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Abstract

Characteristic models are an alternative, model based, representation for Horn expres-
sions. It has been shown that these two representations are incomparable and each has
its advantages over the other. It is therefore natural to ask what is the cost of translat-
ing, back and forth, between these representations. Interestingly, the same translation
questions arise in database theory, where it has applications to the design of relational
databases. This paper studies the computational complexity of these problems.

Our main result is that the two translation problems are equivalent under polyno-
mial reductions, and that they are equivalent to the corresponding decision problem.
Namely, translating is equivalent to deciding whether a given set of models is the set of
characteristic models for a given Horn expression.

We also relate these problems to the hypergraph transversal problem, a well known
problem which is related to other applications in Al and for which no polynomial time
algorithm is known. It is shown that in general our translation problems are at least as
hard as the hypergraph transversal problem, and in a special case they are equivalent
to it.

1. Introduction

The traditional form of representing knowledge in Al is through logical formulas (McCarthy,
1958; McCarthy & Hayes, 1969), where all the logical conclusions of a given formula are
assumed to be accessible to an agent. Recently, an alternative way of capturing such
information has been developed (Kautz, Kearns, & Selman, 1995; Khardon & Roth, 1994).
Instead of using a logical formula, the knowledge representation is composed of a particular
subset of its models, the set of characteristic models. This set retains all the information
about the formula, and is useful for various reasoning tasks. In particular, using model
evaluation with the set of characteristic models, one can deduce whether another formula,
a query presented to an agent, is implied by the knowledge or not. While characteristic
models exist for arbitrary propositional formulas, in this paper we limit our attention to
logical formulas which are in Horn form and to their representation as characteristic models.

The characteristic models of Horn formulas have been shown to be useful. There is a lin-
ear time deduction algorithm using this set, and abduction can be performed in polynomial
time, while using formulas it is NP-Hard (Kautz et al., 1995). Furthermore, an algorithm
for default reasoning using characteristic models has been developed, for cases where for-
mula based algorithms are not known (Khardon & Roth, 1995). Hence, the question arises,
whether one can efficiently translate a Horn formula into its set of characteristic models
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and then use this set for the reasoning task. We denote this translation problem by CCM
(for Computing Characteristic Models).

On the other hand, given a set of assignments, it might be desirable to find the underlying
structure behind this set of models. This is the case when one is trying to learn the
structure of the world using a set of examples. This problem has been studied before under
the name Structure Identification (Dechter & Pearl, 1992; Kautz et al., 1995; Kavvadias,
Papadimitriou, & Sideri, 1993). Technically, the problem seeks an efficient translation from
a set of characteristic models into a Horn expression that explains it. We denote this
translation problem by SID (for Structure Identification).

Interestingly, the same constructs appear in the theory of relational databases. As
shown in a companion paper (Khardon, Mannila, & Roth, 1995), there is a correspondence
between Horn expressions and Functional Dependencies, and a correspondence between
characteristic models and an Armstrong relation. The equivalent question of translating
between functional dependencies and Armstrong relations has been studied before (Beeri,
Dowd, Fagin, & Statman, 1984; Mannila & Raiha, 1986; Fiter & Gottlob, 1991; Gottlob
& Libkin, 1990) and is relevant for the design of relational databases (Mannila & Raiha,
1986). While this paper does not discuss the problems in the database domain, some of the
results presented here can be alternatively derived from previous results in database theory
using the above mentioned equivalence. (We identify those precisely, later on.) However,
this paper makes these results more accessible without resorting to any results in database
theory, and with simpler proofs. On the other hand some new results are presented, which
resolve a question which was open both in Al and in the database domain.

1.1 An Example

Let us introduce the problems in question through an example. Suppose the world has 4
attributes denoted a,b,c,d, each taking a value in {0,1} to denote whether it is “on” or
“off”, and our knowledge is given by the following constraints:

W = (be — d)(ed — b)(be — a).

