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Abstract
In this paper, weconfront the problem of applying reinforcement learning to agents that

perceive the environment through many sensorsand that can perform parallel actions using
many actuators as is the casein complex autonomousrobots. We arguethat reinforcement
learning can only be successfullyapplied to this caseif strong assumptionsare made on
the characteristics of the environment in which the learning is performed, so that the
relevant sensorreadingsand motor commandscan be readily identi¯ed. The intro duction
of such assumptionsleadsto strongly-biased learning systemsthat can eventually losethe
generality of traditional reinforcement-learning algorithms.

In this line, we observe that, in realistic situations, the reward received by the robot
dependsonly on a reducedsubsetof all the executedactions and that only a reducedsubset
of the sensorinputs (possibly di®erent in each situation and for each action) are relevant to
predict the reward. We formalize this property in the so called categorizability assumption
and wepresent an algorithm that takesadvantageof the categorizability of the environment,
allowing a decreasein the learning time with respect to existing reinforcement-learning
algorithms. Results of the application of the algorithm to a couple of simulated realistic-
robotic problems(landmark-basednavigation and the six-leggedrobot gait generation) are
reported to validate our approach and to compare it to existing °at and generalization-
basedreinforcement-learning approaches.

1. In tro duction

The division between knowledge-basedand behavior-based arti¯cial intelligence has been
fundamental to achieving successfulapplications within the ¯eld of autonomousrobots (Arkin,
1998). However, up to now, this division hashad few repercussionsfor reinforcement learn-
ing. Within arti¯cial intelligence, reinforcement learning has been formalized in a very
general way borrowing ideas from the dynamic programming and decision-theory ¯elds.
Within this formalization, the objective of reinforcement-learning methods is to establish
a correct mapping from a set of abstract observations (formalized as states) to a set of
high level actions, without being worried about how these sets of states and actions are
de¯ned (for an intro duction to reinforcement learning you can check Kaelbling, Littman,
& Moore, 1996;Sutton & Barto, 1998,among many others). Algorithms developed within
this general framework can be used in di®erent ¯elds without any modi¯cation. For each
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particular application, the de¯nition of the sets of states and actions is the responsibilit y
of the programmer and is not supposedto be part of the reinforcement-learning problem.
However, as clearly pointed by Brooks (1991), in autonomous robots the major hurdles
are those related with perception and action representations. For this reason,in a robotic
task, what traditional reinforcement-learning research assumesto be the major problem
(connecting states and actions) is simpler than what it assumesas given (the de¯nition
of states and actions). The consequenceis that existing reinforcement-learning methods
are best suited for problems that fall into the symbolic arti¯cial intelligence domain than
for those that belong to robotics. Due to the generality of existing reinforcement-learning
algorithms, a robotic problem can be analyzedand re-formulated so that it can be tackled
with the available reinforcement-learning tools but, in many cases,this re-formulation is
too awkward intro ducing unnecessarycomplexity in the learning process. The alternativ e
we explore in this paper is a new reinforcement-learning algorithm that can be applied to
robotic problems as they are, without any re-formulation.

As Brooks(1991) remarked, dealingwith a real environment is not necessarilya problem
sincereal environments haveproperties that canbeexploited to reducethe complexity of the
robot's controller. In Brooks' works, we can ¯nd simple robot controllers that achieve very
good performancein particular environments. This is clearly in contrast with the generality
pursued within reinforcement learning. Following an idea parallel to that of Brooks, in this
paper, we present a new reinforcement-learning algorithm that takesadvantage of a speci¯c
environment-related property (that we call categorizability) to e±ciently learn to achieve
a given task. We formalize the categorizability property and we present a representation
system (partial rules) to exploit this property. A remarkable feature of this representation
system is that it allows generalization in both the spacesof sensorsand actions, using
a uniform mechanism. This abilit y to generalize in both the state and action spacesis
fundamental to successfullyapply reinforcement learning to autonomousrobots.

This paper is organizedas follows. First, in Section2, we formalize reinforcement learn-
ing from the point of view of its use in the ¯eld of autonomous robotics and we describe
the problems that make °at (and, in most cases,also generalization-based)reinforcement-
learning algorithms not adequate for this case. Section 3 presents the categorizability as-
sumption which is plausible in most robotics environments. Then, in Section4, we describe
an alternativ e reinforcement-learning algorithm that exploits the categorizability assump-
tion to circumvent the problems present in existing approaches. In Section 5, we analyze
the points of contact betweenour proposal and already existing work. Next, in Section 6,
we present experiments that validate our approach. The experiments are performed in
simulations that mimic realistic robotic applications where the categorizability assumption
is likely to be valid. Finally, in Section 7, we conclude by analyzing the strengths and
weaknessesof the proposedlearning system.

Additionally , Appendix A provides a detailed description of the partial-rule learning
algorithm intro duced in this paper, Appendix B is devoted to an enhancement on this
algorithm to make its execution more e±cient, and Appendix C summarizesthe notation
we usethroughout the paper.
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2. Problem Formalization

For simplicit y, we assumethat the robot perceives its environment through a set of binary
feature detectors1 F D = f fdi j i = 1::nf g. A feature detector can be devisedas a process
that identi¯es speci¯c combinations of present (and possibly past) sensorreadings. The
use of feature detectors is very common in robotics. In this ¯eld, feature detectors are
de¯ned by the programmer attending to the special characteristics of the environment, the
robot sensors,and the task to be executedin order to extract potentially useful information
(presenceof landmarks or obstacles,. . . ) from raw sensorreadings.

In a similar way, instead of working directly with the space of actions provided by
the robot motors (that de¯ne a too low-level way of controlling the robot), it is a common
practice to de¯ne a set of elementaryactions EA = f eai j i = 1::neg. An elementary action is
a speci¯c sequence/combination of motor commandsde¯ned by the programmer attending
to the characteristics of the robot and the task to be achieved. To simplify, we can assume
that elementary actions are of the form (m i Ã k) (i 2 [1::nm ]) where m i is a motor and k
a value in the rangeof valid inputs for the motor m i . This framework is quite °exible since
a motor m i can be either one of the physical motors of the robot or a high-level, abstract
motor that combines movements of the actual motors. With this formalization, at a given
moment, the robot can executein parallel as many elementary actions as available motors.

A robot controller canbeseenasa procedurethat executes(combinations of elementary)
actions in responseto speci¯c situations (i.e., activation of speci¯c feature detectors) with
the objective of achieving a given task. Reinforcement-learning approaches automatically
de¯ne such a controller using the information provided by the reward signal. In the context
of reinforcement learning, the controller is called the policy of the learner.

The objective of the value-function-basedreinforcement-learning algorithms (the most
commonreinforcement-learning algorithms) is to predict the reward that can be directly or
indirectly obtained from the executionof each action (i.e., of each combination of elementary
actions) in each possiblesituation, described asa combination of active and inactive feature
detectors. If this prediction is available, the action to be executedin each situation is the
one from which maximum reward is expected.

To predict the reward, classic reinforcement-learning algorithms rely on the Markov
assumption, that requiresa state signal to carry enoughinformation to determine the e®ects
of all actions in a given situation. 2 Additionally , non-generalizingreinforcement-learning
algorithms assumethat the states of the system must be learned about independently . So,
the information gatheredabout the e®ectsof an action a in a given state s, denotedQ(s;a),
cannot be safely transferred to similar states or actions. With this assumption, the cost of
a reinforcement-learning algorithm in a generalproblem is

­( ns na);

where ns is the number of states and na is the number of actions. This is becauseeach
action has to be tried as least oncein each state. Sincethe state is de¯ned as the observed

1. Non-binary feature detectors providing a discrete range of values can be readily binarized.
2. Non-Mark ovian problems, when confronted, should be converted into Mark ovian ones. How to do that

is out of the scope of this paper, although it is one of the most relevant points to achieve a successful
real-world reinforcement-learning application.
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combination of feature detectors, we have that the potential number of states is

ns = 2n f ;

with nf the number of feature detectors. Consequently , we have that

­( ns na) = ­(2 n f na);

which is exponential in the number of feature detectors. Sincethe number of feature detec-
tors used in robotic applications tends to be high, non-generalizingreinforcement learning
becomesimpractical for realistic problems. This is the well known curse of dimensionality
intro duced by Bellman (1957), whoseresearch presagedsomeof the work in reinforcement
learning.

Although the sizeof the action set (na) is as important as the sizeof the state set (ns)
in the curseof dimensionality, lessattention is paid to actions in the reinforcement-learning
literature. However, a robot with many degreesof freedom can executemany elementary
actions simultaneously and this makes the cost of the learning algorithms also increase
exponentially with the number of motors of the robot (nm ).

Supposewe addressthe sametask but with two di®erent setsof feature detectors F D 1

and F D2 such that F D1 ½ F D2. Using a plain reinforcement-learning algorithm, the cost
of ¯nding a proper policy would be larger using the larger set of features (F D 2). And this
is so even if one of the features in F D2 ¡ F D1 has a stronger correlation with the reward
than any of the features in F D1. Non-generalizing reinforcement-learning algorithms are
not able to take advantage of this situation, and, even having better input information,
their performance decreases.A similar argument can be made for actions in addition to
feature detectors.

Generalizing reinforcement-learning algorithms such as those using gradient-descent
techniques (Widro w & Ho®, 1960), coarse codings (Hinton, McClelland, & Rumelhart,
1986), radial-basis functions (Poggio& Girosi, 1990), tile coding (Sutton, 1996)or decision
trees (Chapman & Kaelbling, 1991; McCallum, 1995) can partially palliate this problem
since they can deal with large state spaces. However, as we approach complex realistic
problems, the number of dimensionsof the state-spacegrows to the point of making the use
of some of these generalization techniques impractical and other function approximation
techniques must be used(Sutton & Barto, 1998,page209).

Adding relevant inputs or actions to a task should make this task easier or at least
not more di±cult. Only methods whosecomplexity dependson the relevanceof the avail-
able inputs and actions and not on their number would scalewell to real domain problems.
Examplesof systemsful¯lling this property are, for instance,the Kanerva coding systempre-
sented by Kanerva (1988) and the random representationmethod by Sutton and Whitehead
(1993). While those systemsrely on large collections of ¯xed prototypes (i.e., combinations
of feature detectors) selectedat random, our proposal is to search for the appropriate pro-
tot ypes,but using a strong bias so that the search can be performed in a reasonabletime.
This strong bias is basedon the categorizability assumption that is a plausible assumption
for the caseof autonomous robots, which allows a large speed up in the learning process.
Additionally , existing systemsdo not addressthe problem of determining the relevanceof
actions, since they assumethe learning agent has a single actuator (that is, obviously, the
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only relevant one). This simple set up is not adequatefor robotics. In our approach (pre-
sented below), combinations of both feature detectorsand elementary actionsareconsidered
using a uni¯ed framework.

