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Abstract

A previously developed quantum search algorithm for solving 1-SAT problems in a
single step is generalized to apply to a range of highly constrained k-SAT problems. We
identify a bound on the number of clauses in satisfiability problems for which the general-
ized algorithm can find a solution in a constant number of steps as the number of variables
increases. This performance contrasts with the linear growth in the number of steps re-
quired by the best classical algorithms, and the exponential number required by classical
and quantum methods that ignore the problem structure. In some cases, the algorithm can
also guarantee that insoluble problems in fact have no solutions, unlike previously proposed
quantum search algorithms.

1. Introduction

Quantum computers (Benioff, 1982; Bernstein & Vazirani, 1993; Deutsch, 1985, 1989; Di-
Vincenzo, 1995; Feynman, 1986; Lloyd, 1993) offer a new approach to combinatorial search
problems (Garey & Johnson, 1979) with quantum parallelism, i.e., the ability to oper-
ate simultaneously on many classical search states, and interference among different paths
through the search space. A quantum algorithm to rapidly factor integers (Shor, 1994), a
problem thought to be intractable for classical machines, offers a dramatic example of how
these features of quantum mechanics can be exploited.

While several additional algorithms have been developed (Boyer, Brassard, Hoyer, &
Tapp, 1996; Cerny, 1993; Grover, 1997b, 1997a; Hogg, 1996, 1998a; Terhal & Smolin, 1997),
the extent to which quantum searches can improve on heuristically guided classical search
methods remains an open question. Quantum algorithms can be based directly on classical
heuristics, achieving a search cost that is the square root of the corresponding classical
method (Brassard, Hoyer, & Tapp, 1998; Cerf, Grover, & Williams, 1998). Obtaining
further improvement requires uniquely quantum mechanical methods. Heuristics exploit
the structure of the search problems to greatly reduce the search cost in many cases. The
success of these heuristics raises the question of whether the structure of search problems can
form the basis of even better quantum algorithms. A suggestion that this is possible has been
observed empirically for highly constrained problems (Hogg, 1998a), but the complexity of
the algorithm precluded a definitive theoretical analysis of its behavior.

This paper presents a new quantum search algorithm that is extremely effective for
some highly constrained search problems. These constraints also allow for effective classical
heuristics, i.e., these problems are relatively easy. However, the new quantum algorithm re-
quires even fewer steps than the best classical methods, providing another example of search
problems for which quantum computers can outperform classical ones. More significantly,
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this algorithm illustrates how knowledge of the structure inherent in search problems can
be used to develop new algorithms. Finally, because of its simplicity, the algorithm’s be-
havior can be readily characterized analytically in some cases, conclusively demonstrating
its asymptotic performance behavior in those cases.

Specifically the following two sections briefly review the ingredients of quantum programs
and the satisfiability problem. The quantum algorithm for a particularly simple case is
described in Section 4 and generalized in Section 5. The new algorithm is then evaluated for
a variety of highly constrained problems. Finally some open issues are discussed, including
a variety of ways this approach can be extended.

2. Quantum Computers

The state of a classical computer can be described by a string of bits, each of which is im-
plemented by some two-state device. Quantum computers use physical devices whose full
quantum state can be controlled. For example (DiVincenzo, 1995), an atom in its ground
state could represent a bit set to 0, and an excited state for 1. The atom can be switched
between these states and also be placed in a uniquely quantum mechanical superposition of

¢0 ), with a component (called an ampli-
1

tude) for each of the corresponding classical states for the system. These amplitudes are

these values, which can be denoted as a vector <

complex numbers. A superposition should not be confused with a probabilistic representa-
tion of ignorance about whether a classical bit is really 0 or 1. Nor is a superposition simply
in between a 0 or 1, as could be the case with a 3 volt value for classical bits implemented
as 0 and 5 volts. Instead, a superposition has no complete classical analog.

In contrast to a classical machine which, at any given step of its program, has a definite
value for each bit, a quantum machine with n quantum bits exists in a general superposition
of the 2" classical states for n bits, described by the vector

Yo
v=1 (1)
Yon_q

The amplitudes have a physical interpretation: when the computer’s state is measured, the
superposition randomly changes to one of the classical states with |15|? being the probability
to obtain the state s. Thus amplitudes satisfy the normalization condition 3, |¥,]? = 1.
This measurement operation is used to obtain definite results from a quantum computation.