Then W is a Horn expression and it is normally used to decide whether certain constrains
are implied by it or not. For example W = (¢d — a), and W [~ (bd — a), where the symbol
I= stands for implication. This is normally performed by deriving a proof for the constraint
in question. If no such proof exists then implication does not hold. In our example we
would notice that (ed — b), and therefore (¢d — be — a). As for (bd — a), we would fail to
find a proof and therefore conclude that it is not implied by W. This general approach is
called theorem proving, and is efficient for Horn expressions (Dowling & Gallier, 1984).

An alternative approach is to check the implication relation by model checking. Im-
plication is defined as follows: W |= a if every model of W is also a model of a (where
z € {0,1}" is a model of an expression f if f is evaluated to “truth” on z). So to decide
whether W |= a we can simply use all the models of W, and check, one by one, whether
any of them does not satisfy a. In our example W has 11 models:

models(W') = {0000,0001,0010,0100,0101,1000, 1001, 1010,1100,1101, 1111}
(where the assignments denote the values assigned to abed correspondingly), and we would

have to test a on every one of them. Unfortunately, in general the number of models may
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be very large, exponential in the number of variables, and therefore this procedure will not
be efficient.

The question arises therefore, whether there is a small subset of models which still
guarantees correct results when used with the model checking procedure. Such a subset is
called the set of characteristic models of W and its existence has been proved (Kautz et al.,
1995; Khardon & Roth, 1994). In our example this set is:

char(W) = {0010,0101, 1001, 1010,1100, 1101, 1111},

so it includes 7 out of the 11 models of W. Model checking with this set is guaranteed
to produce correct results for any a which is a Horn expression, and using a slightly more
complicated algorithm one can answer correctly for every a (Kautz et al., 1995). In our
example, it is easy to check that (¢d — a) is evaluated to “truth” on all the assignments in
char(W) and that (bd — a) is falsified by 0101.

The utility of these representations, Horn expressions and characteristic models, is not
comparable. Fach of these representations has its advantages over the other. First, the size
of these representations is incomparable. There are short Horn expressions for which the
set of characteristic models is of exponential size, and vice versa, there are also exponential
size Horn expressions for which the set of characteristic models is small (Kautz et al.,
1995). The representations also differ in the services which they support. On one hand,
Horn expressions are more comprehensible. On the other hand characteristic models are
advantageous in that they allow for efficient algorithms for abduction and default reasoning.
In this paper we are asking how hard it is to translate between these representations, so as
to enjoy the benefits of both.

1.2 Overview of the Paper

In this paper we study the complexity of the translation problems CCM and SID. For
these problems, the output may be exponentially larger than the input. Therefore, it is
appropriate to ask whether there are algorithms which can perform the above tasks in time
which is polynomial in both the input size and the output size. These are called output
polynomial algorithms.

Before starting our investigation we note that it has been shown (Kautz et al., 1995)
that using the set of characteristic models one can answer abduction queries related to H
in polynomial time, while given the formula H it is NP-Hard to perform abduction (Selman
& Levesque, 1990). This however does not imply that computing the set of characteristic
models is NP-Hard since the construction in the proof yields a Horn formula whose set of
characteristic models is of exponential size.

Our main result says that CCM and SID are equivalent to each other, and are also
equivalent to the corresponding decision problem. The problem of Characteristic Models
Identification (CMI), is the problem of deciding, given a Horn expression H and a set of
models GG, whether G = char(H ). We show that CCM, SID, and CMI are equivalent under
polynomial reductions. Namely, the translation problems are solvable in polynomial time
if and only if the decision problem is solvable in polynomial time. These are new results
which have immediate corollaries in the database domain.

We then show a close relationship between these problems and the Hypergraph Transver-
sal Problem (HTR). Given a hypergraph G a transversal of its edges is a set of nodes which

351



KHARDON

touches every edge in the graph. In the HTR problem one is given a hypergraph as an
input, and is required to compute the set of minimal transversals of its edges.

