A Language-Independent Garbage Collector Toolkit �

Richard L. Hudson J. Eliot B. Moss Amer Diwan Christopher F. Weight

COINS Technical Report 91-47 September 1991

Object Oriented Systems Laboratory Department of Computer and Information Science University of Massachusetts, Amherst Amherst, MA 01003

Abstract

We describe a memory management toolkit for language implementors. It offers ef�cient and �exible generation scavenging garbage collection. In addition to providing a core of languageindependent algorithms and data structures, the toolkit includes auxiliary components that ease implementation of garbage collection for programming languages. We have detailed designs for Smalltalk and Modula-3 and are con�dent the toolkit can be used with a wide variety of languages. The toolkit approach is itself novel, and our design includes a number of additional innovations in �exibility, ef�ciency, accuracy, and cooperation between the compiler and the collector.

�This project is supported by National Science Foundation Grant CCR-8658074, and by Digital Equip-

ment Corporation, GTE Laboratories, and Apple Computer.

1 Introduction

As part of an ongoing effort to implement Persistent Smalltalk and Persistent Modula-3, we have designed a high performance garbage collector toolkit that can be used with a wide range of programming languages. While our primary goal was language independence, we had the following additional goals: high performance, support for persistence, and compatibility with a wide range of languages. We now consider these goals and their implications in turn.

The main implication of language independence is the need to de�ne a precise interface that is suitable for a broad range of languages. Further, the language-independent core must not be trivial, thus pushing the bulk of the effort onto the language implementor. Our interface relies on the language implementation to assist in locating pointers accurately; the toolkit does the rest of the work. Further, the toolkit includes components useful in building the language-speci�c aspects of garbage collection.

We took high performance to include the following: giving short garbage collection pause times for interactive programs, tolerating a wide range of program allocation behaviors, avoiding run-time tags, interfering minimally with compiler optimizations, and adding little or no normal case code.

We chose generation scavenging [Lieberman and Hewitt, 1983; Ungar, 1984] as the basis for our collector because it achieves short pause times and low overhead in memory management. In generational systems, objects are created in the new generation. If an object survives a certain number of scavenges (collections) in the new generation, it is promoted to the next higher generation. Scavenging focuses its efforts on the new generation; this gives short pause times because the new generation is much smaller than the entire heap.

We would like our scheme to provide high performance over a wide range of program behavior, such as the pig in the python. 1 The pig is a collection of objects that live for a moderately long time and take up a lot of space; the python is the memory management system attempting to swallow and digest the pig. The problem with such pigs is that it is costly to promote them (since they will die before too long) and it is costly not to promote them (because they are big and every scavenge has to process them). As will be seen, our scheme is �exible enough to address problems such as the pig in the python.

We do not require tags for distinguishing pointers. We made that choice because few machines support tagging in hardware, and software tags have inevitable overheads. In some languages, because of the dynamic nature of their typing, run-time tags are usually unavoidable (Smalltalk is an example). On the other hand, statically typed languages such as Modula-3 do not require pointer tags at run time, and their performance should not be penalized by garbage collector requirements.

To avoid interference with compiler optimizations, we have devised techniques for locating pointers that do not substantially restrict optimizations. Garbage collection is supported by having the compiler produce tables and routines to assist in interpreting the contents of the registers, stack, etc. These techniques are not strictly part of the toolkit, but we explain the necessary compiler enhancements in Section 2.5.

To implement persistence effectively, we need to be able to move (or delete) heap copies of 1This phenomenon was noted by Jon L. White during the presentation of [White, 1980].

persistent objects, for buffer and address space management purposes. 2 Moving or deleting objects requires �nding and updating exactly those pointers referring to the moved or deleted objects. Ambiguous roots collectors 3 (e.g., [Bartlett, 1988]) treat any root area quantity that appears to be a root pointer as if it actually is a root pointer. Since it is possible for an integer quantity to appear to be a pointer, and it would be unacceptable for the garbage collector to modify integers unexpectedly, ambiguous roots collectors cannot move objects referred to by ambiguous roots. Hence, ambiguous roots collectors cannot be used in our approach to implementing persistence. Ambiguous roots collectors also fail in the presence of certain compiler optimizations, since they demand that all quantities derived from a pointer p appear to point at or within the bounds of the object referred to by p. We give examples of the problems and describe our solution in Section 2.5.

In any case, the toolkit demands type accuracy, by which we mean complete, correct, and unambiguous determination of the pointers that need to be examined and updated by the collector. Sections 2.4 and 2.5 describe how to achieve type accuracy.

There are two features of the toolkit that tend to minimize effort in using it with new languages: it has a simple, clear interface, and it includes additional components useful to language implementors, most notably support for managing remembered sets. The interface is small, and the toolkit can be used with any language implementation that supports the interface.

The contributions presented in this paper are: • T⟨⌉ ⌋≀\⌋⌉√⊔ ≀{ ⊣ }⊣∇⌊⊣}⌉ ⌋≀↕↕⌉⌋⊔⟩≀\ ⊔≀≀↕‖⟩⊔⇔ ⊣\⌈ ⊔⟨⌉ ⌈⌉⊘\⟩⊔⟩≀\ ≀{ ⊔⟨⌉ ⟩\⊔⌉∇{⊣⌋⌉ ⊣\⌈ ↕⊣\}⊓⊣}⌉↖ ⟩\⌈⌉√⌉\⌈⌉\⊔ ⌋≀∇⌉ ≀{ ∫⊓⌋⟨ ⊣ ⊔≀≀↕‖⟩⊔↙ • A ⊙⌉§⟩⌊↕⌉ ∫⌋⊣⊑⌉\}⌉∇⇔ ∫⊓√√≀∇⊔⟩\} ⊣ ⊔⟩⇕⌉↖⊑⊣∇†⟩\} \⊓⇕⌊⌉∇ ≀{ }⌉\⌉∇⊣⊔⟩≀\∫ ≀{ ⊔⟩⇕⌉↖⊑⊣∇†⟩\} ∫⟩‡⌉⇔ ⊣\⌈ ⊣⌋⟨⟩⌉⊑⟩\} ⌊⌉⊔⊔⌉∇ ⇕⌉⇕≀∇† ⊓⊔⟩↕⟩‡⊣⊔⟩≀\ ⊔⟨⊣\ √∇⌉⊑⟩≀⊓∫↕† ⌈⌉∫⌋∇⟩⌊⌉⌈ ⌋≀√†⟩\} ⌋≀↕↕⌉⌋⊔≀∇∫↙ • T⟨⌉ ⌋≀\⌋⌉√⊔ ≀{ ⊔†√⌉ ⊣⌋⌋⊓∇⊣⌋† ⊣\⌈ ⊔⌉⌋⟨\⟩∐⊓⌉∫ {≀∇ ⟩⇕√↕⌉⇕⌉\⊔⟩\} ⟩⊔↙ • A \⌉⊒ ⊔⌉⌋⟨\⟩∐⊓⌉ {≀∇ ⇕⊣\⊣}⟩\} ∇⌉⇕⌉⇕⌊⌉∇⌉⌈ ∫⌉⊔∫⇔ ⌋⊣↕↕⌉⌈ ⊔⟨⌉ ∫⌉∐⊓⌉\⊔⟩⊣↕ ∫⊔≀∇⌉ ⌊⊓{{⌉∇↙ T⟨⌉ \⌉§⊔ ∫⌉⌋⊔⟩≀\ ⌈⌉∫⌋∇⟩⌊⌉∫ ⊔⟨⌉ ⇕⌉⇕≀∇† ↕⊣†≀⊓⊔ ⊣\⌈ ≀⊓∇ }⊣∇⌊⊣}⌉ ⌋≀↕↕⌉⌋⊔⟩≀\ ⊣↕}≀∇⟩⊔⟨⇕∫↙ S⌉⌋⊔⟩≀\ ∋ ⌈⌉∫⌋∇⟩⌊⌉∫ ⟨≀⊒ ⊔⟨⟩∫ ⌋≀↕↕⌉⌋⊔≀∇ ⌋⊣\ ⌊⌉ ⇕⊣⌈⌉ ⟩\⌋∇⌉⇕⌉\⊔⊣↕⇔ S⌉⌋⊔⟩≀\ △ ⌉\⊓⇕⌉∇⊣⊔⌉∫ ⊔⟨⌉ ⊔⊓\⊣⌊↕⌉ √⊣∇⊣⇕⌉⊔⌉∇∫⇔ ⊣\⌈ S⌉⌋⊔⟩≀\ ▽ ⌈⌉∫⌋∇⟩⌊⌉∫ ⊔⟨⌉ ∫⊓√√≀∇⊔ ⌉⊣⌋⟨ ↕⊣\}⊓⊣}⌉ ⟩⇕√↕⌉⇕⌉\⊔⊣⊔⟩≀\ ⇕⊓∫⊔ ∫⊓√√↕† ⊔≀ ⊓∫⌉ ≀⊓∇ ⌋≀↕↕⌉⌋⊔≀∇↙