Using this rich set of states requires operations that can rapidly manipulate the am-
plitudes in a superposition. Because quantum mechanics is linear and the normalization
condition must always be satisfied, these operations are limited to unitary linear opera-
tors (Hogg, 1996). That is, a state vector 7 can only change to a new vector 9’ related to
the original one by a unitary transformation, i.e., ¥ = Uv where U is a unitary matrix!
of dimension 2" x 2". In particular, this requires that the operations be reversible: each
output is the result of a single input. In spite of the exponential size of the matrix, in many

1. A complex matrix U is unitary when U7 = I, where U is the transpose of U with all elements changed
to their complex conjugates. Examples include permutations, rotations and multiplication by phases
(complex numbers whose magnitude is one).
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cases the operation can be performed in a time that grows only as a polynomial in n by
quantum computers (Boyer et al., 1996; Hoyer, 1997). Importantly, the quantum computer
does not explicitly form, or store, the matrix U. Rather it performs a series of elementary
operations whose net effect is to produce the new state vector ¢'. On the other hand,
the components of the new vector are not directly accessible: rather they determine the
probabilities of obtaining various results when the state is measured.

Important examples of such operations are reversible classical programs (Bennett &
Landauer, 1985; Feynman, 1996). Let P be such a program. Then for each classical state s,
i.e., a string of bit values, it produces an output s’ = P[s], and each output is produced by
only a single input. A simple example is a program operating with two bits that replaces
the first value with the exclusive-or of both bits and leaves the second value unchanged,
i.e., P[00] = 00, P[01] = 11, P[10] = 10 and P[11] = 01. When used with a quantum
superposition, such classical programs operate independently and simultaneously on each
component to give a new superposition. That is, a program operating with n bits gives

o %o
el s |- @)
Yan_q VYgn_q
where 9!, = 1, with s’ = P[s]. This quantum parallelism allows a machine with n bits to

operate simultaneously with 2" different classical states.
Unitary operations can also mix the amplitudes in a state vector. An example for n = 1

5 2) 0

. 1 . .
This converts <0>, which could correspond to an atom prepared in its ground state, to

is

1y . i . .
L ( ), i.e., an equal superposition of the two states. Since amplitudes are complex

V2 \ 1

numbers, such mixing can combine amplitudes to leave no amplitude in some of the states.
This capability for interference (Bernstein & Vazirani, 1993; Feynman, 1985) distinguishes
quantum computers from probabilistic classical machines.

3. The Satisfiability Problem

NP search problems have exponentially many possible states and a procedure that quickly
checks whether a given state is a solution (Garey & Johnson, 1979). Constraint satisfac-
tion problems (CSPs) (Mackworth, 1992) are an example. A CSP consists of n variables,
Vi,..., Vy, and the requirement to assign a value to each variable to satisfy given constraints.
An assignment specifies a value for each variable.

One important CSP is the satisfiability problem (SAT), which consists of a logical propo-
sitional formula in n variables and the requirement to find a value (true or false) for each
variable that makes the formula true. This problem has N = 2" assignments. For k-SAT,
the formula consists of a conjunction of clauses and each clause is a disjunction of k variables,
any of which may be negated. For & > 3 these problems are NP-complete. An example of
such a clause for k£ = 3, with the third variable negated, is V3 OR V2 OR (NOT V3), which
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is false for exactly one assignment for these variables: {V; = false, V5 = false, V3 = true}. A
clause with k variables is false for exactly one assignment to those variables, and true for the
other 2F — 1 choices. Since the formula is a conjunction of clauses, a solution must satisfy
every clause. We say an assignment conflicts with a particular clause when the values the
assignment gives to the variables in the clause make the clause false. For example, in a four
variable problem, the assignment

{V1 = false, V, = false, V3 = true, V4 = true}
conflicts with the £ = 3 clause given above, while
{V1 = false, V, = false, V3 = false, V4 = true}

does not. Thus each clause is a constraint that adds one conflict to all assignments that
conflict with it. The number of distinct clauses m is then the number of constraints in the
problem.

