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Abstract

This paper studies the problem of ergodicity of transition probability matrices in Marko-
vian models, such as hidden Markov models (HMMs), and how it makes very difficult the
task of learning to represent long-term context for sequential data. This phenomenon hurts
the forward propagation of long-term context information, as well as learning a hidden
state representation to represent long-term context, which depends on propagating credit
information backwards in time. Using results from Markov chain theory, we show that
this problem of diffusion of context and credit is reduced when the transition probabilities
approach 0 or 1, i.e., the transition probability matrices are sparse and the model essen-
tially deterministic. The results found in this paper apply to learning approaches based on
continuous optimization, such as gradient descent and the Baum-Welch algorithm.

1. Introduction

Problems of learning on temporal domains can be significantly hindered by the presence
of long-term dependencies in the training data. A sequence of random variables (e.g.,
a sequence of observations {yy,v,,...9;, ...y}, denoted le) is said to exhibit long-term
dependencies if the variables y, at a given time ¢ are significantly dependent on the variables
Yy, at much earlier times to < ¢. In these cases, a system trained on this data (e.g., to
model its distribution, or make classifications or predictions) has to be able to store for
arbitrarily long durations bits of information in its state variable, called z; here. In general,
the difficulty is not only to represent these long-term dependencies, but also to learn a
representation of past context which takes them into account. Recurrent neural nelworks
(Rumelhart, Hinton, & Williams, 1986; Williams & Zipser, 1989), for example, have an
internal state and a rich expressive power that provide them with the necessary long-term
memory capabilities.

Algorithms that could efficiently learn to represent long-term context would be useful in
many areas of Artificial Intelligence. For example, they could be applied to many problems
in natural language processing, both at the symbolic level (e.g., learning grammars and
language models), and subsymbolic level (e.g., modeling prosody for speech recognition or
synthesis).

In order to train the learning system, however, an effective mechanism of credit assign-
ment through time is needed. To change the parameters of the system in order to change
the internal state of the system at time ¢, so as to “improve” the internal state of the system
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later in the sequence, one can recursively propagate credit or error information backwards
in time. For example, the Baum-Welch algorithm for HMMs (Baum, Petrie, Soules, &
Weiss, 1970; Levinson, Rabiner, & Sondhi, 1983) and the back-propagation through time
algorithm for recurrent neural networks (Rumelhart et al., 1986) rely on such kind of re-
cursion. Numerous gradient-descent based algorithms have been proposed for solving the
credit assignment problems in recurrent networks (e.g., Rumelhart et al., 1986; Williams &
Zipser, 1989). Yet, many researchers have found practical difficulties in training recurrent
networks to perform tasks in which the temporal contingencies present in the input/output
sequences span long intervals (Bengio, Simard, & Frasconi, 1994; Mozer, 1992; Rohwer,
1994). Bengio et al. (1994) have also found theoretical reasons for this difficulty and proved
a negative result for parametric dynamical systems with a non-linear state to next-state
recurrence! z; = fe(xy—1): it will be increasingly difficult to train such as system with
gradient descent as the duration of the dependencies to be captured increases. Let .J be
the matrix of partial derivatives of the state to next-state function, J;; = azf_tfj . A math-
ematical analysis of the problem shows that, depending on the norm |J| of the Jacobian
matrix J, one of two conditions arises in such systems. When |J| < 1, the dynamics of
the network allow it to reliably store bits of information for arbitrary durations, even with
bounded input noise; however, gradients with respect to an error at a given time step van-
ish exponentially fast as one propagates them backward in time. On the other hand, when
|J| > 1, gradients can flow backward, but the system is locally unstable and cannot reliably
store bits of information for a long time. Bengio et al. (1994) showed how this hurts the
learning of long-term dependencies by putting exponentially more weight on the influence
of short-term dependencies (in comparison to long-term dependencies) over the gradient
of a cost function with respect to trainable parameters. The above negative result applies
to non-linear parameterized dynamical systems such as most recurrent networks, but not
to linear probabilistic models such as hidden Markov models (HMMs). These models are
a special case of our previous result in which the co-norm |J| = 1, because this matrix is
a stochastic matrix, i.e., a matrix A of transition probabilities 4;; = P(z; = jlzi—1 = 1),
where the state variable z; can take a finite number of values.