3. The Categorizabilit y Assumption

From our experiencedevelopingcontrollers for autonomousrobots, weobserve that, in many
realistic situations, the reward received by the robot depends only on a reduced subset of
all the actions executedby the robot and that most of the sensorinputs are irrelevant to
predict that reward. Thus, for example, the value resulting from the action of \grasping
the object in front of the robot" will depend on what the object is: the object the robot
should bring to the user,an electri¯ed cable,or an unimportant object. However, the result
will probably be the samewhether or not the robot is moving its cameraswhile grasping
the object, if it is day or night, if the robot is, at the sametime, checking the distance to
the nearest wall, or if it can seea red light nearby or not (aspects, all of them, that may
becomeimportant in other circumstances).

If an agent observes and acts in an environment where a reduced fraction of the avail-
able inputs and actuators have to be consideredat a time, we say that the agent is in a
categorizableenvironment.

Categorizability is not a binary predicate but a graded property. In the completely
categorizable case, it would be necessaryto pay attention to only one sensor/motor in
each situation. On the other extreme of the spectrum, if all motors have to be carefully
coordinated to achieve the task and the e®ectof each action could only be predicted by
taking into account the value of all feature detectors, we would say that the environment is
not categorizableat all.

Since robots have large collection of sensorsproviding a heterogeneouscollection of
inputs and many actuators a®ectingquite di®erent degreesof freedom, our hypothesis is
that, in robotic problems, environments are highly categorizable and, in those cases,an
algorithm biasedby the categorizability assumption would result advantageous.

4. Reinforcemen t Learning in Categorizable Environmen ts: the Partial
Rule Approac h

To implement an algorithm able to exploit the potential categorizability of the environment,
we needa representation systemable to transfer information betweensimilar situations and
also betweensimilar actions.

Clustering techniquesor successive subdivisions of the state space(as, for instance, that
presented by McCallum, 1995) focus on the perception side of the problem and aim at
determining the reward that can be expected in a given state s considering only someof
the feature detectors perceived in that state. This subset of relevant feature detectors is
used to compute the expected reward in this state for any possibleaction a (the Q(s;a)
function). However, with this way of posingthe problem the curseof dimensionality problem
is not completely avoided since some of the features can be relevant for one action but
not for another and this producesan unnecessary(from the point of view of each action)
di®erentiation betweenequivalent situations, decreasingthe learning speed. This problem
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can be avoided by ¯nding the speci¯c set of relevant feature detectors for each action. In
this case,the Q function is computed asQ(f s(a); a), with a state de¯nition that is function
of the action under consideration. This technique is used, for instance, by Mahadevan and
Connell (1992). Unfortunately, in the problem we are confronting, this is not enoughsince,
in our case,actionsarecomposedby combinations of elementary actionsand wealsowant to
transfer reward information betweensimilar combinations of actions. Therefore, we have to
estimate Q(f s(a); a) only taking into account someof the elementary actions that compose
a. However, in principle, the relevanceof elementary actions is function of the situation (or,
equivalently , of the state): a given elementary action can be relevant in somesituations but
not in others. For this reason,the function to approximate becomesQ(f s(a); f a(s)) where
there is a cross-dependencybetweenthe state de¯ned asa function of the action, f s(a), and
the action de¯ned as a function of the state, f a(s). The proposal we detail next solvesthis
cross-dependency by working in the Cartesian product of the spacesof feature detectors
and elementary actions combinations.

To formalize our proposal, we intro duce somede¯nitions.
We say that the agent perceives(or observes) a partial view of order k, v(fdi 1

; : : : ; fdi k
),

k · nf whenever the predicate fdi 1
^ ::: ^ fdi k

holds.3 Obviously, many partial views can be
perceived at the sametime.

At a given moment, the agent executesan action a that issuesa di®erent command for
each one of the agent's motors a = f ea1; : : : ; eanm g, with nm the number of motors.

A partial command of order k, noted as c(eai 1 ; : : : ; eai k ), k · nm , is executed whenever
the elementary actions f eai 1 ; : : : ; eai k g are executedsimultaneously. We say that a partial
command c and an action a are in accordance if c is a subsetof a. Note that the execution
of a given action a supposesthe execution of all the partial commandsin accordancewith
it.

A partial rule w is de¯ned as a pair w = (v; c), where v is a partial view and c is a
partial command. We say that a partial rule w = (v; c) is active if v is observed, and that w
is used whenever the partial view v is perceived and the partial command c is executed. A
partial rule covers a sub-areaof the Cartesian product of feature detectors and elementary
actions and, thus, it de¯nes a situation-action rule that can be usedto partially determine
the actions of the robot in many situations (all those where the partial view of the rule is
active). The order of a partial rule is de¯ned as the sum of the order of the partial view
and the order of the partial command that composethe rule.

We associate a quantiy qw to each partial rule. qw is an estimation of the value (i.e., the
discounted cumulativ e reward) that can be obtained after executing c when v is observed
at time t:

qw =
1X

i =0

° t+ i r t+ i ;

with r t+ i the reward received by the learner at time step t + i after rule w is usedat time
t. So, a partial rule can be interpreted as: if partial view v is observed then the execution
of partial command c results in value qw .

3. A partial view can also include negations of feature detectors since the non-detection of a feature can be
as relevant as its detection.

84



Reinf or cement Learning in Categorizable Envir onments

The objectiveof the learning processis that of deriving a setof partial rulesand adjusting
the corresponding qw valuesso that the desiredtask can be properly achieved.

The apparent drawback of the partial-rule representation is that the number of possible
partial rules is much larger than the number of state and action pairs: The number of
partial rules that can be de¯ned on a set of n f binary feature detectors and nm binary
motors is 3n f + nm , while the number of di®erent states and action pairs is \only" 2n f + nm .
If arbitrary problems have to be confronted (as is the casein synthetic learning situations),
the partial-rule approach could not be useful. However, problems confronted by robots
are not arbitrary since, as mentioned, environments present regularities or properties (as
categorizability) that can be exploited to reducethe complexity of the controller necessary
to achieve a given task.

Using the partial-rule framework, the categorizability assumptioncanbe formally de¯ned
as:

De¯nition 1 We say that an environment/task is highly categorizableif there exists a set
of low-order partial rules that allows us to predict the reward with the sameaccuracy as if
statistics for each possiblestate-action combination were considered. The lower the order
of the rules in the controller the higher the categorizability of the environment/task.

To the extent the categorizability assumption is ful¯lled, the number of partial rules
necessaryto control the robot becomesmuch smaller than the number of state-action pairs
that can be de¯ned using the samesetsof feature detectorsand elementary actions in which
the partial views and partial commandsare based. Additionally , categorizability implies
that the rules necessaryin the controller are mostly those with lower order and this can
be easily exploited to bias the search in the spaceof partial rules. So, if the environment
is categorizable, the use of the partial-rule approach can suppose an important increase
in the learning speed and a reduction in the use of memory with respect to traditional
non-generalizingreinforcement-learning algorithms.

In the following sections, we describe how it is possible to estimate the e®ectof an
action given a ¯xed set of partial rules. This evaluation, repeated for all actions, is used
to determine the best action to be executedat a given moment. Next, we detail how it is
possibleto adjust the valuepredictions of a ¯xed setof partial rules. Finally, wedescribehow
the categorizability assumption allows us to usean incremental strategy in the generation
of new partial rules. This strategy results in faster learning than existing generalizingand
non-generalizingreinforcement-learning algorithms. All proceduresare described in high-
level form to make the explanation more clear. Details of their implementation can be found
in Appendix A.

4.1 Value Prediction using Partial Rules

In a given situation, many partial views are simultaneously active triggering a subsetof the
partial rules of the controller C. We call this subset the active partial rules and we denote
it as C0. To evaluate a given action a we only take into account the rules in C0 with a
partial command in accordancewith a. We denote this subsetas C0(a). Note that, in our
approach, when we refer to an action, we mean the corresponding set of elementary actions
(one per motor) and not a singleelement, as it is the generalcasein reinforcement learning.
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Every rule w = (v; c) in C0(a) provides a value prediction for a: the qw associated with
the partial rule. This is an averagedvalue that provides no information about the accuracy
of this prediction. As also pointed by Wilson (1995), we should favor the useof the partial
rules with a high accuracy in value prediction or, as we say it, rules with a high relevance.

It seemsclear that the relevance of a rule (½w) depends on the distribution of values
around qw . Distributions with low dispersion are indicativ e of coherent value predictions
and, so,of a highly relevant rule. To measurethis dispersionwemaintain an error estimation
ew on the approximation of qw . Another factor (not usedby Wilson, 1995) to be taken into
account in the relevance determination is the con¯dence on the qw and ew statistics: low
con¯dence (i.e., insu±ciently sampled) measuresof qw and ew should reducethe relevance
of the rule. The con¯dence on the value prediction for a given rule (cw) is a number in
the interval [0; 1], initialized as 0, and increasing as the partial rule is used (i.e., the rule
is active and its partial command is executed). The con¯dence would only decreaseif the
value model for a given partial rule is consistently wrong.

Using the con¯dence,we approximate the real error in the value prediction for a partial
rule w as

²w = ew cw + e(1 ¡ cw);

where value e is the averageerror on the value prediction. Observe that the importance of
e is reducedas the con¯dence increasesand, consequently , ²w convergesto ew .

With the above de¯nitions, the relevanceof a partial rule can be de¯ned as

½w =
1

1 + ²w
:

Note that the exact formula for the relevance is not that important as far as ²w1 · ²w2 !
½w1 ¸ ½w2. The above formula provides a value in the range [0; 1] that could be directly
usedas a scalefactor, if necessary.

The problem is then, how can we derive a single value prediction using the qw statistics
of all the rules in C0(a) and its corresponding relevancevalue, ½w? Two possiblesolutions
cometo mind: using a weighted sum of the valuespredicted by all thesepartial rules using
the relevanceasa weighting factor, or using a competitiv e approach, in which only the most
relevant partial rule is used to determine the predicted value. The weighted sum assumes
a linear relation betweenthe inputs (the value prediction provided by each individual rule)
and the output (the value prediction for a). This assumption has proved powerful in many
systems but, in general, it is not compatible with the categorizability assumption since,
although each one of the partial rules involved in the sum can be of low order, taking all
of them into account meansusing a large set of di®erent feature detectors and elementary
actions to predict the e®ectof a given action. For this reason,our learning system usesa
winner-take-all solution where only the value prediction of the most relevant partial rule is
taken into account to predict the value of an action. So, for each action we determine the
winner rule

w = winner (C0; a) =arg max
8w02 C0(a)

f ½w0g,

and we use the range of likely value for this rule, I w = [qw ¡ 2²w ; qw + 2²w ], to randomly
determine the value prediction for action a. The probabilit y distribution inside this interval
dependson the distribution we assumefor the value.
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The procedure just outlined can be usedat each time step to obtain a value prediction
for each action. The action with the maximal value is the onewe want the robot to execute
next.