The assignments for SAT can also be viewed as bit strings with the correspondence that
the " bit is 0 or 1 according to whether V; is assigned the value false or true, respec-
tively. In turn, these bit strings are the binary representation of integers, ranging from 0
to 2" — 1. For definiteness, we arbitrarily order the bits so that the values of V4 and V,
correspond, respectively, to the least and most significant bits of the integer. For example,
the assignment

{V1 = false, V, = false, V3 = true, V4 = false}

corresponds to the integer whose binary representation is 0100, i.e., the number 4.

For bit strings r and s, let |s| be the number of 1-bits in s and r A s the bitwise AND
operation on r and s. Thus |r A s| counts the number of 1-bits both assignments have in
common. We also use d(r, s) as the Hamming distance between r and s, i.e., the number of
positions at which they have different values. These quantities are related by

d(r,s) = [r| +|s| = 2fr A o (4)

An example 1-SAT problem with n = 2 is the propositional formula (NOT V;) AND
(NOT V3). This problem has a unique solution: {V; = false, V, = false}, an assignment
with the bit representation 00. The remaining assignments for this problem have bit repre-
sentations 01, 10, and 11.

3.1 Highly Constrained SAT Problems

In general, SAT problems are difficult to solve. However, in a few simple cases the very
regular structure of the search space allows much more effective algorithms. One example is
given by 1-SAT problems. In this case, each clause eliminates one value for a single variable
allowing classical algorithms to examine the variables independently, giving an overall search
cost of O(n) in spite of the exponentially large number of assignments. A 1-SAT problem
has a solution if and only if each of the m clauses involves a distinct variable. Otherwise,
both values for some variable will be in conflict, i.e., making a clause false, resulting in no
solutions.
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This simple structure allows for rapid search. SAT problems with larger clauses have a
more complicated structure. Nevertheless, when the £-SAT problems are highly constrained,
their structure is close to that of 1-SAT. To see this, consider a soluble k-SAT problem. With
respect to a particular solution of that problem, define the good value for each variable as
the value (true or false) it is assigned in that solution, while the opposite value is the bad one
for that variable. For k-SAT problems with many constraints, the number of bad values in
an assignment can usually be determined rapidly from its number of conflicts, even though
determining exactly which variables have incorrect assigned values requires first finding the
solution. In such cases, using the number of bad values results in a tractable algorithm as
long as a priori knowledge of the solution is not assumed.

For example, consider soluble problems with the largest possible number of constraints.
For k-SAT, these maximally constrained soluble problems have m = my,x where

Mmax = (Z) (Qk - 1) (5)

i.e., the single solution precludes any clause that conflicts with it.

An assignment with j bad values contains (”;] ) sets of k variables all of which have the
same values as the solution. Each of the remaining sets conflicts with at least one clause in
the problem. Thus each assignment with j bad values has

Cmas(j) = (Z) - (";j) (6)

conflicts. This quantity grows strictly monotonically with 7 for 7 < n — k, so in these cases
7 is directly determined by the number of conflicts. Assignments with n —k+1 <5< n
are not distinguishable.

Assignments with 7 = n — k£ 4+ 1 can also be corrrectly determined by including neigh-
borhood information. To see this, consider an assignment s with j bad values, and its n
neighbors, i.e., assignments at Hamming distance one from s. Of these neighbors, j have
7 — 1 bad values, and the remaining n — j have 7 + 1 bad values. For j < n — k, s has
j neighbors with fewer conflicts and n — 7 with more. Thus for these assignments, exam-
ining the number of conflicts in the neighbors readily determines the value of j. When
j=mn—k+ 1, the assignment continues to have j neighbors with fewer conflicts, but now
the remaining £ — 1 neighbors have the same number of conflicts since the additional bad
value does not increase the number of conflicts. Finally, the neighbors of assignments with
n—k+1 < 7 <n all have the same number of conflicts. Thus examining the number of
conflicts in an assignment’s neighbors determines the value of j, with the exception that
assignments with n — k£ 4+ 1 < 7 < n are not distinguishable.