∈ T⟨⌉ F↕⌉§⟩⌊↕⌉ G⊣∇⌊⊣}⌉ C≀↕↕⌉⌋⊔≀∇ T⟨⟩∫ ∫⌉⌋⊔⟩≀\ ⌈⌉∫⌋∇⟩⌊⌉∫ ⊔⟨⌉ ⊣↕}≀∇⟩⊔⟨⇕∫ ⊣\⌈ ⌈⊣⊔⊣ ∫⊔∇⊓⌋⊔⊓∇⌉∫ ⊓∫⌉⌈ ⌊† ≀⊓∇ ⌋≀↕↕⌉⌋⊔≀∇↙ W⌉ ∫⊔⊣∇⊔ ⌊† ⌈⌉∫⌋∇⟩⌊⟩\} ⊔⟨⌉ ⇕⌉⇕≀∇† ≀∇}⊣\⟩‡⊣⊔⟩≀\∅ ⊒⌉ ⊔⟨⌉\ √∇⌉∫⌉\⊔ ⊔⟨⌉ ⊣↕}≀∇⟩⊔⟨⇕∫⇔ ⌉⇕√⟨⊣∫⟩‡⟩\} √≀⟩\⊔∫ ≀{ ⊙⌉§⟩⌊⟩↕⟩⊔†∅ ⊣\⌈ ⊒⌉ ⌋≀\⌋↕⊓⌈⌉ ⌊† ⌈⟩∫⌋⊓∫∫⟩\} ⊔⟨⌉ ↕≀⌋⊣⊔⟩≀\ ⊣\⌈ ⇕⊣\⊣}⌉⇕⌉\⊔ ≀{ ∇≀≀⊔∫↙ ∈T⟨⌉ ⌈⌉⊔⊣⟩↕∫ {⊣↕↕ ⌊⌉†≀\⌈ ⊔⟨⌉ ∫⌋≀√⌉ ≀{ ⊔⟨⟩∫ √⊣√⌉∇∅ ∫⌉⌉ ∪H≀∫‖⟩\} ⊣\⌈ M≀∫∫⇔ ∞∃∃∞⊎ {≀∇ {⊓∇⊔⟨⌉∇ ⟩\{≀∇⇕⊣⊔⟩≀\↙ ∋T⟨⌉∫⌉ ⊣∇⌉ ⊣↕∫≀ ≀{⊔⌉\ ⌋⊣↕↕⌉⌈ ⌋≀\∫⌉∇⊑⊣⊔⟩⊑⌉ ⌋≀↕↕⌉⌋⊔≀∇∫⇔ ⌊⊓⊔ ⊒⌉ ⊘\⌈ ⊔⟨⌉ ⊔⌉∇⇕ ⊣⇕⌊⟩}⊓≀⊓∫ ∇≀≀⊔∫ ⊔≀ ⌊⌉ ⇕≀∇⌉ √∇⌉⌋⟩∫⌉↕† ⌈⌉∫⌋∇⟩√⊔⟩⊑⌉↙