Observe that we obtain a probabilistic value prediction: in the samesituation with the
same statistics, we can get di®erent value predictions for the same action. In this way,
the action that obtains the maximal evaluation is not always the one with maximal qw

and, consequently , we favor the exploration of promising actions. This probabilistic ac-
tion selectionprovides an exploratory mechanism that usesmore information than typical
reinforcement-learning exploration mechanisms (the error and con¯dence of value predic-
tions is not available in most reinforcement-learning algorithms) and the result is a more
sophisticated exploration schema (see Wilson, 1996, for a survey of di®erent exploration
mechanisms in reinforcement learning).

4.2 Partial Rules Value Adjustmen t

We adjust the value predictions for all the rules in C0(a) wherea is the last executedaction.
For each rule to be adjusted, we have to update its qw , ew , and cw statistics.

The e®ectof any action a in accordancewith the partial command c attending to a
partial rule w = (v; c) can be de¯ned (using a Bellman-like equation) as

q¤
w = r w + °

X

8C0

p(w; C0) v¤(C0);

where r w is the averagereward obtained immediately after executing c when v is observed,
° is the discount factor usedto balancethe importance of immediate with respect to delayed
reward, v¤(C0) represents the goodness(or value) of the situation where rules C0 are active,
and p(w; C0) is the probabilit y of reaching that situation after the execution of c when v
is observed. The value of a situation is assessedusing the best action executable in that
situation

v¤(C0) = max
8a0

f q¤
w jw = winner (C0; a0)g;

since this gives us information about how well the robot can perform (at most) from that
situation.

As in many of the existing reinforcement-learning approaches, the valuesof qw and ew

for the rules to be adjusted are modi¯ed using a temporal di®erencerule so that they
progressively approach q¤

w and the error on this measure.Rules that have a direct relation
with the received reward would provide a value prediction (qw) coherent with the actually
obtained one and, consequently , after the statistics adjustment, their prediction error will
be decreased.Contrariwise, rules not related to the observed reward would predict a value
di®erent from the obtained one and their error statistics will be increased. In this way, if a
rule is really important for the generation of the received reward, its relevanceis increased
and if not it is decreased.Rules with low relevancehave few chancesof being usedto drive
the robot and, in extreme cases,they could be removed from the controller.

The con¯dence cw should also be adjusted. This adjustment depends on how the con-
¯dence is measured. If it is only related to the number of samplesused in the qw and ew

statistics, then cw should be simply slightly incremented every time the statistics of rule w
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are updated. However, we alsodecreasethe con¯denceif the value model for a given partial
rule is consistently wrong (i.e., the value observed is systematically out of the interval I w).

Observe that our learning rule is equivalent to those usedin state-basedreinforcement-
learning methods. For instance, in Q-learning (Watkins & Dayan, 1992), Q¤(s;a), with s a
state and a an action, is de¯ned as

Q¤(s;a) = r w + °
X

8s0

p(s;a; s0) V ¤(s0);

with p(s;a; s0) the probabilit y of a transition from s to s0 when a is executedand

V ¤(s0) = max
8a0

f Q¤(s0; a0)g

In our approach, the set of rules active in a given situation C0 plays the role of a state
and, thus, v¤(C0) and V ¤(s0) are equivalent. On the other hand, we estimate q¤

w instead
of Q¤(s;a), but the rule w includes information about both (partial) state and actions
making q¤

w and Q¤(s;a) to play a similar role. The value prediction for a given rule, qw ,
corresponds to the average of value predictions for the cells of the Cartesian product of
feature detectors and elementary actions covered by that rule. In the caseof complete
rules (i.e., rules involving all the feature detectors and actions for all motors), the sub-area
covered by the rule includes only one cell of the Cartesian product and, therefore, if the
controller only includes complete rules, the just described learning rule is exactly the same
as that usedin Q-learning. In this particular case,C0(a) is just onerule that, consequently ,
is the winner rule. The statistics for this rule are the same(and are updated in the same
way) as those for the Q(s;a) entry of the table usedin Q-learning. Thus, our learning rule
is a generalization of the learning rule normally usedin reinforcement learning.

4.3 Con troller Initialization and Partial Rule Creation/Elimination

Sincewe assumewe are working in a categorizableenvironment, we can usean incremental
strategy to learn an adequateset of partial rules: we initialize the controller with rules of
the lowest order and we generatenew partial rules only when necessary(i.e., for casesnot
correctly categorizedusing the available set of rules). So, the initial controller can contain,
for instance, all the rules of order two that include one feature detector and oneelementary
action ((v(fdi ); c(aej )) ; (v(: fdi ); c(aej )) 8i; j ). In any case, it is sensible to include the
empty rule (the rule of order 0, w; ) in the initial controller. This rule is always active and it
provides the averagevalue and the averageerror in the value prediction. Additionally , any
knowledgethe userhasabout the task to be achieved can be easily intro duced in the initial
controller in the form of partial rules. If available, an estimation of the value predictions
for the user-de¯ned rules can also be included. If the hand-crafted rules (and their value
predictions) are correct the learning processwill be accelerated.If they are not correct, the
learning algorithm would take care of correcting them.

We create a new rule when a large error in the value prediction is detected. The new
rule is de¯ned as a combination of two of the rules in C0(a), that are the rules that forecast
the e®ectsof the last executedaction, a, in the current situation. When selectinga couple
of rules to be combined, we favor the selection of those with a value prediction close to
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the actually observed one, since they are likely to involve features and elementary actions
(partially) relevant for the value prediction we try to re¯ne.

The problem is that it is not possible to determine a priori whether an incorrectly
predicted value would be correctly predicted after somerule adjustments or if it is really
necessaryto createa newpartial rule to account for the receivedreward. So,if wecreatenew
rules when there is a large error in the value prediction, it is possibleto create unnecessary
rules. The existence of (almost) redundant rules is not necessarilynegative, since they
provide robustnessto the controller, the so called degeneracy e®ectintro duced by Edelman
(1989). What must be avoided is to generatethe samerule twice, sincethis is not useful at
all. Two rules can be identical with respect to lexicographic criteria (they contain the same
feature detectors and elementary actions) but also with respect to semantic ones (they
get active in the same situations and propose equivalent actions). If identical rules are
created, then they have to be detected and removed as soon as possible. Preserving only
the rules that proved to be useful avoids the number of rules in the controller growing above
a reasonablelimit.

Since we create new rules while there is a signi¯cant error in the value prediction,
if necessary, we could end up generating complete rules (provided we do not limit the
number of rules in our controller). In this case,and assuming that the more speci¯c the
rule the more accurate the value prediction, our system would behave as a normal table-
basedreinforcement-learning algorithm: Only the most speci¯c rules (i.e., the most relevant
ones) would be used to evaluate actions and, as explained before, the statistics for these
rules would be exactly the sameas those in table-basedreinforcement-learning algorithms.
Thus, in the limit, our systemcan deal with the sametype of problems as non-generalizing
reinforcement-learning algorithms. However, we regard this limit situation as very improb-
able and we impose limits to the number of rules in our controllers. Observe that this
asymptotic convergenceto a table-basedreinforcement learning is only possiblebecausewe
use a winner-takes-all strategy in the action evaluation. With a weighted-sum strategy,
the value estimation for the non-complete rules possibly present in the controller would
be added to that of complete rules leading to an action evaluation di®erent from that of
table-basedreinforcement-learning algorithms.

5. The Partial Rule Approac h in Con text

The categorizability assumption is closelyrelated with complexity theory principles such as
the Minim um Description Length (MDL) that has been used by authors such as Schmid-
huber (2002) to bias learning algorithms. All thesecomplexity results try to formalize the
well-known \Occam's Razor" principle that enforceschoosing the simplest model from a
set of otherwise equivalent models.

Boutilier, Dean, and Hanks (1999) presents a good review on representation methods
to reducethe computational complexity of planning algorithms by exploiting the particular
characteristics of a givenenvironment. The representation basedon partial rules canbeseen
asanother of theserepresentation systems.However, the partial rule is just a representation
formalism that, without the bias intro duced by the categorizability assumption, would not
be e±cient enoughto be applied to realistic applications.
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The partial-rule formalism can be seenas a generalization of that of the XCS classi¯er
systemsdescribed by Wilson (1995). This XCS learning system aims at determining a set
of classi¯ers (that are combinations of featureswith an associated action) with their associ-
ated value and relevancepredictions. The main di®erencebetweenthis approach and ours
is that Wilson's work pursuesa generic learner and we bias the learning processusing the
categorizability assumption. This allows us to usean incremental rule-generation strategy
that is likely to be more e±cient in robotic problems. Additionally , the categorizability as-
sumption also modi¯es the way in which the value for a given action is evaluated: Wilson's
approach usesa weighted sum of the predictions of the classi¯er advocating for each action
to determine the expectede®ectof that action, while, to ful¯ll with the categorizability as-
sumption (i.e., to minimize the number of feature detectorsand elementary actions involved
in a given evaluation), we proposeto usea winner-takes-all strategy. This is a critical point
since the winner-takes-all strategy takes full advantage of the categorizability assumption
and becauseit allows the partial-rule system to asymptotically converge to a table-based
reinforcement-learning system. This is not the casewhen a weighted sum strategy is used.
Furthermore, in the XCS formalism there is no generalization in the action spaceand, as
already commented, this is a requirement in robotic-lik e applications.

In general,reinforcement learning doesnot pay attention to the necessity of generalizing
in the spaceof actions, although someexceptionsexists. For instance, the work of Maesand
Brooks (1990) includes the possibleexecution of elementary actions in parallel. However
this system does not include any mechanism detecting interactions between actions and,
thus, the coordination of actions relies on sensoryconditions. For instance, this systemhas
di±culties detecting that the execution of two actions results always (i.e., independently of
the active/inactiv e feature detectors) in positive/negative reward.

The CASCADE algorithm by Kaelbling (1993) learns each bit of a complex action
separately. This algorithm presents a clear sequential structure where the learning of a
given action bit depends on all the previously learned ones. In our approach there is not
a prede¯ned order in the learning of the outputs and the result is a more °exible learning
schema.