The HTR problem has a lot of equivalent manifestations which appear in various
branches of computer science. Examples in Al include computing abductive diagnoses (Re-
iter, 1987), enumerating prime implicants in ATMS (Reiter & De Kleer, 1987), and Horn
approximations (Kavvadias et al., 1993) which are closely related to characteristic models.
Other areas include database theory (Mannila & Raiha, 1986), Boolean complexity, and
distributed systems (Eiter & Gottlob, 1991). A comprehensive study of these problems is
presented by Eiter and Gottlob (1994). HTR is also equivalent to the problem of dual-
ization of monotone Boolean expressions, which is the form in which we present it here.
This problem, requires translation between the CNF and DNF representations of monotone
functions.

The complexity of the HTR problem has been studied before (Fredman & Khachiyan,
1994; Eiter & Gottlob, 1994; Kavvadias et al., 1993) and is still an open question. On one
hand a class of problems which are “HTR complete” has been defined and studied (Eiter
& Gottlob, 1994). This class includes many problems from various application areas which
are equivalent to HTR (under polynomial reductions). On the other hand the problem is
probably not NP-Complete. Recently, Fredman and Khachiyan (1994) have presented a
sub-exponential n®1°87) time algorithm for the HTR problem.

We first show that the problem CCM is at least as hard as HTR. By that we mean that
if there is an output polynomial algorithm for CCM then there is an output polynomial
algorithm for HTR. This has been stated as an open problem by Kavvadias et. al. (1993),
who proved a similar hardness result for SID. Both hardness results can be alternatively
derived by combining previous results in database theory (Eiter & Gottlob, 1994; Bioch &
Ibaraki, 1993) and its relation to our problems (Khardon et al., 1995).

We then consider two relaxations of these translation problems. The first is considering
redundant Horn expressions which contain all the Horn prime implicates for a given ex-
pression. The output of SID is therefore altered to be the set of all prime implicates, and
similarly the input of CCM includes all the prime implicates instead of a minimal subset.
It is shown that in this special case, SID, CCM, and HTR are equivalent under polynomial
reductions. Therefore, the algorithm presented by Fredman and Khachiyan (1994) can be
used to solve CCM, and SID in time n®(°8™) This result can be alternatively derived from
the results on functional dependencies in MAK form (Eiter & Gottlob, 1991). We show
however that our argument generalizes to the larger family of k-quasi Horn expressions.

The second relaxation is the problem of computing all the prime implicants for a given
Horn expression. This is a relaxation of CCM since using the prime implicants one can
compute the characteristic models. Interestingly, the algorithm for HTR (Fredman &
Khachiyan, 1994) can be adapted to this problem, resulting an algorithm with time com-
plexity nO(log®n),

It is shown, however, that both relaxations do not help in solving the general cases of
CCM and SID due to exponential gaps in the size of the corresponding representations.

Lastly, we consider a related problem, denoted EOC, which is a minor modification of
CCM and SID. This problem is shown to be co-NP-Complete. This serves to highlight some
of the difficulty in finding the exact complexity of our problems. A variant of this result,
has already appeared in the database literature (Gottlob & Libkin, 1990).
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Figure 1: Summary of Complexity Results

Our results are summarized in Figure 1, where a hierarchy of problems is depicted.
The problem EQC is co-NP-Complete. The problem CMI is a special case of EOC, and is
equivalent to SID and CCM. The problem HTR is a special case of CMI and is equivalent
to SID and CCM under the restriction that the Horn expression is represented by the set
of all prime implicates.

The rest of the paper is organized as follows. Section 2 defines characteristic models,
describes some of their properties, and formally defines the problems in question. Section 3
discusses the relation between CCM,SID and the corresponding decision problem. Section 4
discusses the relation to the HTR problem. We first establish the hardness result, and then
consider the two relaxations mentioned above. Section 5 shows that EQC is co-NP-Hard,
and Section 6 concludes with a summary.

2. Preliminaries

This section includes the basic definitions, and introduces several previous results which are
used in the paper.