∈

∈↙∞ M⌉⇕≀∇† O∇}⊣\⟩‡⊣⊔⟩≀\ W⌉ ⌈⟩⊑⟩⌈⌉ ⇕⌉⇕≀∇† ⟩\⊔≀ ⊔⟨∇⌉⌉ ⊣∇⌉⊣∫¬ ⌋≀↕↕⌉⌋⊔⌉⌈⇔ ⊔∇⊣⌋⌉⌈⇔ ⊣\⌈ ⊓\⊔∇⊣⌋⌉⌈↙ T⟨⌉ ⌋≀↕↕⌉⌋⊔⌉⌈ ⊣∇⌉⊣ ⟨≀↕⌈∫ ⊣↕↕ ≀⌊|⌉⌋⊔∫ ⊔⟨⊣⊔ ⊣∇⌉ ⊣↕↕≀⌋⊣⊔⌉⌈ ⊣\⌈ ∇⌉⌋↕⊣⟩⇕⌉⌈ ⌊† ≀⊓∇ ⌋≀↕↕⌉⌋⊔≀∇↙ T⟨⌉ ⊔∇⊣⌋⌉⌈ ⊣∇⌉⊣ ⇕⊣† ⌋≀\⊔⊣⟩\ √≀⟩\⊔⌉∇∫ ⊔⟨⊣⊔ ∇⌉{⌉∇ ⊔≀ ⌋≀↕↕⌉⌋⊔⌉⌈ ≀⌊|⌉⌋⊔∫↙ T⟨⌉∫⌉ √≀⟩\⊔⌉∇∫ ⇕⊓∫⊔ ⌊⌉ ⌉§⊣⇕⟩\⌉⌈ ⊣\⌈ ⊓√⌈⊣⊔⌉⌈ ⌊† ⊔⟨⌉ ⌋≀↕↕⌉⌋⊔≀∇⇔ ⌊⊓⊔ ⊔⟨⌉ ⌋≀↕↕⌉⌋⊔≀∇ ⌈≀⌉∫ \≀⊔ ≀⊔⟨⌉∇⊒⟩∫⌉ ⇕⊣\⊣}⌉ ⊔⟨⌉ ⊔∇⊣⌋⌉⌈ ⊣∇⌉⊣↙ T⟨⌉ ⊔∇⊣⌋⌉⌈ ⊣∇⌉⊣ ⇕⊣† ⟩\⌋↕⊓⌈⌉ ∫⊔⊣⊔⟩⌋⊣↕↕† ⊣↕↕≀⌋⊣⊔⌉⌈ ⌈⊣⊔⊣⇔ ⊔⟨⌉ ∇⊓\↖⊔⟩⇕⌉ ∫⊔⊣⌋‖ ⊣\⌈ ⟨⊣∇⌈⊒⊣∇⌉ ∇⌉}⟩∫⊔⌉∇∫⇔ ⊣\⌈ √≀∫∫⟩⌊↕† ⌉⊑⌉\ √∇≀}∇⊣⇕⇕⌉∇ ⇕⊣\⊣}⌉⌈ ⇐⌉§√↕⟩⌋⟩⊔ ⊣↕↕≀⌋⊣⊔⟩≀\∝⌈⌉⊣↕↕≀⌋⊣⊔⟩≀\⇒ ⊣∇⌉⊣∫↙ T⟨⌉ ⊓\⊔∇⊣⌋⌉⌈ ⊣∇⌉⊣ ⟨≀↕⌈∫ ⌈⊣⊔⊣ ⊔⟨⊣⊔ ⟩∫ \⌉⟩⊔⟨⌉∇ ⌋≀↕↕⌉⌋⊔⌉⌈ \≀∇ ⌉§⊣⇕⟩\⌉⌈ ⌊† ⊔⟨⌉ ⌋≀↕↕⌉⌋⊔≀∇↙ T⟨⌉ ⌋≀↕↕⌉⌋⊔⌉⌈ ⊣∇⌉⊣ ⟩∫ ⌈⟩⊑⟩⌈⌉⌈ ⟩\⊔≀ ⊣ \⊓⇕⌊⌉∇ ≀{ }⌉\⌉∇⊣⊔⟩≀\∫⇔ ⊣∫ ⟩↕↕⊓∫⊔∇⊣⊔⌉⌈ ⟩\ F⟩}⊓∇⌉ ∞↙ G⌉\⌉∇⊣⊔⟩≀\ ∞ ⟩∫ ⊔⟨⌉ †≀⊓\}⌉∫⊔⇔ ⊣\⌈ ⟨≀↕⌈∫ ⊔⟨⌉ ⇕≀∫⊔ ∇⌉⌋⌉\⊔↕† ⊣↕↕≀⌋⊣⊔⌉⌈ ≀⌊|⌉⌋⊔∫↙ A∫ ≀⌊|⌉⌋⊔∫ ∫⊓∇⊑⟩⊑⌉ ∇⌉√⌉⊣⊔⌉⌈ ∫⌋⊣⊑⌉\}⌉∫⇔ ⊔⟨⌉† ⊣∇⌉ √∇≀⇕≀⊔⌉⌈ ⊔≀ ⌉⊑⌉∇ ⟨⟩}⟨⌉∇ ⇐≀↕⌈⌉∇⇒ }⌉\⌉∇⊣⊔⟩≀\∫↙ H⟩}⟨⌉∇ }⌉\⌉∇⊣⊔⟩≀\∫ ⊣∇⌉ ∫⌋⊣⊑⌉\}⌉⌈ ↕⌉∫∫ {∇⌉∐⊓⌉\⊔↕†⇔ {≀⌋⊓∫⟩\} ⌋≀↕↕⌉⌋⊔⟩≀\ ⊣⌋⊔⟩⊑⟩⊔† ≀\ †≀⊓\} ≀⌊|⌉⌋⊔∫⇔ ⊒⟨⟩⌋⟨ ⊔†√⟩⌋⊣↕↕† ⌈⟩⌉ ⇐⌊⌉⌋≀⇕⌉ }⊣∇⌊⊣}⌉⇒ ⇕≀∇⌉ ∇⊣√⟩⌈↕† ⊔⟨⊣\ ≀↕⌈⌉∇ ≀⌊|⌉⌋⊔∫↙ U\↕⟩‖⌉ U\}⊣∇ ∪U\}⊣∇⇔ ∞∃∀△∅ U\}⊣∇ ⊣\⌈ J⊣⌋‖∫≀\⇔ ∞∃∀∀⊎⇔ ⊒⌉ ⊣↕↕≀⊒ ⇕≀∇⌉ ⊔⟨⊣\ ⊔⊒≀ }⌉\⌉∇⊣⊔⟩≀\∫↙ F⟩}⊓∇⌉ ∈ ⟩↕↕⊓∫⊔∇⊣⊔⌉∫ ⊣ ∫⌋⊣⊑⌉\}⌉ ≀{ ⊔⟨⌉ ⊔⊒≀ †≀⊓\}⌉∫⊔ }⌉\⌉∇⊣⊔⟩≀\∫↙ I\ ⊣⌈⌈⟩⊔⟩≀\ ⊔≀ ∫⊓√√≀∇⊔⟩\} ⇕⊓↕⊔⟩√↕⌉ }⌉\⌉∇⊣⊔⟩≀\∫⇔ ⊒⌉ ⊣↕↕≀⊒ ⊔⟨⌉ \⊓⇕⌊⌉∇ ≀{ }⌉\⌉∇⊣⊔⟩≀\∫ ⊔≀ ⟩\⌋∇⌉⊣∫⌉ ⊣\⌈ ⌈⌉⌋∇⌉⊣∫⌉ ⌈†\⊣⇕⟩⌋⊣↕↕†⇔ ⌊† ⟩\∫⌉∇⊔⟩\} ≀∇ ⌈⌉↕⌉⊔⟩\} ≀\⌉ ≀∇ ⇕≀∇⌉ }⌉\⌉∇⊣⊔⟩≀\∫↙ F⟩}⊓∇⌉ ∋ ∫⟨≀⊒∫ }⌉\⌉∇⊣⊔⟩≀\ ⟩\∫⌉∇⊔⟩≀\∅ ⌈⌉↕⌉⊔⟩≀\ ⟩∫ ⌈≀\⌉ ⌊† ⇕⌉∇}⟩\} ⇐\≀⊔ ⟩↕↕⊓∫⊔∇⊣⊔⌉⌈⇒↙ E⊣⌋⟨ }⌉\⌉∇⊣⊔⟩≀\ ⟩∫ ⌈⟩⊑⟩⌈⌉⌈ ⟩\⊔≀ ≀\⌉ ≀∇ ⇕≀∇⌉ ∫⊔⌉√∫↙ S⊔⌉√ ∞ ⟩∫ ⊔⟨⌉ †≀⊓\}⌉∫⊔ ∫⊔⌉√ ⟩\ ⊣ }⌉\⌉∇⊣⊔⟩≀\↙ T†√⟩⌋⊣↕↕†⇔ ⊣∫ ⊣ }⌉\⌉∇⊣⊔⟩≀\ ⟩∫ ∫⌋⊣⊑⌉\}⌉⌈⇔ ∫⊓∇⊑⟩⊑⟩\} ≀⌊|⌉⌋⊔∫ ⊣∇⌉ ⇕≀⊑⌉⌈ {∇≀⇕ ⊔⟨⌉⟩∇ ⌋⊓∇∇⌉\⊔ ⊔≀ ⊔⟨⌉ \⌉§⊔ ≀↕⌈⌉∇ ∫⊔⌉√⇔ ⊣\⌈ ≀⌊|⌉⌋⊔∫ ⟩\ ⊔⟨⌉ ≀↕⌈⌉∫⊔ ∫⊔⌉√ ≀{ ⊣ }⌉\⌉∇⊣⊔⟩≀\ ⊣∇⌉ √∇≀⇕≀⊔⌉⌈ ⟩\⊔≀ ⊔⟨⌉ †≀⊓\}⌉∫⊔ ∫⊔⌉√ ⟩\ ⊔⟨⌉ \⌉§⊔ }⌉\⌉∇⊣⊔⟩≀\↙ ∪S⟨⊣⊒⇔ ∞∃∀∀⊎ ⌈⌉∫⌋∇⟩⌊⌉∫ ⊣ ∫⟩⇕⟩↕⊣∇ ∫⌋⟨⌉⇕⌉ ⌋⊣↕↕⌉⌈ ⊣ ⌊⊓⌋‖⌉⊔ ⌊∇⟩}⊣⌈⌉↙ I\ ≀⊓∇ ∫⌋⟨⌉⇕⌉⇔ ⊣↕↕ ⊔⟨⌉ ∫⊓∇⊑⟩⊑≀∇∫ ≀{ ⊣ ∫⊔⌉√ ⇕≀⊑⌉ ⊔≀}⌉⊔⟨⌉∇↙ T⟨⟩∫ ⊣⊑≀⟩⌈∫ ⊣⊔⊔⊣⌋⟨⟩\} ⊣}⌉ ⟩\{≀∇⇕⊣⊔⟩≀\ ⊔≀ ⟩\⌈⟩⊑⟩⌈⊓⊣↕ ≀⌊|⌉⌋⊔∫↙ R⊣⊔⟨⌉∇⇔ ⊣}⌉ ⟩∫ ⌉\⌋≀⌈⌉⌈ ⟩\ ⊔⟨⌉ ∫⊔⌉√↙ O⊓∇ ⊔⌉⌋⟨\⟩∐⊓⌉ ∫⊣⊑⌉∫ ∫√⊣⌋⌉ {≀∇ ⊣}⌉ ⌋≀⊓\⊔⌉∇∫ ⟩\ ⊔⟨⌉ ≀⌊|⌉⌋⊔∫ ⊣\⌈ ⊔⟩⇕⌉ {≀∇ ⇕⊣\⟩√⊓↕⊣⊔⟩\} ⊔⟨⌉ ⊣}⌉ ⌋≀⊓\⊔⌉∇∫↙ T⟨⌉ ⌊⊓⌋‖⌉⊔ ⌊∇⟩}⊣⌈⌉ ⊣\⌈ ∫⟩⇕⟩↕⊣∇ ∫⌋⟨⌉⇕⌉∫ ⊣↕∫≀ ⌉↕⟩⇕⟩\⊣⊔⌉ ⊣}⌉ ⌋≀⊓\⊔⌉∇∫⇔ ⌊⊓⊔ ⊒⌉ ⊣⊑≀⟩⌈ ⊣\ ⊣⌈⌈⟩⊔⟩≀\⊣↕ ≀⊑⌉∇⟨⌉⊣⌈¬ ∫⟩\⌋⌉ ⊣↕↕ ≀⌊|⌉⌋⊔∫ ≀{ ⊣ ∫⊔⌉√ ⇕≀⊑⌉ ⊔≀}⌉⊔⟨⌉∇⇔ ⊒⌉ ⌈≀ \≀⊔ ⇕⊣‖⌉ ⊣ √∇≀⇕≀⊔⟩≀\ ⌈⌉⌋⟩∫⟩≀\ {≀∇ ⌉⊣⌋⟨ ⟩\⌈⟩⊑⟩⌈⊓⊣↕ ≀⌊|⌉⌋⊔ ⌊⊓⊔ ≀\↕† {≀↕↕≀⊒ ⊣ √∇⌉⊑⟩≀⊓∫↕† ⌈⌉⊔⌉∇⇕⟩\⌉⌈ √↕⊣\ ⊔⟨⊣⊔ ⟩\⌈⟩⌋⊣⊔⌉∫ ⊒⟨⌉∇⌉ ⊔≀ √↕⊣⌋⌉ ∫⊓∇⊑⟩⊑≀∇∫ ≀{ ⌉⊣⌋⟨ ∫⊔⌉√ ≀{ ⌉⊣⌋⟨ }⌉\⌉∇⊣⊔⟩≀\ ⌊⌉⟩\} ∫⌋⊣⊑⌉\}⌉⌈↙ T⟨⌉ ∫⊔⌉√ ⊣√√∇≀⊣⌋⟨ ⊣↕↕≀⊒∫ ⊣}⌉ ⟩\{≀∇⇕⊣⊔⟩≀\ ⊔≀ ⌊⌉ ⊣∫ ⊘\⌉ }∇⊣⟩\⌉⌈ ≀∇ ⌋≀⊣∇∫⌉ ⊣∫ ⌈⌉∫⟩∇⌉⌈⇔ ∫⟩\⌋⌉ ∫⊔⌉√∫ ⌋⊣\ ∇⌉⊣⌈⟩↕† ⌊⌉ ⟩\∫⌉∇⊔⌉⌈⇔ ⌈⌉↕⌉⊔⌉⌈⇔ ⊣\⌈ ⇕⌉∇}⌉⌈ ⌉⊣⌋⟨ ∫⌋⊣⊑⌉\}⌉⇔ ⊣∫ ⌈⌉⊔⌉∇⇕⟩\⌉⌈ ⌊† ⊔⟨⌉ ↕⊣\}⊓⊣}⌉ ⟩⇕√↕⌉⇕⌉\⊔≀∇≃∫ √≀↕⟩⌋† ∇≀⊓⊔⟩\⌉∫ ⊔⟨⊣⊔ ∫⌉⊔ ⊔⟨⌉ √↕⊣\ ⟩⇕⇕⌉⌈⟩⊣⊔⌉↕† ⌊⌉{≀∇⌉ ⊣ ∫⌋⊣⊑⌉\}⌉ ⌊⌉}⟩\∫↙ S⌉⌋⊔⟩≀\ △ ⌈⟩∫⌋⊓∫∫⌉∫ ⟨≀⊒ ⊔⟨⟩∫ {⌉⊣⊔⊓∇⌉ ⌋⊣\ ⌊⌉ ⊓∫⌉⌈ ⊔≀ ∫≀↕⊑⌉ ⊔⟨⌉ √⟩}↖⟩\↖⊔⟨⌉↖√†⊔⟨≀\ √∇≀⌊↕⌉⇕↙ E⊣⌋⟨ ∫⊔⌉√ ⟩∫ ∫⊔≀∇⌉⌈ ⊣∫ ⊣ \⊓⇕⌊⌉∇ ≀{ ⊘§⌉⌈ ∫⟩‡⌉ ⌊↕≀⌋‖∫ ⊔⟨⊣⊔ \⌉⌉⌈ \≀⊔ ⌊⌉ ⊣⌈|⊣⌋⌉\⊔↙ A ⌊↕≀⌋‖ ⌋≀\∫⟩∫⊔∫ ≀{ ∈^i bytes aligned on a 2^i byte boundary, which allows the generation of an object to be computed