The main contribution of this paper is therefore an extension of the negative results
found by Bengio et al. (1994) to the case of Markovian models, which include standard
HMMs (Baum et al., 1970; Levinson et al., 1983) as well as variations of HMMs such as
Input/Output HMMs (IOHMMs) (Bengio & Frasconi, 1995b), and Partially Observable
Markov Decision Processes (POMDPs) (Sondik, 1973, 1978; Chrisman, 1992). We find
that in general, a phenomenon of diffusion of context and credit assignment, due to the
ergodicity of the transition probability matrices, hampers both the representation and the
learning of long-term context in the hidden state variable.

Both homogeneous and non-homogeneous Markovian models are considered. Homoge-
neous here means that the transition probabilities of the Markov model are constant over
time t. Non-homogeneous means that these transition probabilities are allowed to be dif-
ferent for each time step, e.g., as a function of an external input that may be different at
each time step. In the homogeneous case (e.g., standard HMMs), such models can learn the
distribution P(y?) of output sequences y? =Yy, ..., Y7 by associating an output distri-

1. For example, in the case of a recurrent neural network with recurrent weight matrix W and input vector
u; at time ¢, the next-state recurrence is fi(z¢—1) = tanh(W=z,—1 + u;)
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bution P(y,|z: = ) to each value 7 of the discrete state variable ;. In the non-homogeneous
case, transition and output distributions are conditional on an input sequence, allowing to
model relationships between input and output sequences. In the case of IOHMMs (Bengio
& Frasconi, 1995b), one thus learns a model P(y¥|ul) of the conditional distribution of
an output sequence y; when an input sequence u] is given. This can be used to perform
sequence regression or classification, as with recurrent networks. In the case of POMDPs
(Sondik, 1973, 1978; Chrisman, 1992), used to control a process with a hidden state, one
wants not only to build such a model, but also to select a proper sequence a! of (discrete)
actions in order to maximize a discounted sum of future rewards that depends on the ac-
tion taken, the observed output sequence y! and the estimated distribution of the state
trajectory. Note that the sequence of actions af in POMDPs and the sequence of inputs
ul in IOHMMs play a similar role in this paper, inasmuch as both are responsible for the
non-homogeneity of the Markov chain. In the following, we shall use the same symbol u]
to denote the sequence that controls transition probabilities, i.e. inputs for IOHMMs and
actions for POMDPs.

The negative results presented in this paper are directly applicable to learning algorithms
such as the EM algorithm (Dempster, Laird, & Rubin, 1977) or other gradient-based opti-
mization algorithms, which rely on gradually and iteratively modifying continuous-valued
parameters (such as transition probabilities, or parameters of a function computing these
probabilities) in order to optimize a learning criterion.

2. Mathematical Preliminaries

A first-order Markovian model is defined by a discrete set of states {1,...n}, a probabilis-
tic transition function (state to next-state), and a probabilistic output function (state to
output). The discrete state variable z; can take values in {1,...n} at each time step. We
will write A;; for the element (7, j) of a matrix A, A" = AA... A for the nt® power of A,
and (A");; for the element (7, j) of A”. See (Rabiner, 1989) for an introduction to HMM:s,
and (Seneta, 1981) for a basic reference on positive matrices.

The Markovian independence assumption implies that the state variable z; summarizes
the past of the sequence: P(z|z1,2,...,21-1) = P(2¢|24-1). Another independence as-
sumption, when the state x; is hidden but an output y, is observed, is that the distribution
of y, at time ¢ does not depend on the other past variables when z; is given. State transi-
tions at time ¢ may depend on the u; (the current input for IOHMMSs or the current action
for POMDPs) and can be collected into an n by n transition matrix A; defined by

Aij(ug) = Play = j | w1 = 1, u43 0)

where 6 is a vector of adjustable parameters. In the homogeneous case, the transition
matrix is constant, i.e., A; = A. The parameters 8 are then usually directly identified with
the elements of the transition matrix A.