We consider Boolean functions f : {0,1}" — {0,1}. The elements in the set {zq,...,2,}
are called variables. Assignments in {0, 1}" are denoted by z,y, 2z, and weight(z) denotes
the number of 1 bits in the assignment z. A literal is either a variable z; (called a positive
literal) or its negation Z; (a negative literal). A clause is a disjunction of literals, and a CNF
formula is a conjunction of clauses. For example (21 VZ3) A (23 VZ1V 24) is a CNF formula
with two clauses. A term is a conjunction of literals, and a DNF formula is a disjunction
of terms. For example (z1 AT3) V (23 A T1 A z4) is a DNF formula with two terms. A CNF
formula is Horn if every clause in it has at most one positive literal. A formula is monotone
if all the literals that appear in it are positive. The size of CNF and DNF representations
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is, respectively, the number of clauses and the number of terms in the representation. We
denote by |DN F(f)| the size of the smallest DNF representation for f.

An assignment z € {0,1}" satisfies f if f(z) = 1. Such an assignment z is also called
a model of f. By “f implies ¢”, denoted f |= ¢, we mean that every model of f is also
a model of g. Throughout the paper, when no confusion can arise, we identify a Boolean
function f with the set of its models, namely f=!(1). Observe that the connective “implies”
() used between Boolean functions is equivalent to the connective “subset or equal” (C)
used for subsets of {0,1}". That is, f = ¢ if and only if f C g¢.

A term t is an implicant of a function f, if ¢t | f. A term t is a prime implicant of a
function f, if ¢ is an implicant of f and the conjunction of any proper subset of the literals
in ¢ is not an implicant of f.

A clause d is an implicate of a function f,if f |= d. A clause d is a prime implicate of a
function f, if d is an implicate of f and the disjunction of any proper subset of the literals
in d is not an implicate of f.

It is well known that, a minimal DNF representation of f is a disjunction of some of its
prime implicants. A minimal CNF representation of f is a conjunction of some of its prime
implicates.

If f is monotone, then it has a unique minimal DNF representation (using all the prime
implicants), and a unique minimal CNF representation (using all its prime implicates).

2.1 Characteristic Models

The idea of using characteristic models as a knowledge representation was introduced by
Kautz et. al. (1995). Characteristic models were studied in Al (Dechter & Pearl, 1992;
Kavvadias et al., 1993; Khardon & Roth, 1994) and under a different manifestation in
database theory (Beeri et al., 1984; Mannila & Raiha, 1986; Gottlob & Libkin, 1990; Eiter
& Gottlob, 1991, 1994). This section defines characteristic models and their basic properties.

For u,v € {0,1}", we define the intersection of u and v to be the assignment z € {0,1}"
such that z; = 1 if and only if u; = 1 and v; = 1 (i.e., the bitwise logical-and of u and v.).

For a set of assignments S, z = intersect(.5) is the assignment we get by intersecting
all the assignments in 5. We say that S is redundant if there exists z € S and S" C S such
that z ¢ 5" and z = intersect(5’). Otherwise S is non-redundant.

The closure of S C {0,1}", denoted closure(5), is defined as the smallest set containing
S that is closed under intersection.

To illustrate these definitions consider the set A/ = {1101,1110,0101}. Then M is
non-redundant, intersect(M) = 0100, and closure(M )= {1101,1110,0101,0100,1100}.

Let H be a Horn expression. The set of the Horn characteristic models of H, denoted
here char(H) is defined as the set of models of H that are not the intersection of other
models of H. Note that char(H ) is non-redundant. Formally,

char(H)={u € H | u & closure(H \ {u}) }. (1)

For example, char({1101,1110,0101,0100}) = {1101,1110,0101}.

It is well known that the set of models of Horn expressions is closed under intersection.
This result is due to McKinsey (1943), who proved it for a certain class of first order sen-
tences. Alfred Horn (1951) considered a more general class of sentences. (Lemma 7 by Horn
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(1951) deals with the propositional case. Dechter and Pearl (1992) present another proof for
the propositional case.) Moreover, since characteristic models capture all the information
about the closure, they also capture all the information about the Horn expression.

Theorem 1 (Kautz et al., 1995; Dechter & Pearl, 1992) Let H be a Horn expression
then H = closure(char(H)).

2.2 Monotone Theory and Characteristic Models

The monotone theory was introduced by Bshouty (1993), and was later used for a theory
for model-based reasoning (Khardon & Roth, 1994). This section explores the relations
between the monotone theory and characteristic models.