In multiagent learning (Claus & Boutilier, 1998; Sen, 1994; Tan, 1997) the objective
is to learn an optimal behavior for a group of agents trying to cooperatively solve a given
task. Thus, in this ¯eld, as in our case,multiple actions issuedin parallel have to be con-
sidered. However, one of the main issuesin multiagent learning, the coordination between
the di®erent learners is irrelevant in our casesincewe only have one learner.

Finally, the way in which we de¯ne complex actions from elementary actions has some
points in commonwith the works in reinforcement learning wheremacro-actionsare de¯ned
as the learner confronts di®erent tasks (Sutton, Precup, & Singh, 1999;Drummond, 2002).
However, the useful combinations of elementary actions detectedby our algorithm are only
guaranteed to be relevant for the task at hand (although they are likely to be also relevant
for related tasks).

6. Exp erimen ts

We show the results of applying our learning algorithm to two robotics-like simulated prob-
lems: robot landmark-based navigation and legged robot walking. The ¯rst problem is
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Figure 1: Landscape for the simple landmark-basednavigation task. The landscape is di-
vided in areas(the dashedovals) wherethe samesubsetsof landmarks are visible.

simpler (although it includes more delayed reward) and we use it to clearly describe the
workings of the algorithm. The secondproblem approachesa realistic robotic application,
our objective in the long term. We use the two examplesto compare the performanceof
our learning system with that of generalizing and non-generalizingreinforcement-learning
algorithms. The confronted problems are di®erent enough to show the generality of the
proposedlearning system.

6.1 Sim ulated Landmark-Based Na vigation

We confront a simple simulated landmark-basednavigation task in the forest-like environ-
ment shown in Figure 1. The objective for the learner is to go from the start position
(marked with a crossat the bottom of the ¯gure) to the goal position where there is the
food (marked with a cross at the top right corner of the environment). The agent can
neither walk into the lake nor escape from the depicted terrain.

The agent can make useof somebinary landmark (i.e., feature) detectors to identify its
position in the environment and to decide which action to executenext. In the example,
the landmark detectors of the agent are:

1. Ro ck detector: Activ e when the rock is seen.

2. Boat detector: Activ e when the boat is seen.

3. Flo wer detector: Activ e when the bunch of °owers is seen.
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4. Tree detector: Activ e when the tree is seen.

5. Bush detector: Activ e whenever a bush is seen.

6. W ater detector: Activ e when there is water nearby.

7. Bird detector: Activ e when there is a bird °ying over the agent.

8. Cow detector: Activ e when there is a cow nearby.

9. Sun detector: Activ e when the sun is shining.

10. Cloud detector: Activ e when it is cloudy.

Of thesedetectors,only the ¯rst 5 are relevant for the task. The water detector is always
active, and the rest of landmark detectors becomeactive at random. These 10 landmark
detectors can di®erentiate between210 = 1024situations.

We simplify the problem by clustering the possiblepositions of the learner in the envi-
ronment in 7 areas(shown in Figure 1): each area includes the positions from which the
sameset of relevant landmarks can be seen.

As far as actions is concerned,we usethree actions for the West-East movement of the
robot: move to the West (denoted asW), stay in the sameplace(¡ ), move to the East (E ).
The other three indicate movement along the North-South dimension (move to the North
N , stay in the samelatitude ¡ , move to the South S). These two independent groups of
three actions can be combined giving rise to 9 di®erent actions (move North-West, North,
North-East, etc.). We assumethat when the agent executesone of these actions, it does
not stop until the nearest area of the terrain in the direction of the movement is reached.
When the agent tries to move into the lake or out of the terrain, it remains in the same
position it was. Figure 1 shows all the possibletransitions betweencontiguous areasin the
environment.

With the just described landmark detectorsand elementary actions the maximum possi-
ble order of a given rule is 12, and we can de¯ne up to 944784(31042) syntactically di®erent
partial rules. Only taking into account all the rules with one feature detector and one ele-
mentary action (that are the onesinitially included in the controller) we have 90 di®erent
partial rules.

The agent only receivesreward (with value 100) when it reachesthe goal. Consequently ,
this is a problem with delayed reward since the agent must transmit the information pro-
vided by the reward signal to those actions and situations not directly related with the
observation of reward.

The parametersof the partial-rule learning algorithm we usedfor this task were° = 0:9,
¯ = 0:99, ´ = 5, ® = 0:1, ¿ = 5, ¹ = 200 and, ¸ = 0:95 (seeAppendix A for a detailed
description of the parameters). Observe that, with a maximum number of partial rules
¹ = 200 and an initial controller containing 90 rules, little room is left for the generation
of rules with order higher that 2.

The learning is organized in a sequenceof trials. Each trial consists in placing the
learner in the starting position and letting it move until the goal is reached, allowing the
execution of at most 150 actions to reach the goal. When performing optimally , only three
actions are required to reach the objective from the starting position.
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Figure 2: Performanceon the landmark-basednavigation task. Results shown are the av-
erageover 10 runs.

Figure 2 shows that, after 40 learning trials, the agent approachesthe optimal behavior
(represented by the °at dashedline at y = 3).

The dashedline in Figure 2 is the performanceof a XCS in this problem. To perform
this test, we used the implementation of Wilson's XCS developed by Butz (1999). To
make XCS work in the same search spaceas the partial-rule algorithm, we modi¯ed the
XCS implementation to be able to deal with non-binary actions. No other modi¯cation,
but parameter adjustment, were intro duced in the original code. The results presented
here corresponds to the averageof 10 runs using the set of parameters that gave a better
result. Nominally, these parameters were: learning rate ® = 0:1, decay rate ° = 0:9,
maximum number of classi¯ers ¹ = 200 (however, the initial set is empty), the genetic
algorithm is applied in averageevery 5 time steps,the deletion experienceis 5, the subsume
experience is 15, the fall o® rate is 0.1, the minimum error 0.01, a prediction threshold
of 0.5, the crossover probabilit y is 0.8, the mutation probabilit y 0.04 and the initial don't
care probabilit y 1=3. The prediction and the ¯tness of new classi¯ers are initialized to 10
and the error to 0. A detailed explanation of the meaning of those parameters is provided
by Wilson (1995) and also by the comments in the code of Butz (1999).

We can seethat the XCS reachesthe sameperformanceof the partial-rule approach, but
using about four times more trials. This di®erencein performanceis partially explained by
XCS's lack of generalization in the action space.However this factor is not that relevant in
this casesincethe action spacehasonly two dimensions. The main factor that explains the
better performanceof the partial-rule approach is the bias intro ducedby the categorizability
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t Position V Action Winner Rule qw ew Guess
1 A2 81 (W; N ) w1 = (v(Rock; : B oat); c(W; N )) 80:63 1:16 79:87

(W; ¡ ) w2 = (v(Rock; Water); c(W)) 79:73 2:19 77:65
2 A4 90 (¡ ; N ) w3 = (v(B oat; Tr ee); c(N )) 89:61 2:04 88:88

(E ; N ) w4 = (v(Tr ee); c(E ; N )) 90:0 0:0 89:86
(E ; ¡ ) w5 = (v(: Rock; B oat); c(E )) 86:71 4:58 79:56

3 A6 100 (E ; ¡ ) w6 = (v(: B ush); c(E ; ¡ )) 100:0 0:0 99:87

Table 1: Partial execution trace for the landmark-based navigation task. Elementary ac-
tion ¡ meansno movement along the corresponding dimension. At each time step
t, the action with the highest guessis executed. After time step 3, the goal is
reached.

assumption that is not present in the XCS system and that, in this case,allows a more
e±cient learning process.XCS in more powerful than our partial-rule approach in the sense
that XCS makes no assumption about the categorizability of the environment, while we
assumeit as high. The result of the XCS learning processincludes the identi¯cation of
the degreeof categorizability of the environment and in our casethis is, in some sense,
pre-de¯ned. The generality of the XCS, however, producesa slower learning process.

If we initialize the classi¯ers in a XCS with a high don't care probabilit y and we initialize
the rules in the partial-rule algorithm so that no generalization is used in the action space
(i.e., if all rules include a command for each motor), then the two systemsbecomecloser.
In this case, the main (but not the only) di®erencebetween the two approaches is the
assumption on the relation betweenthe inputs and the value: While XCS assumesa linear
relation, we assumethe environment to be categorizable,or, what is the same,we assume
the value to depend on only few of the inputs. Due to this di®erence,when confronted to
the sameproblem, the two systemswould learn the same policy and the same values for
each action, but the valueswould be computed using di®erent rules with di®erent associated
values, and this is so independently of the parameter/rule initialization used in each case.
The system with a smaller learning time would be that with an assumption closer to the
reality. The results obtained in the particular example presented above show that the
categorizability assumption is more valid and our hypothesis is that this would be the case
in most robotics-like applications.

Table 1 shows the evaluation of someactions in the di®erent situations the agent en-
counters on its path from the start to the goal after 50 learning trials. Analyzing this trace,
we can extract someinsight about how the partial-rule learning algorithm works.

For instance, at time step 1, we seethat rule w2 = (v(Rock; Water); c(W)) is used to
determine the value of action (W; ¡ ). Sincethe landmark detector Water is always active,
this rule is equivalent to w = (v(Rock); c(W)), which is oneof the rules usedto generatew2.
If we examine the statistics for w we ¯nd that qw = 74:70 and ew = 15:02. Obviously, the
value distributions of qw and qw2 look di®erent (74.70 vs. 79.73 and 15.02 vs. 2.19). This
is becausew2 has been generated on later stagesof the learning and, thus, its statistics
have beenupdated using a subsampleof the values used to adjusts the statistics of w. In
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this particular case,qw has been updated 250 times while qw2 has been updated only 27
times. As learning continues,both distributions will becomemore similar and rule w2 will
be eventually eliminated.

In Table 1, we can see that sometimes there are some non-optimal actions that get
an evaluation closeto the optimal ones. For this reason, the agent executes,sometimes,
non-optimal actions and this increasesthe number of steps necessaryto reach the goal.
In general, the adjustment of the statistics of the rules can solve this problem but, in this
particular case,we needto createnew rules to ¯x the situation. For instance,at time step 2,
when the value for rule w4 is increasedtowards 90, the value of rules active at this time step
and proposing actions in accordancewith the action of rule w4 also converge toward 90.
So, in the long term, a rule proposing just action (N ) can get a value closeto 90. In the
absenceof more speci¯c rules, this rule can be used to estimate the value of an action
such as (¡ ; N ) and, due to the probabilistic nature of the action selection procedure, this
action can, eventually , be executed delaying the agent from reaching the goal by 1 time
step. However, the execution of (¡ ; N ) results in an error in the value prediction and, thus,
in the creation of new rules to better characterize the situation. As soon as a speci¯c rule
for action (¡ ; N ) is generated,the error is no longer repeated.