ef�ciently from the object’s address 4. This avoids the need for generation or step tags in objects,

which helps keep the garbage collector independent of language implementation concerns such as

object formats, as well as reducing space and time costs in maintaining such information in each

object.

Blocks can be added to a step at will. The price we pay for such �exibility is fragmentation

when objects do not �ll blocks completely. In the youngest generation we can avoid fragmentation

by having the plan specify that contiguous blocks be used for step 1, with survivors being promoted

into another step that uses �xed size blocks. 5 When a generation is scavenged, the collector

4Or in fact from any address in the object.

5The contiguous �nursery� area also reduces the number of page traps if we use an access protected

Figure 1: Generations, steps, and blocks

Figure 2: Scavenging the two youngest generations

Figure 3: Inserting a new generation

allocates only enough blocks to hold the surviving objects; when the scavenge is complete, the original blocks can be reused immediately.

[Zorn, 1990] claims that since the youngest generation needs to �t in primary memory, �the mark-and-sweep algorithm requires less memory because each generation is one-half the size of copying algorithm generations.� An important contribution of our scheme is that it immediately reuses freed blocks following a scavenge, as just mentioned. This means the amount of space needed for the youngest generation consists of the area used for allocation plus the number of blocks needed to hold objects surviving a scavenge, as illustrated in Figure 4. Depending on the length between scavenges, [Zorn, 1990] claims a survival rate between 3% and 24% of objects allocated since the last scavenge. Therefore, our scheme requires between 52% to 62% of that needed by the traditional stop-and-copy schemes described by Zorn. The key to our advantage is that using �xed blocks eliminated the need for contiguous memory areas.

�guard page� to signal memory over�ow. Rather than one trap per block we incur one trap per scavenge.

Figure 4: Blocks reduce memory needed for copy collection

2.2 Collection Algorithm

In any single scavenge we can collect any subset of the generations. As will be seen, it is

particularly convenient if we collect some generation g and all generations younger than g. Let G

be the set of generations being scavenged. The roots of the collection are those pointers outside

of G that point to objects in G. The goal of scavenging is to copy into free blocks all objects in G

reachable from the roots, allowing the blocks previously used by generations in G to be freed and

reused. The new blocks of a generation being scavenged are called TO space and the old blocks

are called FROM space [Fenichel and Yochelson, 1969] (see Figure 2).

Note that either all steps of a generation are scavenged or none are. This is because remembered

sets (discussed in detail in Section 2.4.1) track inter-generational pointers, ignoring the �ner grained

step information. Steps are used only to encode the age of objects within generations.

Scavenging proceeds by maintaining a set P of locations of pointers to be processed. It

repeatedly chooses an element of P and processes it, according to this pseudo-code: P ← ∫⌉⊔ ≀{ ⊣⌈⌈∇⌉∫∫⌉∫ ≀{ ⊣↕↕ ∇≀≀⊔∫ WHILE P ≠ ∅ DO S⌉↕⌉⌋⊔ ∫≀⇕⌉ √ ∈ P P ← P − {√} √∇≀⌋⌉∫∫ √ END WHILE

T≀ √∇≀⌋⌉∫∫ √⇔ ⌋≀\∫⟩⌈⌉∇ ⊔⟨⌉ √≀⟩\⊔⌉∇ ⊑⊣↕⊓⌉ ∐ ⌋≀\⊔⊣⟩\⌉⌈ ⟩\ ↕≀⌋⊣⊔⟩≀\ √↙ T⟨⌉∇⌉ ⊣∇⌉ ⊔⟨∇⌉⌉ ⌋⊣∫⌉∫¬ • ∐ ⌈≀⌉∫ \≀⊔ √≀⟩\⊔ ⟩\⊔≀ G¬ D≀ \≀⊔⟨⟩\}↙ • ∐ √≀⟩\⊔∫ ⊔≀ ⊣\ ≀⌊|⌉⌋⊔ ≀ ⟩\ }⌉\⌉∇⊣⊔⟩≀\ } ∈ G⇔ ⊣\⌈ ≀ ⟨⊣∫ \≀⊔ †⌉⊔ ⌊⌉⌉\ ⌋≀√⟩⌉⌈¬ C≀√† ≀ ⊔≀ ⟩⊔∫ ∫⊔⌉√≃∫ TO ∫√⊣⌋⌉ ⊣∫ ⟩\⌈⟩⌋⊣⊔⌉⌈ ⌊† ⊔⟨⌉ √↕⊣\↙ ̸I\∫⌉∇⊔ ⟩\⊔≀ P ⊔⟨⌉ ⊣⌈⌈∇⌉∫∫⌉∫ ≀{ ⊣↕↕ √≀⟩\⊔⌉∇∫ ⟩\ ≀↙ A↕∫≀⇔ {≀∇ {⊓⊔⊓∇⌉ ∇⌉{⌉∇⌉\⌋⌉⇔ ⇕⊣∇‖ ≀ ⊣∫ ⟨⊣⊑⟩\} ⌊⌉⌉\ ⌋≀√⟩⌉⌈ ⊣\⌈ ⟩\⌈⟩⌋⊣⊔⌉ ⊔⟨⌉ ⊣⌈⌈∇⌉∫∫ ≀{ ⊔⟨⌉ ⌋≀√†↙ U√⌈⊣⊔⌉ √ ⊔≀ √≀⟩\⊔ ⊔≀ ⊔⟨⌉ ⌋≀√†↙ • ∐ √≀⟩\⊔∫ ⊔≀ ⊣ FROM ∫√⊣⌋⌉ ≀⌊|⌉⌋⊔ ≀ ⊔⟨⊣⊔ ⟨⊣∫ ⌊⌉⌉\ ⌋≀√⟩⌉⌈ ⊔≀ TO ∫√⊣⌋⌉¬ U√⌈⊣⊔⌉ √ ⊔≀ √≀⟩\⊔ ⊔≀ ⊔⟨⌉ \⌉⊒ ⌋≀√†↙ T⟨⌉ ⊣⌋⊔⊓⊣↕ ⟩⇕√↕⌉⇕⌉\⊔⊣⊔⟩≀\ ≀{ ∫⌋⊣⊑⌉\}⟩\} ⌈≀⌉∫ \≀⊔ ⇕⊣⟩\⊔⊣⟩\ ⊔⟨⌉ ∫⌉⊔ P ⌉§√↕⟩⌋⟩⊔↕†↙ R⊣⊔⟨⌉∇⇔ ⌉⊣⌋⟨ TO ∫√⊣⌋⌉ ⟨⊣∫ ⊔⊒≀ ⊣∫∫≀⌋⟩⊣⊔⌉⌈ √≀⟩\⊔⌉∇∫⇔ ⊔⟨⌉ ⊓\√∇≀⌋⌉∫∫⌉⌈ √≀⟩\⊔⌉∇⇔ ⊒⟨⟩⌋⟨ √≀⟩\⊔∫ ⊔≀ ⊔⟨⌉ \⌉§⊔ ≀⌊|⌉⌋⊔ ⊔≀ ⌊⌉ √∇≀⌋⌉∫∫⌉⌈⇔ ⊣\⌈ ⊔⟨⌉ ⊣↕↕≀⌋⊣⊔⟩≀\ √≀⟩\⊔⌉∇⇔ ⊒⟨⟩⌋⟨ ⟩\⌈⟩⌋⊣⊔⌉∫ ⊔⟨⌉ \⌉§⊔ {∇⌉⌉ ↕≀⌋⊣⊔⟩≀\ ⇐∫⌉⌉ F⟩}⊓∇⌉ ▽⇒↙ T⟨⌉ ≀⌊|⌉⌋⊔∫ ⌊⌉⊔⊒⌉⌉\ ⊔⟨⌉∫⌉ ⊔⊒≀ √≀⟩\⊔⌉∇∫ ⌋≀\⊔⊣⟩\ ⊔⟨⌉ \≀\↖∇≀≀⊔ ∫⊓⌊∫⌉⊔ ≀{ P↙ S⌋⊣⊑⌉\}⟩\} ⌊⌉}⟩\∫ ⌊† √∇≀⌋⌉∫∫⟩\} ⊔⟨⌉ ∇≀≀⊔∫ ⊣\⌈ ⌋≀√†⟩\} ≀⌊|⌉⌋⊔∫ ⊣∫ ⌈⌉∫⌋∇⟩⌊⌉⌈↙ A\ ≀⌊|⌉⌋⊔ ⟩∫ ⌋≀√⟩⌉⌈ ⌊† ⌋≀√†⟩\} ⟩⊔∫ ⌋≀\⊔⌉\⊔∫ ⊔≀ ⊔⟨⌉ ∇⟩}⟨⊔ ≀{ ⊔⟨⌉ ⊣↕↕≀⌋⊣⊔⟩≀\ √≀⟩\⊔⌉∇ ⊣\⌈ ⊔⟨⌉\ ⊣⌈⊑⊣\⌋⟩\} ⊔⟨⌉ ⊣↕↕≀⌋⊣⊔⟩≀\ √≀⟩\⊔⌉∇ ⌊⌉†≀\⌈ ⊔⟨⌉ ⌋≀√†↙ T⟨⟩∫ ⌉{{⌉⌋⊔⟩⊑⌉↕† ∐⊓⌉⊓⌉∫ ⊔⟨⌉ ⌋≀√† {≀∇ ↕⊣⊔⌉∇ √∇≀⌋⌉∫∫⟩\}↙ O\⌋⌉ ⊔⟨⌉ ∇≀≀⊔∫ ⟨⊣⊑⌉ ⌊⌉⌉\ ⟨⊣\⌈↕⌉⌈⇔ ⊒⌉ ⌋≀\∫⟩⌈⌉∇ ⊔⟨⌉ ⊓\√∇≀⌋⌉∫∫⌉⌈ ≀⌊|⌉⌋⊔∫ ≀\⌉ ⊣⊔ ⊣ ⊔⟩⇕⌉⇔ ⟨⊣\⌈↕⟩\} ⌉⊣⌋⟨ √≀⟩\⊔⌉∇ ⟩\ ⌉⊣⌋⟨ ≀⌊|⌉⌋⊔ ⟩\ ⊔⊓∇\⇔ ⊣⌈⊑⊣\⌋⟩\} ⊔⟨⌉ ⊓\√∇≀⌋⌉∫∫⌉⌈ √≀⟩\⊔⌉∇ ⊣∫ ⊒⌉ }≀↙ W⟨⌉\ ⊔⟨⌉∇⌉ ⊣∇⌉ \≀ ⇕≀∇⌉ ⊓\√∇≀⌋⌉∫∫⌉⌈ ≀⌊|⌉⌋⊔∫ ⟩\ ⊣\† TO ∫√⊣⌋⌉⇔ ∫⌋⊣⊑⌉\}⟩\} ⟩∫ ⌋≀⇕√↕⌉⊔⌉↙ I\ √∇⊣⌋⊔⟩⌋⌉⇔ TO ∫√⊣⌋⌉ ⇕⊣† ⌊⌉ ∫√∇⌉⊣⌈ ≀⊓⊔ ⊣⌋∇≀∫∫ ⇕⊣\† ⌊↕≀⌋‖∫⇔ ⊣\⌈ ⌉⊣⌋⟨ TO ∫⊔⌉√ ⟨⊣∫ ⟩⊔∫ ≀⊒\ ⊓\√∇≀⌋⌉∫∫⌉⌈ ⊣\⌈ ⊣↕↕≀⌋⊣⊔⟩≀\ √≀⟩\⊔⌉∇∫↙ ̸S⌉⌋⊔⟩≀\ △ ⌈⟩∫⌋⊓∫∫⌉∫ √≀∫∫⟩⌊↕⌉ √∇≀⇕≀⊔⟩≀\ ⌋∇⟩⊔⌉∇⟩⊣ ⟩\ ⇕≀∇⌉ ⌈⌉⊔⊣⟩↕↙