Definition 1 (Order) We denote by < the usual partial order on the lattice {0,1}", the
one induced by the order 0 < 1. That is, for z,y € {0,1}", z <y if and only if Vi, z; < y;.
For an assignment b € {0,1}" we define x <y y if and only if t b < y® b (Here & is the
bitwise addition modulo 2). We say that x > y if and only if x > y and z # y.

Intuitively, if b; = 0 then the order relation on the ¢th bit is the normal order; if b; = 1,
the order relation is reversed and we have that 1 <3, 0. For example 0101 <4717 0100, and
0101 £41111 0110. We now define:

The monotone extension of z € {0,1}" with respect to b:

My(z) ={z | © > z}.
The monotone extension of f with respect to b:
My(f)=Az | x>y 2z, for some z € f}.
The set of minimal assignments of f with respect to b:

miny(f) ={z | z € f, such that Yy € f,z %5 y}.

For example
Mi111(0101) = {0101,0001,0100,0000}, and

Mi111(1100) = {1100, 0100, 1000, 0000} .

Let f = be(@V d)(a V d), then in the set notation f = {1100,0101}, and My111(f) =
{0101,0001,0100,0000,1100,1000}. The set miny111(f) = {1100,0101}, and the set

milloo()l(f) = {0101}
Clearly, for every assignment b € {0,1}", f C My(f). Moreover, if b ¢ f, then b ¢
My(f) (since b is the smallest assignment with respect to the order <j;). Therefore:

f= N M(f)= )\ My(]).
be{0,1}n be f

The question is if we can find a small set of negative examples, and use it to represent f as
above.
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Figure 2: Computing mins(f) and My(f)

Definition 2 (Basis) A set B is a basis for f if f = N\ycg Mus(f). B is a basis for a class
of functions F if it is a basis for all the functions in F.

Using this definition, we get an alternative representation for functions

f= AM(H)= N 'V M2). (2)

beB beB Zeminb(f)

It is known that the set By = {u € {0,1}" | weight(u) > n — 1}, is a basis for any Horn
CNF function. For example consider the Horn expression W = (be — d)(ed — b)(be — a)
discussed in the introduction. Recall that the satisfying assignments of W are:

models(W) = {0000, 0001,0010,0100,0101, 1000, 1001,1010,1100,1101,1111}.

We have to compute the sets miny (W) for b € By, where By = {1111,1110,1101,1011,0111}.
Note that if b satisfies f then miny(f) = {b}, and My(f) =1 (that is, Vz, My(f)(z) = 1).
Therefore, miny111(W) = {1111}, and miny10:(W) = {1101}. One way to compute the sets
of minimal assignments is by drawing the corresponding lattices and noting the relations
there. Figure 2 shows the lattice with respect to b = 0111. The satisfying assignments
of W are marked in bold face. The minimal assignments are underlined, and some of the
order relations, which show that the rest of the assignments are not minimal, are drawn. To
compute My(W) we have to add any assignment which is above the minimal assignments.
This is marked by the dotted lines which show that 1011 and 1110 are in Mg111(W).
Using the figure we observe that mingi11(W) = {1111,0101,0010}. The other sets are
minyi0(W) = {1111, 1100, 1010}, and minqg11(W) = {1111,1001,1010}.

It is known that the size of the basis for a function f is bounded by the size of its CNF
representation, and that for every b the size of miny(f) is bounded by the size of its DNF
representation.

For any function f and set of assignments B let:

F? = ming(f) = Upe{z € miny(f)}.
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The following theorem gives an alternative way to define char(H ).

Theorem 2 (Khardon & Roth, 1994) Let H be a Horn expression. Then char(H) =
B,

Continuing the above example with the function W = (be — d)(ed — b)(bc — a),
we conclude that char(W) = {0010,0101,1001,1010,1100,1101,1111}. As the following
theorem shows the set of characteristic models can be used to answer deduction queries.

Theorem 3 (Kautz et al., 1995; Khardon & Roth, 1994) Let Hy, Hy be Horn
expressions then Hy |= Hy if and only if for all x € char(Hy), Ho(z) = 1.