Output emissions y, depend on u; and the present state, as specified by the output
(also called emission) distribution P(y; | z¢, us;9), with parameters 9. For example, if the
Markov chain is homogeneous and the output values belong to a finite alphabet of cardinality
k, then the parameters J can be collected in a k by n matrix B, B;; = P(y, =1 |z, = 1).
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An output sequence y! can be generated according to the distribution P(y{|ul) (non-
homogeneous case) or P(y!) (homogeneous case) represented by the model, as follows.
First an initial state zq is selected according to a distribution P(z¢) on initial states (usu-
ally multinomial, sometimes requiring n — 1 extra parameters, or a fixed choice of a sin-
gle initial state). Then the state z; can be recursively picked in function of the previ-
ous state xz;_1, by choosing an z; € {1,...,n} according to the multinomial distribution
P(z¢|zi—1,us;0). At each time step, an output can then be generated according to the
distribution P(y, | @, us; 9).

State transitions can be constrained by a directed graph G, whose nodes are associated
to the states of the Markov chain. In particular, the probability P(z; = ¢ | 24—y = j) will
be constrained to be zero if there is no edge from node j to node ¢.

2.1 Learning in Markovian Models

The learning objective is often to maximize the output likelihood P(le;@), or the out-
put likelihood given the input P(y! | ul’; ®), where ® comprises all the parameters of the
model. This can be accomplished with an EM algorithm when the form of the output
and transition probability models are simple enough, e.g. in the case of HMMs (Baum
et al., 1970; Levinson et al., 1983; Rabiner, 1989) or IOHMMs (Bengio & Frasconi, 1995b).
Alternatives, for maximizing the output likelihood or other criteria (such as the more dis-
criminant mutual information between the output sequence and the correct model, Bahl
et al. 1986), are usually based on some gradient-based optimization algorithm, requiring
the computation of the gradient of the learning criterion with respect to the model parame-
ters. In all of these cases, the learning algorithms perform products involving the transition
probability matrices (Bengio & Frasconi, 1995a, 1995b), such as

Qi = P(yp Ty =1 U1) Py, |zt = t,u) 30, Ai(ue) o (1)
ﬂi,t P(yt | Ty =1 y Uy ) Zz zé(ut-l—l)P(yt | Ti41 = laut-}—l)ﬂé,t-}—l-

where the overall output likelihood is obtained from the final time step:
| ul Z QT

Note that if L is the learning criterion and 8; 1 = aa , then 8;; = aaL . In terms of

matrices, we can write
By = AtAi - - ArArBr

where a; = [aq 4. .. any), By = [B1t- .. Bnt] and Ay is a diagonal matrix of emission prob-
abilities P(y,|z; = i,u;) (for the ih element). The matrix A; contains the transition
probabilities at time ¢, i.e. (A;);; = P2y = 5| 2421 = t,u4; 0). 1t can be easily verified that
the compact notation

Altort) — A A1 - A1 Ay (3)

2 can be used to describe the effect of the distribution of the state 4,

for products of matrices

at time ¢y on the distribution of the state z; at time ¢ > ¢g: Ag-o’t) =P(a; = j| 2y, = 1, uﬁo ;0).

2. To verifv equation (3), just apply recursively the simple decomposition rule of probabilities P(a) =

2, Pla|b)P(b).
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Therefore, we will study how this product evolves under various conditions, when t — tg in-
creases (for long-term dependencies). We will find in what (rather general) conditions
Alto:t) tends to become ill-conditioned, more precisely, when z; becomes more and more
independent of x4, as ¢t — {g increases. In Section 4.2, we also discuss equations (2) as 7' — ¢
increases. In the following subsection we first introduce some standard mathematical tools
for studying such products of non-negative matrices.