∀

F⟩}⊓∇⌉ ▽¬ TO ∫√⊣⌋⌉ ↕⊣†≀⊓⊔ ⌈⊓∇⟩\} ∫⌋⊣⊑⌉\}⟩\} T⟨⌉ ⊓∫⌉ ≀{ ⊔⊒≀ √≀⟩\⊔⌉∇∫ ⊔≀ ⌈≀ ⊔⟨⌉ √∇≀⌋⌉∫∫⟩\} ⊒⊣∫ ⊘∇∫⊔ ⌈⌉∫⌋∇⟩⌊⌉⌈ ⌊† ∪C⟨⌉\⌉†⇔ ∞∃′⊎↙ ∪M≀≀\⇔ ∞∃∀△⊎ ⌈⌉∫⌋∇⟩⌊⌉∫ ⊣ ⇕≀⌈⟩⊘⌋⊣⊔⟩≀\ ⊔≀ ⊔⟨⟩∫ ⊣↕}≀∇⟩⊔⟨⇕ ⊔⟨⊣⊔ ∇⌉∫⊓↕⊔∫ ⟩\ ⌊⌉⊔⊔⌉∇ ⌋↕⊓∫⊔⌉∇⟩\} ≀{ ≀⌊|⌉⌋⊔∫ ⌊† ⟩\⊔⌉∇↕⌉⊣⊑⟩\} ⊔⟨⌉ √∇≀⌋⌉∫∫⟩\} ≀{ ≀⌊|⌉⌋⊔∫ ∇⌉{⌉∇∇⌉⌈ ⊔≀ ⌊† ⊔⟨⌉ ∇≀≀⊔ ∫⌉⊔ ⊒⟩⊔⟨ √∇≀⌋⌉∫∫⟩\} ≀{ ⊔⟨⌉ ≀⌊|⌉⌋⊔∫ ⊔⟨⌉† ∇⌉{⌉∇ ⊔≀↙ W⟩↕∫≀\⇔ L⊣⇕⇔ ⊣\⌈ M≀⟨⌉∇ ∪W⟩↕∫≀\ ⌉⊔ ⊣↕↙⇔ ∞∃∃∞⊎ ⟨⊣∫ {⊓∇⊔⟨⌉∇ ∇⌉⊘\⌉⌈ ⊔⟨⌉ ⊔⌉⌋⟨\⟩∐⊓⌉ ⊔≀ ≀⌊⊔⊣⟩\ ⌊⌉⊔⊔⌉∇ ⌋↕⊓∫⊔⌉∇⟩\} ⊣\⌈ ∇⌉⌈⊓⌋⌉ √⊣}⟩\}↙ O⊓∇ ⊣↕}≀∇⟩⊔⟨⇕ ⟩∫ ⌉∫∫⌉\⊔⟩⊣↕↕† ⊣ ⇕⊓↕⊔⟩↖}⌉\⌉∇⊣⊔⟩≀\⊣↕ {≀∇⇕ ≀{ ⌋≀√† ⌋≀↕↕⌉⌋⊔⟩≀\ ⊣∫ ⌈⌉∫⌋∇⟩⌊⌉⌈ ⌊†⇔ ⌉↙}↙⇔ ∪B⊣‖⌉∇⇔ ∞∃∀⊎⇔ ⊣\⌈ ↕⟩‖⌉ ⊔⟨⊣⊔ ⇕⌉⊔⟨≀⌈⇔ ⌋⊣\ ∇⌉⊣⌈⟩↕† ⌊⌉ ⇕⊣⌈⌉ ⟩\⌋∇⌉⇕⌉\⊔⊣↕ ⇐∫⌉⌉ S⌉⌋⊔⟩≀\ ∋⇒↙