At time step 3, we seethat rule w6 = (v(: B ush); c(E ; ¡ )) has a value of 100with error
0 but the guessfor this rule is 99:87. This is becausethe maximum con¯dence (¯ ) is lower
than 1:0 (0:99 in this case) and this makes the agent to keep always a certain degreeof
exploration.

If the agent only receives reward when the task is totally achieved, the function value
for each situation can be computed as V(s) = ° n¡ 1r with n the distance (in actions) from
situation s to the target one and r the reward ¯nally obtained. In Table 1, we can seethat
situations get the correct evaluation: 80:63(» 81 = 100¢0:92) for A2, 90(= 100¢0:9) for
A4, and 100 for A6.

Observe that this problem can be solved using only 200 partial rules out of the 9216
possible situation-action combinations in this domain. So, we can say that the problem
is certainly categorizable. The main conclusion we can extract from this toy example is
that, in a particular casein which the confronted problem was categorizable,the presented
algorithm hasbeenable to determine the relevant rules and to adjust their values(including
the e®ectof the delayed reward) so that the optimal action can be determined for each
situation.

6.2 Gait Generation for a Six-Legged Rob ot

Wealsoapplied our algorithm to the task of learning to generatean appropriate gait (i.e., the
sequenceof steps) for a six-leggedrobot (Figure 3). To apply the learning algorithm to the
real robot would be possible,but dangerous: in the initial phasesof the learning the robot
would fall down many times damaging the motors. For this reason we used a simulator
during the learning and, afterward, we applied the learned policy to the real robot.

The problem of learning to walk with a six leggedrobot hasbeenchosenby many authors
before as a paradigmatic robotic-learning problem. For instance, Maes and Brooks (1990)
implemented a speci¯c method basedon immediate reward to derive the preconditions for
each leg to perform the step. Pendrith and Ryan (1996) used a simpli¯ed version of the
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six-leggedwalking problem to test an algorithm able to deal with Non-Markovian spaces
of states and Kirc hner (1998) presented a hierarchical version of Q-learning to learn the
low-level movements of each leg, as well as a coordination scheme between the low-level
learned behaviors. Ilg, MÄuhlfriedel, and Berns (1997) intro duced a learning architecture
basedon self-organizingneural networks, and Kodjabachia and Meyer (1998) proposedan
evolutionary strategy to develop a neural network to control the gait of the robot. Vallejo
and Ramos(2000)useda parallel geneticalgorithm architecture and Parker (2000)described
an evolutionary computation where the robot executesthe best controller found up to a
givenmoment while a newoptimal controller is computed in an o®-linesimulation. All these
algorithms are usually tested on °at terrain with the aim of generating periodic gaits (i.e.,
gaits where the sequenceof steps is repeated cyclically). However, for general locomotion
(turns, irregular terrain, etc) the problem of free gait generation needsto be considered.

Figure 3: The Genghis I I walking robot and its 2D simulation environment.

Our simulator (seeFigure 3) allows the controller to command each leg of the robot in
two independent degreesof freedom (horizontal and vertical) and it is able to detect when
the robot is in an unstableposition (in our robot this happenswhen two neighboring legsare
in the air simultaneously). Using this simulator, we implemented the behaviors described
by Celaya and Porta (1996) except those in charge of the gait generation. Therefore, the
task to be learnedconsistsin deciding at every moment which legsmust step (that is, leave
the ground and move to an advanced position), and which must descendor stay on the
ground to support and propel the body.

We de¯ned a set of 12 feature detectors that, due to our experienceon leggedrobots,
we knew could be useful in di®erent situations for the gait-generation task:

² In the air(x): Activ e if the leg x is in the air.

² Adv anced(x): Activ e if legx is moreadvancedthan its neighboring leg in a clockwise
circuit around the robot.

Attending to the activation and non-activation of these 12 feature detectors, we can
di®erentiate between4096di®erent situations.

On the action side, we work with two di®erent elementary actions per leg: one that
issuesthe step of the leg and another that descendsthe leg until it touches the ground.

96



Reinf or cement Learning in Categorizable Envir onments

Thus, the cardinalit y of the set of elementary actions is 12 and, at each time step, the robot
issuesan action containing 6 elementary elements (one per leg). Thus, we can think of each
leg as a virtual motor that accepts two possible values, 0 to remain in contact with the
ground and 1 to perform the step.

The reward signal includes two aspects:

² Stabilit y: If an action causesthe robot to fall down, a reward of ¡ 50 is given.

² E±ciency: When the robot does not fall down, a reward equal to the distance
advanced by the robot is given. Observe that when legs descendto recover contact
with the ground no advanceof the robot is obtained but this movement is necessary
to be able to get reward in next time steps. So,we have again a problem with delayed
reward.

The most e±cient stable gait is the tripod gait in which two setsof three non-adjacent
legsstep alternately. Using this gait, the robot would obtain a reward of 0 (when onegroup
of three legsare lifted and advanced) followed by a reward of 50 (when the legs in contact
with the ground move backward as a reaction to the advanceof legsmoved in the previous
time step). Thus, the optimal averagereward is 25.

In the experiments, the robot is set in an initial posture with all the legsin contact with
the ground but in a random advanceposition.

Figure 4 shows results of applying the partial-rule algorithm compared with those ob-
tained using standard Q-learning with 4096distinct states and 64 di®erent actions.

For the partial-rule algorithm, we used the following set of parameters: ° = 0:2, ¯ =
0:99, ´ = 22, ® = 0:1, ¿ = 150, ¹ = 10000and, ¸ = 0:95 (seeAppendix A for a description
of these parameters). For Q-learning, the learning rate is set to ® = 0:5 and we use an
action selectionrule that performs exploratory actions with probabilit y 0:1.

In Figure 4, we can see that the stabilit y subproblem (i.e., not falling down, which
corresponds to getting a reward greater than zero) is learned very quickly. This is because,
in the stabilit y subproblem, we can take advantage of the generalization provided by using
separateelementary actionsand, with a singlerule, wecanavoid executingseveral dangerous
actions. However, the advance subproblem (i.e., getting a reward close to 25) is learned
slowly. This is becauselittle generalizationis possibleand the learning systemmust generate
very speci¯c rules. In other words, this sub-problem is lesscategorizablethan the stabilit y
one.

As in the landmark-based navigation example discussedin the previous section, we
observe that the controller contains some(slightly) overly generalrules that are responsible
for the non optimal performanceof the robot. However, we don't regard this as a problem
since we are more interested in e±ciently learning a correct enough policy for the most
frequent situations than in ¯nding optimal behaviors for all particular cases.

Figure 5 shows the performanceof Q-learning over a longer run using di®erent explo-
ration rates. This shows that Q-learning can eventually convergeto an optimal policy but
with many more iterations than our approach (about a factor of 10). Observe that a lower
exploration rate allows the algorithm to achieve higher performance (around 19 with a
learning rate of 0.1 and around 24 with learning rate 0.01) but using a longer period. With
a careful adjustment of the exploration rate we can combine an initial faster learning with
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Figure 4: Performance of the partial-rule approach compared with standard Q-learning.
Results are the smoothed averageof 10 experiments.

a better convergencein the long term. Experiments with Q-learning using learning rates
other than 0.5 showed insigni¯cant di®erencescomparedto the results shown here.

The advantage of our algorithm over non-generalizingonesis increasedin problems in
which someof the sensorsprovide information not related to the task. To test this point,
we set up an experiment in which 6 feature detectors that becomeactive randomly were
added to the 12 initial ones. With thesenew features, the number of possiblecombinations
of feature activations increases,and so doesthe number of states consideredby Q-learning.
Figure 6 shows the comparison between our algorithm and Q-learning for this problem.
Q-learning is not able to learn a reasonablegait strategy in the 5000 time steps shown
in the ¯gure, while the performance of the partial-rule algorithm is almost the same as
before. This meansthat the partial-rule algorithm is able to detect which sets of features
are relevant and use them e®ectively to determine the robot's behavior. It is remarkable
that, in this case,the ratio of memory usedby our algorithm with respect to that usedby
non-generalizingalgorithms is below 0.2%. This exempli¯es how the performance of the
non-generalizingalgorithms degradesas the number of features increases,while this is not
necessarilythe caseusing the partial-rule approach.

The importance of the generation of partial rules in the improvement of the categoriza-
tion can be seencomparing the results obtained for the sameproblem with and without
this mechanism (Figure 7). The results show that the task cannot be learned using only
partial rules of order 2. The only aspect of the gait-generation problem that can be learned
with rules of order 2 is to avoid lifting a leg if one of its neighboring legs is already in the
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Figure 5: Performance of the Q-learning algorithm with di®erent exploration rates. The
referencevalues 19 and 24 are the upper bound of the performance attainable
when using exploration rate 0.1 and 0.01.
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Figure 6: Performanceof our algorithm comparedwith Q-learning when there are irrelevant
features.
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Figure 7: Performancewith and without the partial-rule generation procedure.

air. For instance, a rule such as

v(In the air (1)) ! c(Step (2)) ;

forecastsa highly relevant negative reward and this prevents leg 2 from being raised when
leg 1 is in the air.

Rules with order higher than 2 (i.e., not provided to the robot in the initial controller)
are necessary, for instance, to avoid raising two neighboring legssimultaneously. A rule like

v(: In the air (1)) ! c(Step (1); Step (2))

becomesactive when the robot evaluates any action that implies raising leg 1 and leg 2
at the sametime. Since the value prediction of this rule is very negative and its relevance
is high, the action under evaluation would be discarded, preventing the robot from falling
down. Similar rules have to be generatedfor each pair of neighboring legs. To make the
robot advance,we needto generaterules with even higher order.

In Figure 8, we can seethe performance of the algorithm when we start the learning
processfrom a correct rule set (i.e., a rule set learned in a previous experiment), but with
all the statistics initialized to 0. In this experiment, we can compare the complexity of
learning only the values for the rules compared with the complexity of learning the rules
and their value at the sametime. We can seethat when only the valuesfor the rules need
to be learned the learning processis about two times faster than in the normal application
of the algorithm.

In a ¯nal experiment, we issuefrequent changesin the heading direction of the robot
(generated randomly every 10 time steps). In this way, periodic gaits becomesuboptimal
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Figure 8: Performanceof the partial-rule approach when learning is started from a correct
rule set comparedwith the standard approach where rules are also learned.

and the controller should produce a free gait, i.e., a gait that includes a sequenceof steps
without any periodic repetition.