The value of j is the number of conflicts that s would have in the maximally constrained
1-SAT problem with the same solution as the given maximally constrained k-SAT problem.
Thus for a maximally constrained k-SAT problem let

Ceff(S):{ J Hys -kl (7)

n—k4+ 2 otherwise
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The value of ce(s) can be determined rapidly, in much the same way that a classical local
search method checks the number of conflicts among neighbors of its current state to deter-
mine which assignment to move to next (Minton, Johnston, Philips, & Laird, 1992; Selman,
Levesque, & Mitchell, 1992). Thus ceq is a computationally tractable approximation to
the number of conflicts each assignment would have in the corresponding 1-SAT problem.
Except for a few assignments with many conflicts, c.g gives the correct value. Specifically,
only assignments with at least n — k£ + 3 bad values are given an incorrect value of j by this
approximation. In particular, the approximation is completely correct for k = 2.

While classical searches use the number of conflicts in an assignment and its neighbors,
another possibility for maximally constrained problems is to use the number of conflicts in
the assignment and its complement (i.e., the assignment with opposite values for all the
variables). If the assignment has j bad values, its complement will have n —j. As described
above, the number of conflicts in an assignment uniquely determines the corresponding value
of j provided j < n — k. On the other hand, the number of conflicts in the complement
assignment uniquely determines j when n — j < n —k, or j > k. Thus, as long as n > 2k,
at least one of these conditions will be true for all 0 < 57 < n and the correct value of j can
be determined.

3.2 Random SAT Problems

Theoretically, search algorithms are often evaluated for the worst possible case. However,
in practice, search problems are often found to be considerably easier than suggested by
these worst case analyses (Hogg, Huberman, & Williams, 1996). This observation leads to
examining the typical behavior of search algorithms with respect to a specified ensemble of
problems, i.e., a class of problems and a probability for each to occur. For instance, the
ensemble of random k-SAT is specified by the number of variables n, the size of the clauses
k and the number of distinct? clauses m.

The quantum algorithm presented in this paper is effective for highly constrained soluble
k-SAT problems. When there are many constraints, soluble problems are very rare among
randomly generated instances. Thus to study the algorithm’s behavior we generate random
problems with a prespecified solution. That is, a random assignment is selected to be a
solution and used to restrict the selection of clauses for the problem. In the remainder of
this section we describe two methods for generating such problems, and how they can be
related to corresponding 1-SAT problems.

3.2.1 PRESPECIFIED SOLUTION

The most common use of a prespecified solution is to simply avoid selecting any clauses
that conflict with it. Thus, we generate problems by randomly selecting a set of m distinct
clauses from among the mmyay, given by Eq. (5), available clauses (Nijenhuis & Wilf, 1978).

Consider a given soluble k-SAT problem with m clauses, and let the assignment r be
one of its solutions. With respect to the solution r, we can define the bad value for each

2. This ensemble differs slightly from other studies where the clauses are not required to be distinct.
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variable. For an assignment with j bad values, the probability it has ¢ conflicts is

. (Cmaz (])) (mmaxn;EnC]aX (]))
Pconf(c|.]) = (mmax) (8)

m

where ¢max(7), given by Eq. (6), is the largest possible number of conflicts for an assignment
with j bad values. The probability that an assignment has j bad values is

Poag(j)=27" (j)

From these expressions and the definition of conditional probability, the probability that
an assignment with ¢ conflicts has j bad values is

Praa(jle) o< Peont(c|g) Poaa(J) (9)

Hence, for a given assignment s with ¢ conflicts, we can estimate the number of bad values
it has by picking 7 that maximizes Phaq(j|c). We use this maximum likelihood value for j
as cef(s) instead of Eq. (7) for random soluble k-SAT problems. This estimate is readily
computed from the number of conflicts.

3.2.2 BALANCED CLAUSES

Generating problems with a prespecified solution as described above is commonly used to
study search problems. However, for each variable there are more allowable clauses where
the variable is assigned its bad value than its good value. This makes highly constrained
instances particularly easy since the good value for each variable can often be determined
from its assigned value that appears most often in the clauses (Gent, 1998).