∈↙∋ L⊣∇}⌉ O⌊|⌉⌋⊔ S√⊣⌋⌉ ∪U\}⊣∇ ⊣\⌈ J⊣⌋‖∫≀\⇔ ∞∃∀∀⊎ ⌈⌉⇕≀\∫⊔∇⊣⊔⌉⌈ ⊔⟨⊣⊔ ⊔⟨⌉∇⌉ ⊣∇⌉ √⌉∇{≀∇⇕⊣\⌋⌉ ⊣⌈⊑⊣\⊔⊣}⌉∫ ⊔≀ ⊣⊑≀⟩⌈⟩\} ⊔⟨⌉ ⌋≀√†⟩\} ≀{ ↕⊣∇}⌉ ≀⌊|⌉⌋⊔∫↙ I\ ⊣⌈⌈⟩⊔⟩≀\⇔ ≀⊓∇ ⊘§⌉⌈ ∫⟩‡⌉ ⌊↕≀⌋‖∫ ⌋⊣\\≀⊔ ⊣⌋⌋≀⇕⇕≀⌈⊣⊔⌉ ≀⌊|⌉⌋⊔∫ ↕⊣∇}⌉∇ ⊔⟨⊣\ ⊣ ⌊↕≀⌋‖↙ T≀ ⊣⌈⌈∇⌉∫∫ ⊔⟨⌉∫⌉ ⌋≀\⌋⌉∇\∫ ≀⊓∇ ⊔≀≀↕‖⟩⊔ √∇≀⊑⟩⌈⌉∫ ⊣ ∫⌉√⊣∇⊣⊔⌉ ↕⊣∇}⌉ ≀⌊|⌉⌋⊔ ∫√⊣⌋⌉ ⇐LOS⇒ ⊣∫ √⊣∇⊔ ≀{ ⊔⟨⌉ ⌋≀↕↕⌉⌋⊔⌉⌈ ⊣∇⌉⊣↙ E⊣⌋⟨ ∫⊔⌉√ ⟨⊣∫ ⊣∫∫≀⌋⟩⊣⊔⌉⌈ ⊒⟩⊔⟨ ⟩⊔ ⊣ ∫⌉⊔ ≀{ ↕⊣∇}⌉ ≀⌊|⌉⌋⊔∫ ⊔⟨⊣⊔ ⊣∇⌉ ⊔⟨⌉ ∫⊣⇕⌉ ⊣}⌉ ⊣∫ ⊔⟨⌉ ∫⇕⊣↕↕ ≀⌊|⌉⌋⊔∫ ⟩\ ⊔⟨⌉ ∫⊔⌉√↙ A ∫⊔⌉√≃∫ ↕⊣∇}⌉ ≀⌊|⌉⌋⊔∫ ⊣∇⌉ ↕≀}⟩⌋⊣↕↕† ⇕⌉⇕⌊⌉∇∫ ≀{ ⊔⟨⌉ ∫⊔⌉√⇔ ⌊⊓⊔ ⊣∇⌉ \⌉⊑⌉∇ √⟨†∫⟩⌋⊣↕↕† ⌋≀√⟩⌉⌈↙ R⊣⊔⟨⌉∇⇔ ⊔⟨⌉† ⊣∇⌉ ⊔⟨∇⌉⊣⌈⌉⌈ ≀\⊔≀ ⊣ ⌈≀⊓⌊↕† ↕⟩\‖⌉⌈ ↕⟩∫⊔ ⊣\⌈ ⊣∇⌉ ⇕≀⊑⌉⌈ {∇≀⇕ ≀\⌉ ↕⟩∫⊔ ⊔≀ ⊣\≀⊔⟨⌉∇ ∇⊣⊔⟨⌉∇ ⊔⟨⊣\ ⌋≀√⟩⌉⌈↙ I\ √⊣∇⊔⟩⌋⊓↕⊣∇⇔ ⊒⟨⌉\ ⊣ ↕⊣∇}⌉ ≀⌊|⌉⌋⊔ ⟩∫ ⌈⌉⊔⌉∇⇕⟩\⌉⌈ ⊔≀ ⌊⌉ ⊣ ∫⊓∇⊑⟩⊑≀∇⇔ ⟩⊔ ⟩∫ ⊓\↕⟩\‖⌉⌈ {∇≀⇕ ⟩⊔∫ ⌋⊓∇∇⌉\⊔ ∫⊔⌉√≃∫ ↕⟩∫⊔ ⊣\⌈ ⊔⟨∇⌉⊣⌈⌉⌈ ≀\⊔≀ ⊔⟨⌉ ↕⟩∫⊔ ≀{ ⊔⟨⌉ TO ∫√⊣⌋⌉ ∫⊔⌉√ ⟩\⌈⟩⌋⊣⊔⌉⌈ ⌊† ⊔⟨⌉ √↕⊣\↙ A⊔ ⊔⟨⌉ ⌉\⌈ ≀{ ⊣ ∫⌋⊣⊑⌉\}⌉ ⊣\† ↕⊣∇}⌉ ≀⌊|⌉⌋⊔∫ ∇⌉⇕⊣⟩\⟩\} ≀\ ⊣ FROM ∫√⊣⌋⌉ ∫⊔⌉√≃∫ ↕⟩∫⊔ ⊣∇⌉ \≀ ↕≀\}⌉∇ ⊣⌋⌋⌉∫∫⟩⌊↕⌉ ⊣\⌈ ⊔⟨⌉⟩∇ ∫√⊣⌋⌉ ⟩∫ {∇⌉⌉⌈↙ N≀⊔⌉ ⊔⟨⊣⊔ ⟩\ ⊣⌈⌈⟩⊔⟩≀\ ⊔≀ ∫⌋⊣\\⟩\} ⇐∫⇕⊣↕↕⇒ ≀⌊|⌉⌋⊔∫ ⌊⌉⊔⊒⌉⌉\ ⌉⊣⌋⟨ TO ∫√⊣⌋⌉≃∫ ⊓\√∇≀⌋⌉∫∫⌉⌈ ⊣\⌈ ⊣↕↕≀⌋⊣⊔⟩≀\ √≀⟩\⊔⌉∇∫⇔ ⊒⌉ ⇕⊓∫⊔ √∇≀⌋⌉∫∫ ⌉⊣⌋⟨ ↕⊣∇}⌉ ≀⌊|⌉⌋⊔ ⊣⌈⌈⌉⌈ ⊔≀ ⊔⟨⌉ ∫⊔⌉√≃∫ ↕⟩∫⊔ ≀{ ↕⊣∇}⌉ ≀⌊|⌉⌋⊔∫↙ T⟨⌉ ⊣↕}≀∇⟩⊔⟨⇕ ∇⌉⊘\⌉⇕⌉\⊔∫ ⊣∇⌉ ∫⊔∇⊣⟩}⟨⊔{≀∇⊒⊣∇⌈ ∫≀ ⊒⌉ ∫‖⟩√ ⊔⟨⌉ ⌈⌉⊔⊣⟩↕∫↙ W⌉ ⌋⟨≀∫⌉ \≀⊔ ⊔≀ ⌋≀⇕√⊣⌋⊔ ↕⊣∇}⌉ ≀⌊|⌉⌋⊔ ∫√⊣⌋⌉↙ R⊣⊔⟨⌉∇⇔ ⊒⌉ ⇕⊣⟩\⊔⊣⟩\ {∇⌉⌉ ↕⟩∫⊔ ⟩\{≀∇⇕⊣⊔⟩≀\ ⊓∫⟩\} ∫√↕⊣† ⊔∇⌉⌉∫ ∪S↕⌉⊣⊔≀∇ ⊣\⌈ T⊣∇|⊣\⇔ ∞∃∀▽⊎⇔ ⊒⟨⟩⌋⟨ ≀{{⌉∇ ⌉§⌋⌉↕↕⌉\⊔ ⊣⊑⌉∇⊣}⌉ ⊣\⌈ ⊒≀∇∫⊔ ⌋⊣∫⌉ √⌉∇{≀∇⇕⊣\⌋⌉ {≀∇ {∇⌉⌉ ↕⟩∫⊔ ⇕⊣⟩\⊔⌉\⊣\⌋⌉ ≀√⌉∇⊣⊔⟩≀\∫↙ ∈↙△ R≀≀⊔ S⌉⊔ T⟨⌉ ∇≀≀⊔∫ ≀{ ⊣ }⌉\⌉∇⊣⊔⟩≀\ ∫⌉⊔ G ⊣∇⌉ ⊔⟨⌉ √≀⟩\⊔⌉∇∫ {∇≀⇕ ≀⊓⊔∫⟩⌈⌉ G ⟩\⊔≀ G↙ S⌋⊣⊑⌉\}⟩\} ⇕⊓∫⊔ ↕≀⌋⊣⊔⌉ ⊣↕↕ ⇕⌉⇕⌊⌉∇∫ ≀{ ⊔⟨⌉ ∇≀≀⊔ ∫⌉⊔⇔ ⇕≀⊑⌉ ⊔⟨⌉ ≀⌊|⌉⌋⊔∫ ⟩\ G ⊣⊔ ⊒⟨⟩⌋⟨ ⊔⟨⌉ ∇≀≀⊔∫ √≀⟩\⊔⇔ ⊣\⌈ ⊓√⌈⊣⊔⌉ ⊔⟨⌉ ∇≀≀⊔∫↙ H≀⊒ ⊣∇⌉ ⊔⟨⌉ ∇≀≀⊔∫ ↕≀⌋⊣⊔⌉⌈⊥ O\⌉ √≀∫∫⟩⌊⟩↕⟩⊔†⇔ ⊒⟨⟩⌋⟨ ⊒⌉ ⌋⊣↕↕ ∇⌉⇕⌉⇕⌊⌉∇⟩\}⇔ ⟩∫ ⊔≀ ⊔∇⊣⌋‖ ⊔⟨⌉ ∇≀≀⊔ ∫⌉⊔ √∇⌉⌋⟩∫⌉↕† ⌈⊓∇⟩\} √∇≀}∇⊣⇕ ⌉§⌉⌋⊓⊔⟩≀\⇔ ∫≀ ⟩⊔ ⟩∫ ‖\≀⊒\ ⊣⊔ ∫⌋⊣⊑⌉\}⌉ ⊔⟩⇕⌉↙ R⌉⇕⌉⇕⌊⌉∇⟩\} }⌉\⌉∇⊣↕↕†