In this case,we focus on the advancesubproblem and, thus, we intro duced somehand-
crafted rules to the initial controller to prevent the robot from falling down. These rules
are of the form:

if leg i is lifted then execution of action a results in value ¡ 50 with con¯dence 1,

where a is any of the actions that lift one of the two legsthat are contiguous to i .
The set of parameters we used in this casewas: ° = 0:2, ¯ = 0:99, ´ = 5, ® = 0:1,

¿ = 150, ¹ = 10000and, ¸ = 0:95.
Figure 9 shows the average results obtained using the partial-rule learning algorithm

comparedwith thoseobtained with our best hand-codedgait-generationstrategy. In the ¯g-
ure, the horizontal dashedline shows the averageperformanceusing the best gait-generation
strategy we have implemented (Celaya & Porta, 1998). It can be seenthat the learnedgait-
generationstrategy (the increasingcontinuous line) producesa performancesimilar to that
of our best hand-coded strategy and that, in somecases,it even outperforms it. Figure 10
shows a situation where a learned controller produces a better behavior than our hand
coded one. Using the hand-coded strategy, the robot starts to walk raising two legs(3 and
6) and, in few time stepsit reachesa state from which the trip od gait is generated. Initially ,
leg 2 is more advancedthan legs1 and 4 and, in general, it is suboptimal to executea step
with a leg when its neighboring legs are lessadvancesthat itself. In this particular case
however, this general rule does not hold. The learned strategy detects this exception and
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Figure 9: Performanceof the partial-rule approach when learning a free gait.

generatesthe trip od gait from the very beginning resulting in a larger advanceof the robot
in the initial stagesof the movement.

7. Conclusions

In this paper, we have intro duced the categorizability assumption that states that a robot
can be driven to achieve a given task using only simple rules: i.e., rules including a reduced
set of feature detectors and elementary actions. This assumption is supported by our
experiencewithin the behavior-basedapproach wherecontrollers are formed by setsof rules
with relatively simple conditions and actions. We have shown that a learning algorithm
basedon the categorizability assumption allows a large speedup in the learning processin
many realistic robotic applications with respect to existing algorithms.

To exploit the categorizability assumption both in the observations and action spaces,
we have intro duced a new representation formalism basedon the concept of partial rules
and not on the conceptsof independent states and independent actions that are the kernel
of many existing reinforcement-learning approaches.

The intro duction of the partial-rule conceptprovides a large °exibilit y on how problems
are formalized. With the samestructure and algorithms, we can confront problems with
generalization in the perception side (usually consideredin reinforcement learning), in the
action side (usually not considered),or in both of them.

When no generalizationis possibleat all via partial rules, we have to usecompleterules:
rules involving all the available inputs and outputs. In this case,the partial-rule approach is
equivalent to the non-generalizingreinforcement learning. The algorithm we have presented
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Figure 10: The hand-programmed gait strategy (top sequence)vs. a learned one (bottom
sequence).The advanceposition of the robot at each snapshotis indicated below
each picture.

can, if necessary, generatecomplete rules and, consequently , it can, in principle, solve any
problem that can be solved using a traditional reinforcement-learning algorithm. However,
we take the categorizability assumption as valid and so, the generation of complete rules
is an extreme casethat is only likely to occur in a very limit situation. Therefore, in our
approach, we foregogenerality in order to increasethe e±ciently of the learning processin
the classof problems we want to address.

Another advantage of the partial-rule framework is that it allows the easyand robust
intro duction of initial knowledge in the learning processin the form of rules that are eas-
ily understood by the programmer. This is in contrast with usual reinforcement-learning
algorithms where the intro duction of initial knowledgeis, in general, rather di±cult.

In the partial-rule approach, there is a subtle change of emphasisas to the main goal
of learning: While in most work in reinforcement learning the emphasisis on learning the
value of each action in each state, our main purposeis to learn the relevanceof (subsetsof)
elementary actions and feature detectors. If the relevant subsetsof elementary actions and
feature detectors are identi¯ed, the learning becomesstraightforward.
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The main limitation of our work is that it is not possibleto know a priori (except for triv-
ial cases)whether or not an environment is categorizableby a given robot. Non-generalizing
reinforcement learning implicitly assumesthat the environment is non-categorizableand
that, consequently , all the possiblecombination of features and actions have to be taken
into account separately. Our approach assumesjust the opposite: that the environment is
categorizableand, so, only reducedcombinations of features and actions need to be taken
into account. The drawback of using the non-generalizingapproach is that robotic tasks
becomeintractable becauseof the curse of dimensionality. With generalization techniques
this problem can be partially alleviated, but not enoughin general. In our approach we take
a more radical approach in order to be much lessa®ectedby the curseof dimensionality: we
intro duce a strong bias in the learning processto drastically limit the useof combinations
of features and actions.

We have tested the partial-rule learning algorithm in many robotic-inspired problems
and two of them have been discussedin this paper (landmark based-navigation and six-
leggedrobot gait generation) and the categorizability assumption proved to be valid in all
caseswetested. The algorithm out-performsgeneralizingand non-generalizingreinforcement-
learning algorithms in both memory requirements and convergencetime. Additionally , we
have shown that our approach scaleswell when the number of inputs increases,while the
performanceof existing algorithms is largely degraded. This is a very important result that
lets us think that it could be possibleto useour approach to control more complex robots,
while the useof existing approacheshas to be discarded.

From the work presented in this paper, we can extract two main proposals. First,
to apply reinforcement learning to agents with many sensorsand actuators, we should
concentrate our e®orts in determining the relevance of inputs and outputs and, second,
to achieve e±cient learning in complex environments it could be necessaryto intro duce
additional assumptionsinto the reinforcement-learning algorithms, even at the risk of losing
generality.
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App endix A: The Partial-Rule Learning Algorithm

In this appendix, we describe in detail the approach described in the main body of the
paper.

Partial Rule Learning Algorithm
(Initialize)

F D Ã Set of features detectors
EA Ã Set of elementary actions
C Ã f w; g [ f (v(fd); c(ea)) ; (v(: fd); c(ea)) jfd 2 F D; ea 2 EAg
For each w in C

qw Ã 0
ew Ã 0
i w Ã 0

endfor
e Ã 0

Do for each episode
C0 Ã f w 2 Cjw is activeg
Rep eat (for each step in the episode):

(Action Selection)
Action Evaluation (Computes guess(a0) 8a0)
a Ã arg max

8a0
f guess(a0)g

Execute a
(System Update)

r a Ã Reward generatedby a
C0

ant Ã C0

C0 Ã f w 2 Cjw is activeg
Statistics Update
Partial-Rule Management

un til terminal situation
enddo

Figure 11: The partial-rule learning algorithm. Text inside parenthesesare comments. The
Action Evaluation, Statistics Update, and Partial-R ule Managementprocedures
are described next.

The partial-rule learning algorithm (whosetop level form is shown in Figure 11) stores
the following information for each partial rule

² the value (i.e., the discounted cumulativ e reward) estimation qw ,

² the error estimation ew , and

² the con¯dence index i w .
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To estimate the con¯dence on qw and ew we use a con¯dence index i w that, roughly
speaking, keepstrack of the number of times the partial rule is used. The con¯dence is
derived from i w using a con¯dence function in the following way:

cw = con¯dence function(i w),

where the con¯dence function is a non-decreasingfunction in the range [0; ¯ ]. ¯ should be
lessthan 1 since, in this way, the system always keepsa certain degreeof exploration and,
consequently , it is able to adapt to changesin the environment. Di®erent con¯denceschemes
can be implemented by changing the con¯dence function. In our implementation, we use
a sigmoid-like function (seeFigure 12) that increasesslowly for low values of i w reducing
the con¯dence provided by the ¯rst obtained rewards. In this way we avoid a premature
increaseof the con¯dence (and, thus, a decreasein the error and in the exploration) for
insu±ciently-sampled rules. A parameter (´ ) determines the point at which this function
reachesthe top value ¯ .

Additionally , the con¯dence index is used to de¯ne the learning rate (i.e., the weight
of new observed rewards in the statistics update). For this purposewe implement a MAM
function (Venturini, 1994) for each rule:

mw = maxf ®; 1=(i w + 1)g.

Using a MAM-based updating rule, we have that, the lower the con¯dence, the higher
the e®ectof the last observed rewards on the statistics, and the faster the adaptation of the
statistics. This adaptive learning rate strategy is related to thosepresented by Sutton (1991)
and by Kaelbling (1993), and contrasts with traditional reinforcement-learning algorithms
where a constant learning rate is used.

After the initialization phase, the algorithm enters in a continuous loop for each task
episodeconsistingin estimating the possiblee®ectsof all actions, executingthe most promis-
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Action Evaluation
For each action a0

w Ã winner (C0; a0)
guess(a0) Ã qw + 2 r andom(¡ ²w ; ²w )

endfor

Figure 13: Action Evaluation procedure.

ing one,and updating the systemsothat its performanceimprovesin the future. The system
update includes the statistics update and the partial-rule management.

Action Evaluation

The simplest procedure to get the estimated value for actions is a brute-force approach
consistingof the independent evaluation of each oneof them. In simple cases,this approach
would be enough but, when the number of valid combinations of elementary actions (i.e.,
of actions) is large, the separateevaluation of each action would take long time, increasing
the time of each robot decisionand decreasingthe reactivit y of the control. To avoid this,
Appendix B presents a more e±cient procedureto get the value of any action.

Figure 13 summarizesthe action-evaluation procedureusing partial rules. The value for
each action is guessed using the most relevant rule for this action (i.e., the winner rule).
This winner rule is computed as

winner (C0; a) =arg max
8w2 C0(a)

f ½wg,

where ½w is the relevanceof rule w

½w =
1

1 + ²w
:

The value estimation using the winner rule is selectedat random (uniformly) from the
interval

I w = [qw ¡ 2²w ; qw + 2²w ];

with
²w = ew cw + e(1 ¡ cw):

Here, e is the averageerror on the value prediction (i.e., the value error prediction of the
empty rule, w; ).

Statistics Up date

In the statistics-update procedure (Figure 14), qw and ew are adjusted for all rules that
were active in the previous time step and proposeda partial command in accordancewith
a (the last executedaction).
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Statistics Up date
if terminal situation then

v Ã 0
else

v Ã max
8a0

f qw jw = winner (C0; a0)g

endif
q Ã r a + ° v
For each w = (v; c) in C0

ant
if c is in accordancewith a then

if q 2 I w then
i w Ã i w + 1

else
i w Ã min(´ ¡ 1; i w ¡ 1)

endif
qw Ã qw (1 ¡ mw ) + q mw

ew Ã ew (1 ¡ mw ) + jqw ¡ qj mw

endif
endfor
e Ã ew ;

Figure 14: Statistics update procedure.