2.2 Definitions

Definition 1 (Non-negative matrices) A matric A is said to be non-negative, written

Positive matrices are defined similarly.
By extension, we will also write A > B when Vi, 7, A;; > B;;.

Definition 2 (Stochastic matrices) A non-negative square matriz A € R"*" is called row
stochastic (or simply stochastic in this paper) if Yo A =1 Yi=1...n

Definition 3 (Allowable matrices) A non-negative matriz is said to be row [column] al-
lowable if every row [column] sum is positive. An allowable matriz is both row and column
allowable.

A non-negative matrix can be associated to the directed transition graph G that constrains
the Markov chain. The incidence matriz A corresponding to a given non-negative matrix A
is the 0-1 matrix obtained by replacing all positive entries of A by a 1. The incidence matrix
of A is a connectivity matrix corresponding to the graph G (assumed to be connected here).
Some algebraic properties of A are described in terms of the topology of G. Indices of the
matrix A correspond to nodes of G (we will also use “states of the model”, talking about a
Markovian model).

Definition 4 (Irreducible Matrices) A non-negative n x n matriz A is said to be irreducible
if for every pair i, j of indices, 3 m = m(i, j) positive integer s.t. (A™);; > 0.

A matrix A is irreducible if and only if the associated graph is strongly connected (i.e.,
there exists a path between any pair of states ¢,j). A reducible matrix is one that is not
irreducible. If 3k s.t. (A%); > 0 (i.e., there is a path of length k from node i to itself),
d(7) is called the period of index 7 if d(7) is the greatest common divisor (g.c.d.) of those k&
for which (A*); > 0 (i.e., there are also paths of length &, 2k, 3k, etc..., with k£ = d(i)). In
an irreducible matrix all the indices have the same period d, which is called the period of
the matrix. The period of a matrix is the g.c.d. of the lengths of all cycles in the associated
transition graph G.

An example of a periodic matrix of period 3 is illustrated by the graph G; of Figure 2.
All the paths starting from one of the states and returning to it are of length 3% for some
positive integer k.

Definition 5 (Primitive matriz) A non-negative matriz A is said to be primitive if there
exists a positive integer k s.t. A® > 0.
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Therefore, in a graph with a corresponding primitive matrix, one can always find a path
of length greater than some k between any two nodes, and if there exists a path of length
k between nodes ¢ and j, there are also paths of length & + 1, k£ + 2, etc... In the analysis
below, we will consider submatrices (and corresponding subgraphs) which are primitive.
Note that an irreducible matrix is either periodic or primitive (i.e., of period 1), and that
a primitive stochastic matrix is necessarily allowable.

2.3 The Perron-Frobenius Theorem

Right eigenvectors v of a matrix A and their corresponding eigenvalues A have the following
properties (see Bellman, 1974, for more on eigenvalues and eigenvectors):

determinant(A — AI) = 0.

where [ is the identity matrix, and

Av = v
i.e.,

Z Ajjv; = A
J

Note that for a stochastic matrix A the largest eigenvalue has norm 1, which can be shown
as follows. Letting ¢ = argmax;|v;|, we obtain

Vs |v|
A=A <D AL <Y A <L
| | - ]Ui — - | ]||Ui = L J =

J

Hence all the eigenvalues have norm less or equal to 1. Let us define the vector of ones
1 = [1,1,---,1], where v’ denotes the transpose of v. Since A1 = 1 by definition of
stochastic matrices, 1 is an eigenvalue and 1 is its corresponding right eigenvector.

The following theorem will be useful in characterizing homogeneous products of stochas-
tic matrices (as in HMMs).

Theorem 1 (Perron-Frobenius Theorem) Suppose A is an n x n non-negative primitive
matriz. Then there exists an eigenvalue r such that:

1. r is real and positive;

2. r can be associated with strictly posilive lefl and right eigenvectors;
3. r > |A| for any eigenvalue X # r;

4. the eigenvectors associated with r are unique to constant multiples.

5. If 0 < B < A and (3 is an eigenvalue of B, then |3| < r. Moreover, |3| = r implies
B=A.

6. r is a simple root of the characteristic equation determinant(A — rl) = 0.

