we consider
a simpler version of this problem by Sacerdoti (1977). There are three blocks a, b, ¢, and
three different positions p, ¢, r on a table. A block can lay either above another block or
on one of these positions, and it can be moved from one position to another. The problem
consists of specifying possible configurations, i.e., those obtained from the initial situation
by performing a sequence of possible moves. An example of an initial situation is given in
Figure 1.

Kowalski (1979) gives a clausal representation of this problem by means of pre- and post-
conditions. Here we formulate the problem using McCarthy and Hayes’ situation calculus
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Figure 1: The Blocks-World

(McCarthy & Hayes, 1969), in terms of facts, events and situations. There are three types
of facts: loc(X,L) stands for ‘block X is in location L’; above(X,Y) for ‘block X is on
block Y’; and clear(L) for ‘there is no block in location L’. There is only one type of event:
move(X, L) stands for ‘move block X into location L’. Finally, situations are described
using lists: | | denotes the initial situation, and [Xe|Xs] the situation obtained from Xs
by performing the event Xe. Based on the above representation, the blocks world can be
formalized as the following GLP BLOCKSWORLD:

—

holds(1,[]) «— . 1€ L

block(bl) « . ble B

position(pl) « . ple P

holds(loc(X,L), [move(X,L) [Xs]) «
block(X),
position(L),
holds(clear(top(X)),Xs),
holds(clear(L),Xs),
L # top(X).

5) holds(loc(X,L),[XelXs]) <
block(X),
position(L),

— abnormal (loc(X,L) ,Xe,Xs),
holds(loc(X,L),Xs).

6) holds(above(X,Y),Xs) «
holds(loc(X,top(Y)),Xs).

7) holds(above(X,Y),Xs) «
holds(loc(X,top(Z)) ,Xs),
holds(loc(Z,top(Y)),Xs).

8) holds(clear(L),Xs) «

- occupied(L,Xs).
9) abnormal (loc(X,L) ,move(X,L’),Xs) «.

W N
~— O —

N
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10) occupied(L,Xs)«
holds(loc(X,L),Xs).

11) legals([(a,L1),(b,L2),(c,L3)],Xs) «
holds(loc(a,Ll),Xs),
holds(loc(b,L2),Xs),
holds(loc(c,L3),Xs).

Here top (X) denotes the top of block X, B = {a, b, c}, P = {p, ¢, 7, top(a), top(b), top(c)},
and £ = {loc(a,p),loc(b, q),loc(c,r)}. Moreover, lines 1, 2 and 3 abbreviate sets of clauses,
and line 1 specifies the initial situation. The relation holds describes when a fact is possible
in a given situation, and the relation legals when a configuration is possible in a given
situation.

Consider the following level mapping, where for a ground term y, |y| denotes the length
of the list y, otherwise (i.e., if y is not a list) |y| is 0.

|block(z)| = 0,
|position(x)| = 0,
|abnormal(z,y, z)| = 0,

3x|y|+1 ifx is of the form loc(r, s),
3x|y|+3 if x is of the form clear(r, s),
3x|y|+4 ifzis of the form above(r,s),
0 otherwise.

|holds(z,y)| =

|occupied(z,y)| = 3 * |y| + 2,
|legals(z,y)| = 3 * |y| + 2.

It is easy to check that BLOCKSWORLD is acyclic w.r.t. | |.

Therefore, the class of questions expressed by means of bounded queries can be com-
pletely answered. For instance, the question ‘when block a remains in its initial position p
under the occurrence of an action?’ can be formalized as the query holds(loc(a,p), [A]).
This query is bounded, hence every of its sldcnf-derivations is finite, with answer VL(A #
move(a, L)).

Note that this query would flounder when negation as finite failure is used.

4. Acceptable Programs

In the previous section, we have seen how termination of GLP’s w.r.t. an arbitrary selection
rule can be proven by means of the notion of acyclicity. The notion of acceptability (Apt
& Pedreschi, 1991) is used for proving termination of GLP’s w.r.t. the Prolog selection rule.
In this section, we recall this notion, together with some useful results from (Marchiori,
1996). Acyclicity and acceptability will be combined in the following sections to provide
more practical tools for proving termination of GLP’s w.r.t. the Prolog selection rule.

In order to study termination of general logic programs with respect to the Prolog
selection rule, Apt and Pedreschi (1991) introduced the notion of acceptable program. This
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notion is based on the same condition used to define acyclic programs, except that, for a
ground instance H « L1, ..., L, of a clause, the test |H| > |L;| is performed only until the
first literal Lz which fails. This is sufficient since, due to the Prolog selection rule, literals
after Lz will not be selected. To compute 7, a class of models of P, here called specialized
models, is used. The following notion is used. The restriction of an interpretation I to a
set S of relations, denoted by I|g, is the set of atoms of I having their relations in S.

Definition 4.1 (Specialized Model) Let Negp be the least set S of relations s.t.: the
relations of P occurring in negated atoms are in S; and if an element of S occurs in the
head of a clause, then all the relations occurring in the body of that clause are in S. Let
P~ be the set of clauses in P whose head contains a relation from Negp. Now a model
of Pis specialized if I|yeg, is a model of comp(P~). O

Definition 4.2 (Acceptable Program) Let | | be a level mapping for P and let I be an
interpretation of P. P is acceptable w.r.t. | | and I if I is a specialized model of P, and
for all ground instances H « L1,..., L, of clauses of P we have that |H| > |L;| holds for
every 1 < i <ms.t. L; is not a constraint, where m = min({n}U{i € [1,n] | I = L;}). P is
acceptable if it is acceptable w.r.t. some level mapping and interpretation. O

If a program is acceptable, then every ground query has only finite ldcnf-derivations,
hence it terminates. To extend this result to non-ground queries, as for the acyclic case,
the following notion of boundedness is used.

Definition 4.3 (Bounded Query) Let | | be a level mapping and let I be a specialized
model of P. A query Q = Ly,..., L, is bounded (w.r.t. | | and TI) if for every 1 <i <n

IQl, = {|L}| Li,...,L. ground instance of L1,..., L; and
TELL,. )

is finite. O

Apt and Pedreschi prove that for an acceptable program, every bounded query has only
finite derivations w.r.t. the Prolog selection rule and negation as finite failure. The converse
of this result holds when han s constructive negation is used ( archiori, 1 ). irst, we
formalize the concept of termination w.r.t. the Prolog selection rule.

Definition 4.4 ( eft erminating Query and Program) A query is le t terminatin
(w.r.t. P) if all its 1dcnf-derivations are finite. A program P is le t terminatin if every
ground query is left-terminating w.r.t. P. O

eoe 4. et P be an acceptable pro ram and let @ be a bo nded er . en e er
ldcnf tree or Q in P contains onl bo nded eries and is nite.

eoe 4. et P be a le t terminatin pro ram. en t ere e ists a le el mappin | |
and a specialized model I o P s.t. 1 P is acceptable w.r.t. || andI ii ore er er
Q Q isbo nded w.r.t. || and I i Q is le t terminatin .

In the following section an acceptable program that formalizes planning in the bloc s world
is given.
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