This bias in clause selection can be removed by a slight change in the generation
method (Van Gelder & Tsuji, 1993). Specifically, instead of only avoiding those clauses
that conflict with the prespecified solution, i.e., specify zero bad values, we also avoid any
clauses that have an even number of bad values with respect to the prespecified solution.
This selection method means both values for each variable appear equally often among the
clauses. These balanced problems can have at most

M = (Z)Q’H (10)

clauses. Furthermore, an assignment with j bad values can have at most

bl =Y (3) (2 jj) (11)

conflicts, where the sum is over odd values of ¢. Using these values in Eq. (8) instead of
Mmax and €max(j) gives the maximum likelihood estimate for 7 in this “balanced clause”
ensemble conditioned on the number of conflicts in the assignment.
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4. Solving 1-SAT

A quantum computer, operating on superpositions of all assignments for any 1-SAT prob-
lem, can find a solution in a single search step (Hogg, 1998b). As a basis for solving highly
constrained problems with larger clause sizes, we focus on maximally constrained 1-SAT
which, from Eq. (5), has m = n clauses and allows a simple specification. Specifically, we
first motivate and define the algorithm for this case and illustrate it with small examples.
Then we show that it is guaranteed to find a solution if one exists, and finally describe how
the algorithm can be efficiently implemented on a quantum computer. The remainder of

the paper then shows how this algorithm can form the basis for effectively solving highly
constrained k-SAT for £ > 1.

4.1 Motivation

Solving a search problem with a quantum computer requires finding a unitary operator L
that transforms an easily constructed initial state vector to a new state with large am-
plitude in those components of the state vector corresponding to solutions. Furthermore,
determining this operator and evaluating it with the quantum computer must be tractable
operations. This restriction means that any information used for a particular assignment
must itself be easily computed, and the algorithm only uses readily computable unitary
operations.

To design a single-step quantum algorithm, we consider superpositions of all assignments
for the problem. Since we have no a priori knowledge of the solution, an unbiased initial
state vector 1 is one with equal amplitude in each assignment: v, = 27"/2,

We must then incorporate information about the particular problem to be solved into
this state vector. As in previous algorithms (Grover, 1997b; Hogg, 1996, 1998a), we do
this by adjusting the phases in parallel, based on a readily computed property of each
assignment: its number of conflicts with the constraints of the problem. This amounts
to multiplication by a diagonal matrix R, with the entries on the diagonal having unit
magnitude so that R is unitary. The resulting amplitude for assignment s is then of the
form p(s)2="/% where |p(s)| = 1 and p(s) depends only on the number of conflicts in s. While
this operation adds problem specific information to the state vector, in itself it does not
solve the problem: at this point a measurement would return assignment s with probability
|p(8)]?27" = 27", the same as random selection.

This operation also illustrates how the unitarity requirement, |p(s)| = 1, prevents us
from using a computationally more desirable selection, i.e., p(s) = 0 if s is not a solution,
and nonzero otherwise. Such a choice, if possible, would immediately give a state vector
with all amplitude in the solution. While determining whether a given assignment is a
solution can be done rapidly for any NP problem, that information can not be directly used
to set amplitudes of the nonsolutions to zero. Thus, while quantum parallelism allows rapid
testing of all assignments, the restriction to unitary operators severely limits the use that
can be made of this information.

For a single-step search algorithm, the remaining operations must not require any addi-
tional evaluation of the problem constraints, i.e., these operations will be the same for all
problems of a given size. One the other hand, this restriction has the advantage of allowing
more general unitary matrices than just phase adjustments. Specifically, this allows oper-
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ations that mix the various components of the state vector. We need to identify a mixing
operator U that makes all contributions to the solution add together in phase, but with U
independent of the particular problem.