254



DIFFUSION IN MARKOVIAN MODELS

[See proof in the book by Seneta, 1981, Theorem 1.1.]

A direct consequence of the Perron-Frobenius theorem for stochastic matrices is therefore
the following;:

Corollary 1 Suppose A is a primilive stochastic matriz. Then ils largest eigenvalue is 1
and there is only one corresponding right eigenvector 1 = [1,1,---,1]". Furthermore, all
other eigenvalues are less than 1 in modulus.

Proof. A1 = 1 by definition of stochastic matrices. As shown above, all the eigenvalues
have a modulus less or equal to 1. Thus, we deduce from the Perron-Frobenius Theorem that
1 is the largest eigenvalue, 1 is the unique associated eigenvector, and all other eigenvalues
< 1.0

In the next section we will discuss the consequences of this corollary for HMMs. As
shown by Seneta (1981), we should also note that if A is stochastic but periodic with period
d, then A has d eigenvalues of modulus 1 which are the d complex roots of 1.

3. Ergodicity

In this section we analyze the case of a primitive transition matrix as well as the general case
with a so-called canonical re-ordering of the matrix indices (defined below). We introduce
ergodicity coefficients in order to measure the difficulty in learning long-term dependencies.

3.1 Simplest Case: Homogeneous and Primitive

A straightforward application of the Perron-Frobenius theorem and the associated corol-
lary 1 is given in the following theorem.

Theorem 2 If A is a primitive slochastic matriz, then as t — oo, A' — 10" where v’
s called the unique stationary distribution of the Markov chain. The rate of approach is
geomelric.

[See proof in the book by Seneta, 1981, Theorem 4.2.]

The intuition behind the proof simply relies on the fact that when a matrix A is taken
to a certain power A", it is equivalent to take its eigenvalues to the same power. As we
have seen earlier, all the eigenvalues are less or equal to one in modulus. Therefore, the
eigenvalues of A which are less than 1 are associated to near zero eigenvalues of A", as
n — 00. The only eigenvalues which do not converge to zero are those whose modulus is 1.
There is only one such eigenvalue in the case of primitive stochastic matrix (associated to
the eigenvector 1). In the case of periodic matrices of period d, discussed below, there are
complex eigenvalues whose modulus is 1 and which are among the d*® roots of unity.

We recall that the rank of a matrix A is the dimension of the linear subspace spanned
by the eigenvectors of A and corresponds to the number of linearly independent rows (or
columns). Since the matrix A obtained by the product 1v’ of two vectors has rank 1, we
obtain the following from Theorem 2. If A is primitive, then lim;_,,, A’ converges to a
matrix whose eigenvalues are all 0 except for one eigenvalue A = 1 (with corresponding
eigenvector 1), i.e., the rank of this product converges to 1, which means that its rows are
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proportional. For a stochastic matrix, row proportionality is equivalent to row equality.
Since (A'"");; = P(xy = jlat, = 1) it follows that the distribution over the states at time
t > tp becomes gradually independent of the distribution P(zy,) over the states at time ¢ as
t—tg increases. This is illustrated in Figure 6, which shows products of 1, 2, 3 and 4 random
primitive stochastic matrices, and rapid convergence to row equality, i.e., P(z; = j|zy, = 1)
does not depend any more on ¢ as t — g becomes large. It means that, as one moves forward
in time, context information is diffused, and gradually lost. A consequence of Theorem 2
is therefore that it is very difficult to model long-term dependencies in sequential data
using a homogeneous HMM with a primitive transition matrix. After having introduced
ergodicity coeflicients in the next sections, we will be able to discuss the more general case
of non-homogeneous models (such as IOHMMs and POMDPs), as well as, comment on the
diffusion of context information in the forward and backward HMM equations (2).

3.2 Coefficients of ergodicity

To study products of non-negative matrices and the loss of information about initial state
in Markov chains (particularly in the non-homogeneous case), we will define two coefficients
of ergodicity. First, we introduce the projective distance between vectors v and w:

).