Both qw and ew are updated using a learning rate (mw) computed using the MAM
function, which initially is 1, and consequently , the initial values of qw and ew have no
in°uence on the future valuesof thesevariables. Theseinitial valuesbecomerelevant when
using a constant learning rate, as many existing reinforcement-learning algorithms do.

If the observed e®ectsof the last executed action agree with the current estimated
interval for the value (I w), then the con¯dence index is increasedby one unit. Otherwise,
the con¯dence index is decreasedallowing a faster adaptation of the statistics to the last
obtained, surprising valuesof reward.

Partial-Rule Managemen t

This procedure(Figure 15) includes the generation of new partial rules and the removal of
previously generatedonesthat proved to be useless.

In our implementation, we apply a heuristic that producesthe generationof new partial
rules when the value prediction error exceedse. In this way, we concentrate our e®ortsto
improve the categorization on those situations with larger errors in the value prediction.

Every time a wrong prediction is made, at most ¿ new partial rules are generatedby
combination of pairs of rules included in the set C0

ant (a). Recall that this set includes the
rules active in the previous time step and in accordancewith the executedaction a. Thus,
these are the rules related with the situation-action whose value prediction we need to
improve.
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The combination of two partial rules w1 © w2 consistsof a new partial rule with a partial
view that includesall the featuresincluded in the partial viewsof either w1 or w2 and with a
partial commandthat includesall the elementary actions of the partial commandsof either
w1 or w2. In other words, the feature set of w1 © w2 is the union of the feature sets in w1

and in w2 and the elementary actions in w1 © w2 are the union of those in w1 and those in
w2. Note that, sinceboth w1 and w2 are in C0

ant (a), they have beensimultaneously active
and they are in accordancewith the sameaction and, thus, they can not be incompatible
(i.e., they can not include inconsistent features or elementary actions).

In the partial-rule creation, we bias our system to favor the combination of those rules
(wi ) whosevalue prediction (qwi ) is closer to the observed one (q). Finally, the generation
of rules lexicographically equivalent to already existing onesis not allowed.

According to the categorizability assumption, only low-order partial rules are required
to achieve the task at hand. For this reason,to improve e±ciency, we limit the number of
partial rules to a maximum of ¹ . However, our partial-rule generation procedure is always
generatingnew rules (concentrating on thosesituations with larger error). Therefore, when
we needto createnew rules and there is no room for them, we must eliminate the lessuseful
partial rules.

A partial rule can be removed if its value prediction is too similar to someother rule in
the samesituations.

The similarit y between two rules can be measuredusing the normalized degreeof in-
tersection between their value distributions and the number of times both rules are used
simultaneously:

simil ar ity (w; w0) =
kI w \ I w0k

maxfk I wk; kI w0kg
U(w © w0)

minf U(w); U(w0)g
;

where U(w) indicates the number of times rule w is actually used.
The similarit y assessment for any pair of partial rules in the controller is too expensive

and, in general, determining the similarit y of each rule with respect to those from which
it was generated(that are the rules we tried to re¯ne when the new rule was created) is
su±cient. Thus, based on the above similarit y measure, we de¯ne the redundancy of a
partial rule w = (w1 © w2) as:

r edundancy(w) = maxf simil ar ity (w; w1); simil ar ity (w; w2)g:

Observe that with w = (w1 © w2), we have that w © w1 = w and U(w) · U(w1).
Therefore

U(w © w1)
minf U(w); U(w1)g

=
U(w)

minf U(w); U(w1)g
=

U(w)
U(w)

= 1:

The samereasoningcan be done with w2 and, consequently ,

r edundancy(w) = maxf
kI w \ I w1 k

maxfk I wk; kI w1 kg
;

kI w \ I w2 k
maxfk I wk; kI w2 kg

g:

When we need to create new rules but the maximum number of rules (¹ ) has been
reached, the partial rules with a redundancy above a given threshold (¸ ) are eliminated.
Sincethe redundancy of a partial rule can only be estimated after observing it a number of
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Partial Rule Managemen t
w Ã winner(C0

ant ; a)
if jqw ¡ qj > e (If it is time to create new rules)

(Partial Rule Elimination)
(Test if there is no room for new rules)
if kCk > ¹ ¡ ¿ then

(Rule elimination based on redundancy)
C Ã C ¡ f w 2 C j r edundancy(w) > ¸ g

(Rule elimination based on creation error)
if kCk > ¹ ¡ ¿ then (If there is stil l no room)

SC Ã The ¿ partial rules from C with:
- Lowest creation error(w), and
- creation error(w) < jqw ¡ qj

C Ã C ¡ SC
endif

endif

(Partial Rule Generation)
t Ã 0
while kCk < ¹ and t < ¿

(Create a new rule w0)
Select two di®erent rules w1, w2 from C0

ant (a)
preferring those that minimize

jqw i ¡ qj cw i + e(1 ¡ cw i )
w0 = (w1 © w2)
creation error(w0) Ã jqw ¡ qj

(Insert the new rule in the controller)
C Ã C [ f w0g
t Ã t + 1

endwhile
endif

Figure 15: Partial Rule Management procedure. The valueof q is calculatedin the Statistics
Update procedureand a is the last executedaction.

times, the redundancy of the partial rules with low con¯dence indexes is set to 0, so that
they are not immediately removed after creation.

Observe that, to compute the redundancy of a rule w, we use the partial rules from
which w was derived. For this reason,a rule w0 cannot be removed from a controller C if
there exists any rule w 2 C such that w = w0© w00. Additionally , in this way we eliminate
¯rst the uselessrules with higher order.
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App endix B: E±cien t Action Evaluation

In non-generalizingreinforcement learning the cost of executinga singlelearning step can be
neglected.However, algorithms with generalizationin the spacesof sensorsand/or actuators
are not so simple and the execution time of each iteration can be increasedsubstantially .
In an extreme case, this increasecan limit the reactivit y of the learner and this is very
dangerouswhen working with an autonomousrobot.

The most expensive procedure of our algorithm is that of computing the value of all
actions (i.e., all valid combinations of elementary actions). The cost of this procedure is
especially critical since it is used twice in each step: once to get the guessof each action
(in the Action Evaluation procedure detailed in Figure 13) and again to get the goodness
of the new achieved situation after the action execution (when computing the v value in
the Statistics Update proceduredetailed in Figure 14). A trivial re-order of the algorithm
can avoid the double use of this expensive procedure at each learning step: we can select
the action to be executednext at the sametime that we evaluate the goodnessof the new
achieved situation. The drawback of this re-order is that the action is selectedwithout
taking into account the information provided by the last reward value (the goodnessof the
situation is assessedbefore the value adjustment). However, this is not a problem in tasks
that require many learning steps.

Even if we use the action-evaluation procedure only once per learning step, we have
to optimize it as much as possiblesince the brute-force approach described before, which
evaluates each action sequentially , is only feasiblefor simple problems.

The action-evaluation method presented next is based on the observation that many
of the actions would have the samevalue since the highest relevant partial rule at a given
moment would provide the value to all actions that are in accordancewith the partial
commandof the rule. The separatecomputation of the value of two actions that would end
up evaluated using the samerule is a wasteof time. This can be avoided by performing the
action evaluation attending to the set of active rules in the ¯rst place and not to the set of
possibleactions, as the brute-force approach does.

Figure 16 shows a general form of the algorithm we propose. In this algorithm, partial
rules are consideredoneat a time, ordered from the most relevant rule to the least relevant
one. The partial command of the rule under consideration (cow) is used to processall the
actions that are in accordancewith that partial command. This already processedsub-set
of actions need not to be consideredany more in the action-evaluation procedure. While
the rules are processed,we update the current situation assessment (v) and the action to be
executednext (a) attending, respectively, to the value prediction (qw) and the guess(gw)
of the rules.

Observe that partial rules can be maintained sorted by relevanceby the statistics update
procedure,sinceit is in this procedurewhererule relevanceis modi¯ed. When the relevance
of a rule is changed, its position in the list can be also modi¯ed accordingly. In this way
we do not have to re-sort the list of rules every time we want to apply the procedure just
described.

When elementary actions are of the form (m Ã k) with m a motor and k a value in
the range of possiblevaluesfor that motor, the above algorithm can be implemented in an
especially e±cient way since there is no need to explicitly compute the set of actions A.
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Action Evaluation
(Initialization)

L Ã List of active rules sorted by relevance.
EA Ã Set of elementary actions
A Ã Set of combinations of EA
v Ã ¡1 (Situation assessment)
a Ã ; (Optimal action)
g Ã ¡1 (Optimal action value prediction)

(Process)
w Ã ¯rst element(L )
do

cow Ã partial command of w
gw Ã qw + 2 r andom(¡ ²w ; ²w )
Aw Ã f a 2 Ajcow in accordancewith ag
if qw > v then

v Ã qw

endif
if gw > g then

g Ã gw

a Ã cow

endif
A Ã A ¡ Aw

w Ã next element(L )
un til A 6= ;

Figure 16: General form of the proposedsituation-assessment and action-selection proce-
dure.

In this case(seeFigure 17 and 18), we construct a decision tree using motors as decision
attributes and that groups in the sameleaf all those actions evaluated by the samepartial
rule (all actions removed from the set A in each iteration of the algorithm in Figure 16).

Each internal node of the tree classi¯es the action according to one of the motor com-
mands included in the action. Theseinternal nodesstore the following information:

² Partial command: A partial command that is in accordancewith all the action clas-
si¯ed under the node. This partial command can be constructed by collecting all the
motors whosevaluesare ¯xed in the nodesfrom the root of the tree to the node under
consideration.

² Motor: The motor used in this node to classify actions. When a node is open (i.e.,
we have still not decided to which motor to attend) the motor value is set to a ? .
A node can be closed by deciding which motor to pay attention to (and adding the
corresponding subtrees)or by converting the node into a leaf.
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Action Evaluation
(Initialization)

L Ã List of active rules sorted by relevance.
v Ã ¡1
a Ã ;
g Ã ¡1
tr eeÃ new node(; c)
openÃ 1
closedÃ 0

(Process)
w Ã ¯rst element(L )
do

gw Ã qw + 2 r andom(¡ ²w ; ²w )
Include Rule(tr ee;w; gw )
w Ã next element(L )

un til closed= open

Figure 17: Top level algorithm of the e±cient action evaluation algorithm. At the endof the
algorithm, v is the goodnessof the current situation to be usedin the Statistics
Update algorithm (seeFigure 14), a is the action to be executednext and guess
its expected value. The \Include Rule" procedure is detailed in next ¯gure.

² Subtrees: This is a list of the subtreesthat start in that node. Each subtree has an
associated value that correspondsto oneof the possibleactions executableby the mo-
tor of the node. All the actions included in a given subtreehave an elementary action
such as (m Ã k) where m is the motor of the node and k is the value corresponding
to this subtree.