The final result of the algorithm is ¢, = >, Ump(s)Q_”/Q. Suppose t is the solution.
The maximum possible contribution to ¢; will be when all values in the sum combine in-
phase. This will be the case if Uys = ,0*(5)2_”/2 where p* is the complex conjugate of p. In
this case, ¢y = >, |p(s)|?2™™ which is just equal to 1. However, the mixing matrix itself
is to be independent of any particular problem. Thus the issue is whether it is possible to
create a U whose values will have the required phases no matter where the solution is. One
approach is to note that the mixing should have no bias as to the amount of amplitude that
will need to be moved from one assignment to another in the state vector. This means that
the magnitude of each element in U will be the same, i.e., |U,s| = 277/2_ For the phase
of each element, we can consider using the feature of assignments used in classical local
searches, namely the neighbors of each assignment. This suggests having U,; depend only
on the Hamming distance between r and s, i.e., U,s = 2_”/2,ud(7,75) where |pg| = 1.

With the elements of U depending only on the Hamming distance, the matrix is inde-
pendent of any particular problem’s constraints. The question is then whether some feasible
choices of p(s) and pq allow 27" 37 pig¢; 5 p(s) = 1 for the solution ¢. This will be the case
provided p4:5) = p*(s), where p(s) = p. depends only on the number of conflicts ¢ in
assignment s. This relation does not hold for all search problems. However, for the maxi-
mally constrained 1-SAT considered here, the Hamming distance of assignment s from the
solution, d(%, s), which is the number of bad values in s, is precisely equal to the number of
conflicts in s. Thus, to ensure all amplitude is combined into the solution, we merely need
to have ug = pj.

The final question is what choices for the p4 values are consistent with U being a unitary
matrix. This requirement restricts the available choices, e.g., having all g = 1 results in
the nonunitary matrix with all elements equal to 27"/2.

To examine the possible choices, consider the smallest possible case, n = 1. One max-
imally constrained, but still solvable, problem has the single clause NOT V; and solution
V1 = false. The two assignments, 0 and 1, have, respectively, 0 and 1 conflicts. Since overall
phase factors are irrelevant, we can select pg = 1 leaving a single remaining choice for p;.
For the matrix U, we have pairs of assignments with Hamming distance 0 and 1. Requiring

pq = py then gives
oo (L)
V2 \pi 1

The unitarity condition, UTU = I, then requires that p; be purely imaginary, i.e., p; = +i.
We arbitrarily pick p; = ¢. Starting from the initial state with equal amplitude in both
assignments we then have the results of applying R followed by U:

H(0)-50)-0)

giving all the amplitude in the solution. The overall operation L. = UR is
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It is important to note that the same operations also work if, instead, the other assign-
ment is the solution, i.e., the problem has the clause V; and solution V; = true. In this
case, the assignments 0 and 1 now have, respectively, 1 and 0 conflicts so the p; = 7 phase
adjustment is now applied to assignment 0. The operation then gives

20 m()-()

Again, all amplitude is in the single solution, and the overall operation is

/i —i
L‘§<1 1)

While the overall operation L depends on the location of the solution, for these problems
it can be implemented by composing operators U and R that do not require knowledge of
the solution. Instead, as described more generally in Section 4.5, R is implemented by
using the classical function for evaluating the number of conflicts in a given assignment,
but applied to a superposition of all assignments.

With these motivating arguments for the form of the operations, examining a few larger
values of n establishes the simple pattern of phases used in the algorithm described in the
remainder of this section.

4.2 The Algorithm for Maximally Constrained 1-SAT

Briefly, the algorithm starts with an equal superposition of all the assignments, adjusts the
phases of the amplitudes based on the number of conflicts in the assignments, and then
mixes the amplitudes from different assignments. This algorithm requires only a single
testing of the assignments, corresponding to a single classical search step.

Specifically, the initial state is ¢, = 277/2
state vector is

for each of the 2" assignments s, and the final

b= URY (12)
where the matrices R and U are defined as follows. The matrix R is diagonal with R,; = p(s)
depending on the number of conflicts ¢ in the assignment s, ranging from 0 to n:

pls) = po = i (13)
The mixing matrix elements Uys = ug(,s) depend only on the Hamming distance between

the assignments r and s, with
ug = 27" (—i)? (14)

and d ranging from 0 to n.

4.3 Examples

To illustrate the algorithm, consider the example problem in Section 3. It has n = m = 2.
With the assignments ordered according to the corresponding interger value, i.e., 00, 01,
10, and 11, U = A®)/2 where

1 - - =1

-1 =1 —

- =1 1 = (15)

-1 - - 1

A(2) =
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