Note that some form of contraction takes place when d(v'A, w'A) < d(v', w’) (Seneta, 1981),
i.e., applying the linear operator A to the vectors v’ and w’ brings them “closer” (according
to the above projective distance).

d(v', w') = max In(Sod
2,7 ’U]"UJZ'

Definition 6 Birkhoff’s contraction coefficient 75(A), for a non-negative column-allowable
matriz A, is defined in terms of the projective distance:

d(v'A,w'A)
8(A) =  su _
B( ) v,w>0;1lj);é)\w d(’l)/, w/)

Dobrushin’s coefficient 71 (A), for a stochastic matriz A, is defined as follows:
1
1 (A4) = 5122;X2|aik—ajk|. (4)
’ k

Both 75 and 7 are called proper ergodicity coefficients, i.e., they have the properties that,
firstly, 0 < 7(A) < 1, and secondly, that 7(A) = 0 if and only if A has identical rows (and
therefore rank 1). The coefficients of ergodicity quantify the ergodicity of a matrix, i.e., at
what rate a power of the matrix converges to rank 1. Furthermore, 7(A;A3) < 7(A1)7(Az)
(Seneta, 1981). Therefore, as discussed in the next section, these coefficients can also be
applied to quantify how fast a product of matrices converges to rank 1.

3.3 Products of Stochastic Matrices

Let A(1?) denote a forward product of stochastic matrices Ay, Ay, - - - A;. From the properties
of g and 7, if 7(A4;) < 1,V¥t > 0 then lim;, T(A(l’t)) =0, i.e., limyo A has rank 1
and identical rows. Weak ergodicity of a product of matrices is then defined in terms of a
proper ergodic coefficient 7 (such as 73 or 71) converging to 0:

256



DIFFUSION IN MARKOVIAN MODELS

Definition 7 (Weak Ergodicity) The products of stochastic matrices Altot) gre weakly er-
godic if and only if for all ty > 0 as t — oo, T(Alte)) 0.

The following theorem relates weak ergodicity to rank lossage in products of stochastic
matrices and, therefore to the problem of learning and representing long-term context.

Theorem 3 Let A be forward products of non-negative and allowable matrices; then
AWD is weakly ergodic if and only if the following conditions both hold:

1. Fty st A >0 Vi > ty;

[See the proof in the book by Seneta (1981), Lemma 3.3 and 3.4.]

For stochastic matrices, row-proportionality (2nd condition above) is equivalent to row-
equality since rows sum to 1. Note that the limit lim;_,, A0 itself does not need to exist
in order to have weak ergodicity. If such a limit exists and it is a matrix with all rows equal,
then the product is said to be strongly ergodic.

3.4 Canonical Decomposition and Periodic Graphs

Any non-negative matrix A can be rewritten by relabeling its indices in the following canon-
ical decomposition (Seneta, 1981), with diagonal blocks B;, C; and Q:

B; 0 B | |
0 By -+ 0 - 0 rimitive diagonal
. . . blocks B By
A= 0 o Copr 0o 0 eriodic diagonal )
Do : blocks Ciy 1 C,
0 0 B O |
Li Ly - - L. Q
where the B; and C; blocks are irreducible, the B; blocks are primitive and the C'; blocks
are periodic. e ne the corresponding sets of statesas ,, ,, . @ might be reducible,
but the groups of states in leak into the B or C blocks, i.e., represents the transient
part of the state space. This decomposition is illustrated in Figure 1. e will consider

three cases: paths starting from a state in B;, Q) or C;. In the rst case, for homogeneous
and non-homogeneous arkov models (with constant incidence matrix A; = Ag), because

(¢ i1 )1, limesee (4 0 ) =0. In the second case, because
the B; are primitive, we can apply Theorem 1 to these sub-matrices, and starting from a
statein  , all information about an initial state at ¢y is gradually lost.

3. Periodic Graphs

A more di cult case to analy e is the third case, i.e., that of paths from state at time g
to state at time ¢, with initial state . associated to a periodic block. Let ; be the
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