The leavesof the tree have information about the value of the actions classi¯ed in that
leaf. This information is represented with the following set of attributes for each leaf:

² Value: The expected value for all the actions classi¯ed in this leaf. The maximum of
this value for all leavesis usedto assessthe goodness,v, of a new achieved situation.

² Guess:The value altered with noisefor exploratory reasons.The leaf with a maximal
guessis the set of actions from where to select the action to be executednext.

² Relevance: The relevanceof the value predictions (of both the value and the guess).

² Partial command: A partial command that is in accordancewith all the actions
classi¯ed in that leaf. As in the caseof internal nodes, this partial command can be
constructed by collecting all the motors whosevalues are ¯xed from the root of the
tree to the leaf under consideration.
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Include rule( n; w; gw )
if not( is leaf(n)) then

cow Ã command(w)
con Ã command(n)
if motor (n) 6= ? then (Closed Node: Search for compatible sub-nodes)

if 9ea 2 cow with motor (ea) = motor (n) then
Include Rule(get subtree(value(ea); n); w; gw )

else
for all s in subtrees(n) do

Include Rule(s;w; gw )
endfor

endif
else (Open Node: Specialize the node)

if cow ¡ con 6= ? then (Extend a node)
ea Ã action in(cow ¡ con )
set motor(n; motor (ea))
closedÃ closed+ 1
for all k in values(motor(ea)) do

new subtree(n; f k; new node(con © (motor (ea) Ã k))g)
openÃ open+ 1

endfor
Include Rule(n; w; gw )

else (Transform a node into a leaf)
transform to leaf(n; qw ; gw ; ½w ; cow )
closedÃ closed+ 1
if qw > v then

v Ã qw

endif
if gw > guess then

g Ã gw

a Ã cow

endif
endif

endif
endif

Figure 18: The Include rule algorithm searches for nodes from node n with a partial com-
mand compatible with the partial command of rule w and extends those nodes
to insert a leave in the tree.

At a given moment, the inclusion of a new partial rule in the tree producesthe special-
ization of all open nodes compatible with the rule (seeFigure 18). We say that an open
node n is compatible with a given rule w if the partial command of the node con and the
partial command of the rule cow does not assigndi®erent values to the samemotor. The
specialization of an open node can result in the extension of the node (i.e., new branches
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Partial rules
q e ½ guess

Partial View Partial Command

TRUEv (m1 Ã v1) ^ (m2 Ã v1) 5 0.1 0.83 5.1
TRUEv (m1 Ã v1) 7 0.9 0.52 6.5
TRUEv (m2 Ã v1) ^ (m3 Ã v1) 8 2.0 0.33 6.0
TRUEv (m2 Ã v1) 3 3.1 0.24 6.2
TRUEv (m1 Ã v0) 2 3.5 0.22 5.3
TRUEv (m2 Ã v0) 10 3.6 0.21 4.1
TRUEv (m3 Ã v1) 1 4.0 0.20 5.2
TRUEv (m3 Ã v0) 6 4.5 0.18 12.7

Table 2: Set of rules of the controller. The valuesq and e are stored and the ½and guess
are computed from them. We de¯ne all partial views as TRUEv to indicate that
they are active in the current time step.

are added to the tree under that node) or in the transformation of this node into a leaf. A
node is extendedwhen the partial commandof the rule a®ectssomemotors not included in
the partial command of the node. This meansthat there are somemotor valuesnot taken
into account in the tree but that have to be usedin the action evaluation according to the
rule under consideration. When a node is extended, one of the motors not present in the
above layers of the tree is usedto generatea layer of open nodesin the current node. After
that, the node is consideredas closedand the inclusion rule procedure is repeated for this
node (with di®erent e®ectsbecausenow the node is closed). When all the motors a®ected
by the partial command of the rule are also a®ectedby the partial command of the node,
then the node is transformed into a leaf storing the value, guess,and relevance attributes
extracted from the information associated with the rule.

The processis stopped as soon as we detect that all nodeshave beenclosed(i.e. all the
external nodesof the tree are leaves). In this case,the rules still to be processedcan have
no e®ectin the tree form and, consequently are not useful for action evaluation. If a rule is
consistently not usedfor action evaluation, it can be removed from the controller.

A toy-size example can illustrate this tree-basedaction-evaluation algorithm. Suppose
that we have a robot with three motors that accept two di®erent values (named v0 and
v1). This producesa set of 8 di®erent actions. Supposethat, at a given moment, the robot
controller includes the set of rules shown in Table 2. In the Action Evaluation algorithm
(Figure 17), rules are processedfrom the most to the least relevant one expanding an
initially empty tree using algorithm in Figure 18. The inclusion of a rule in the tree results
in an extension of the tree (seestagesB, D and E in Figure 19) or in closing branches by
converting open nodesinto leaves(stagesC and F). In this particular casethe tree becomes
completely closed after processing5 rules out of the 8 active rules in the controller. At
the end of the process,we have a tree with ¯v e leaves. Three of them include two actions
and the other two only represent a single action. Using the tree we can say that the value
of the situation in which the tree is constructed, v, is 8 (this is given by the leaf circled
with a solid line in the ¯gure). Additionally , the next action to be executedis of the form
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Open
Node

TRUEc

Motor: m1
Command:

(m1,v1)
(m2,v0)

Value: 7
Guess: 6.5
Relevance: 0.52
Command:

(m1,v1)
(m2,v1)

Value: 5
Guess: 5.1
Relevance: 0.83
Command:

Open
Node

Motor: m2
Command:

(m1,v1)

v0 v1

v0 v1

A

C

E

B

D

F

Open
Node

Motor: m2
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Motor: m1
Command:
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Command:
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(m1,v0)
(m2,v1)
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(m1,v1)
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Relevance: 0.52
Command:

Open
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Command:
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(m1,v0)
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(m1,v0)
(m2,v1)

TRUEc

Motor: m1
Command:

Motor: m2
Command:

(m1,v1)

(m1,v0)
(m2,v0)

Value: 2
Guess: 5.3
Relevance: 0.22
Command:

(m1,v0)
(m2,v1)
(m3,v0)

Value: 3
Guess: 6.2
Relevance: 0.24
Command:

(m1,v1)
(m2,v0)

Value: 7
Guess: 6.5
Relevance: 0.52
Command:

(m1,v1)
(m2,v1)

Value: 5
Guess: 5.1
Relevance: 0.83
Command:

(m1,v0)
(m2,v1)
(m3,v1)

Value: 8
Guess: 6.0
Relevance: 0.33
Command:

v1v0

v0 v1

v0 v1 v1v0

Figure 19: Six di®erent stagesduring the construction of the tree for action evaluation.
Each stagecorresponds to the insertion of one rule from Table 2.
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Figure 20: Log of the execution time (in seconds)of the brute-force approach vs. the tree-
basedone.

(m1 Ã v1; m2 Ã v0; m3 Ã ]) where '] ' represents any possibleaction. This optimal action
is given by the leaf circled with a dashedline that is the leaf with a larger guessvalue.

The cost of our algorithm largely depends on the speci¯c set of partial rules to be
processed.In the worst case,the cost of our algorithm is:

O(nr lnm );

with nr the number of rules, nm the number of motors and, l the maximal range of values
acceptedby the motors. This is because,in the worst case,to insert a given rule, we have to
visit all the nodesof a maximally expandedtree (i.e., a tree whereeach node has l subtrees
and where all the ¯nal nodes of the branches are still opened). The number of nodes of
such a tree is

nmX

i =0

l i =
lnm +1 ¡ 1

l ¡ 1
= O(lnm ):

We can transform the cost expressiontaking into account that l nm is the total number of
possible combinations of elementary actions (nc) or, in other words, the total amount of
actions. Therefore, the cost of the presented algorithm is

O(nr nc):

On the other hand, the cost of the brute-force approach is always

£( nr nc):

117



Por t a & Cela ya

So, in the worst case,the cost of the presented algorithm is of the sameorder as the cost
of the brute-force approach. However, since at most l rules would be enough to close a
maximally expanded tree (one rule for the di®erent values of the motor used in the last
still-op en layer of the tree), the cost of the tree-basedalgorithm would be, on average,
much smaller than that of the brute-force approach.

Figure 20 exempli¯es the di®erent performanceof the brute-force action-evaluation pro-
cedure and the tree-basedone. The ¯gure shows the time taken in the execution of the
toy example of Section 6.1. For this experiment, we de¯ned somevoid motors or motors
whoseactions have no e®ectin the environment. As it can be seen,as the number of void
motors increases,the cost of the tree-basedevaluation is signi¯cantly lessthan that of the
brute-force approach.
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App endix C: Notation

Uppercaseare usedfor sets,and Greek letters represent parametersof the algorithms.
S Set of states.
s; s0 Individual states. Full views.
ns Number of states.
F D = f fdi j i = 1::nf g Set of feature detectors.
v(fdi 1

; : : : ; fdi k
) Partial view of order k.

A Set of actions of the robot.
na Number of actions.
EA = f eai j i = 1::neg Set of elementary actions.
nm Number of motors of the robot.
eai = (mi Ã k) Elementary action that assignsvalue k to motor m i .
c(eai 1 ; : : : ; eai k ) Partial command of order k.
a = (ea1; : : : ; eanm ) Action. Combination of elementary actions. Full command.
w = (v; c) Partial rule composedby partial view v and partial command c.
w; The empty partial rule.
w1 © w2 Composition of two partial rules.
C = f wi j i = 1::nr g Controller or set of partial rules.
¹ Maximum number of elements of C.
C0; C0

ant Subsetof rules active at a given time step and at the previous one.
C0(a) Activ e rules with a partial command in accordancewith a.
qw Expected value of the partial rule w.
ew Expected error in the value estimation of the partial rule w.
e Averageerror in the value prediction.
i w Con¯dence index.
cw Con¯dence on the statistics of the partial rule w.
¯ Top value of the con¯dence.
´ Index where the con¯dence function reachesthe value ¯ .
²w = ew cw + e(1 ¡ cw) Error in the return prediction of the partial rule w.
½w = 1=(1 + ²w) Relevanceof rule w.
I w = [qw § 2²w ] Value interval of the partial rule w.
mw Updating ratio for the statistics of the partial rule w.
® Learning rate. Top value of mw .
U(w) Number of times rule w has beenused.
winner (C0; a) Most relevant active partial rule w.r.t. action a.
guess(a) Most reliable value estimation for action a.
ra Reward received after the execution of a.
° Discount factor.
v Goodnessof a given situation.
q = ra + ° v Value of executing action a in given situation.
¿ Number of new partial rules created at a time.
¸ Redundancy threshold usedfor partial-rule elimination.
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