It is useful to have the DNF representation of a function. If f is given in its DNF
representation then it is easy to compute the set miny(f), for any b. Fach term in the
DNF' representation can contribute at most one assignment, min;(¢), where the variables
that appear in the term are fixed and the others are set to their minimal value. This is true
since from every other satisfying assignment of the term we can “walk down the lattice”
towards this assignment, on a path composed of satisfying assignments. For example, the
minimal assignment for the term ¢t = 2,73, with respect to the basis element b = 0011,
is mingp11(¢) = {1001}. The assignment 1100 which also satisfies ¢ is not minimal since
1001 <go11 1101 <ggr1 1100. Further, once we have one assignment from each term, it
is easy make sure that the set is non-redundant by checking which of the assignments
generated is in the intersection of the others. We would use this algorithm later in some of
our reductions.

We say that a function is b-monotone if it is monotone according to the order relation
<. Namely, if whenever f(z) = 1 and y >; z then f(y) = 1. Notice that if we rename
the variable z; by its negation, for each ¢ such that b; = 1 (i.e. where the order relation
is reversed), then f becomes monotone. Therefore, b-monotone functions enjoy similar
properties. For example, they have unique minimal DNT and CNF representations. Another
property is that the minimal assignment which corresponds to every term is indeed part of
the set ming(f).

Claim 1 (Khardon & Roth, 1994) For any b-monotone function f, there is a 1-1 cor-
respondence between the prime implicants of f and the set miny(f). Namely:

(1) for every term t in the minimal DNF representation for f, the assignment miny(t) is in
(2) [miny(f)| = [DN F(f)].

We would also use the notion of a least upper bound of a Boolean function (Selman &
Kautz, 1991), which can sometimes be characterized by the monotone theory.

Definition 3 (Least Upper-bound) Let F,G be classes of Boolean functions. Given

f € F we say that g € G is a G-least upper bound of f if and only if f C g and there is no
f' € G such that f C f' C g.
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Theorem 4 (Khardon & Roth, 1994) Let f be any Boolean function and G a class of
all Boolean functions with basis B. Then, fng defined as
Iy = N\ Mu(f)
beB
is the G-least upper bound of f.

For the class of Horn expressions we have two ways to express the least upper bound.
One using the monotone theory, and one using the closure operator:

Theorem 5 (Dechter & Pearl, 1992; Kautz et al., 1995; Khardon & Roth, 1994)
Let f:40,1}" — {0,1} be a Boolean function. Then fl]if = closure(f), and char(fl]if) C
f.

For example consider the function f = (bc — d)(cd — b)(bc — a)(aV bV cV d). The

function f satisfies all the assignments as W above except for 0001. However,
intersect({0101,1001}) = 0001, and therefore fl]iH =W.

2.3 The Computational Problems

This section includes definitions for all the problems discussed in this paper. Let H be a
CNF expression in Horn form, and let char(H) be its set of characteristic models. The
translation problems considered are:

CCM: Computing Characteristic Models
Input: a Horn CNF H.
Output: the set char(H).

SID: Structure Identification (Computing Horn Expressions)
Input: a set of assignments T'.
Output: a Horn CNF H, such that I' = char(H).

HTR: Hypergraph Transversals (Dualization of Monotone Expressions)
Input: a monotone CNF expression C.
Output: a monotone DNF expression D, such that C' = D.

The decision problems discussed:

CMLI: Characteristic Models Identification

Input: a Horn CNF H, and a set GG of satisfying assignments of H.

Output: Yes iff char(H) C G.

Note: The condition is equivalent to H |= closure((), and essentially also to G = char(H).

EOC: Entailment of Closure
Input: a Horn CNIF H, a set G of assignments.
Output: Yes if and only if H |= closure(G).

We also discuss the following variant of CMI:

CMIC: Characteristic Models Identification with Counter example

Input: a Horn CNF H, a set GG of satisfying assignments of H.

Output: If Char(H) C G then output Yes. Otherwise, output No and supply a counter
example z € Char(H)\ G.
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