∃

∇⌉∐⊓⟩∇⌉∫ ∫≀⇕⌉ ⌉§⊔∇⊣ ⊒≀∇‖ ⊔≀ ⌊⌉ ⌈≀\⌉ ⊒⟩⊔⟨ ⌉⊣⌋⟨ √≀⟩\⊔⌉∇ ∫⊔≀∇⌉↙ T⟨⌉ ≀⊔⟨⌉∇ ⌉§⊔∇⌉⇕⌉ ⟩∫ ⊔≀ ∫⌋⊣\ ⊔⟨∇≀⊓}⟨ ⊣↕↕ ⌈⊣⊔⊣ ∫⊔∇⊓⌋⊔⊓∇⌉∫ ≀⊓⊔∫⟩⌈⌉ G ⊣\⌈ ⌉§⊣⇕⟩\⌉ ⌉⊑⌉∇† √≀⟩\⊔⌉∇ ⊔≀ ∫⌉⌉ ⟩{ ⟩⊔ √≀⟩\⊔∫ ⟩\⊔≀ G↙ W⌉ ⌋⊣↕↕ ⊔⟨⊣⊔ ∫⌉⊣∇⌋⟨⟩\}↙ T⟨⌉∇⌉ ⟩∫ ⊣ ⊑⊣∇⟩⌉⊔† ≀{ √≀∫∫⟩⌊⟩↕⟩⊔⟩⌉∫ ⌊⌉⊔⊒⌉⌉\ ∇⌉⇕⌉⇕⌊⌉∇⟩\} ⊣\⌈ ∫⌉⊣∇⌋⟨⟩\}⇔ ⊒⟨⟩⌋⟨ ⌋⊣\ ⌊⌉ ⌋⟨⊣∇⊣⌋⊔⌉∇⟩‡⌉⌈ ⊣∫ ∫⌉⊣∇⌋⟨⌉∫ ⊒⟩⊔⟨ ⌈⟩{{⌉∇⌉\⊔ ⌈⌉}∇⌉⌉∫ ≀{ {≀⌋⊓∫↙ R⌉⇕⌉⇕⌊⌉∇⟩\} ⟩∫ ⊣√√∇≀√∇⟩⊣⊔⌉ {≀∇ ∇⌉}⟩≀\∫ ⊒⟩⊔⟨ {⌉⊒ ∇≀≀⊔∫⇔ ≀∇ ⊒⟨≀∫⌉ ∇≀≀⊔∫ ⊣∇⌉ \≀⊔ {∇⌉∐⊓⌉\⊔↕† ⊓√⌈⊣⊔⌉⌈↙ S⌉⊣∇⌋⟨⟩\} ⟩∫ ⊣√√∇≀√∇⟩⊣⊔⌉ ⊒⟨⌉\ ⊔⟨⌉ ∇≀≀⊔∫ ⌋⟨⊣\}⌉ ∇⊣√⟩⌈↕† ≀∇ ⊒⟨⌉\ ⊔⟨⌉ ∇⌉}⟩≀\ ⟩∫ ⌈⌉\∫⌉↕† √≀√⊓↕⊣⊔⌉⌈↙ T⟨⌉ ⊔†√⟩⌋⊣↕ ⊣∇∇⊣\}⌉⇕⌉\⊔ ⟩∫ ⊔≀ ∫⌉⊣∇⌋⟨ ⊔⟨⌉ ∇⊓\↖⊔⟩⇕⌉ ∫⊔⊣⌋‖ ⊣\⌈ ⊔⟨⌉ ⟨⊣∇⌈⊒⊣∇⌉ ∇⌉}⟩∫⊔⌉∇∫ ⇐⌊⌉⌋⊣⊓∫⌉ ⊔⟨⌉† ⌋⟨⊣\}⌉ ∇⊣√⟩⌈↕†⇒⇔ ⊣\⌈ ⊔≀ ∇⌉⇕⌉⇕⌊⌉∇ √≀⟩\⊔⌉∇∫ {∇≀⇕ ≀↕⌈⌉∇ }⌉\⌉∇⊣⊔⟩≀\∫ ⊔≀ †≀⊓\}⌉∇ ≀\⌉∫ ⇐⌊⌉⌋⊣⊓∫⌉ ⊔⟨⌉† ⊣∇⌉ ∇⊣∇⌉⇒↙ G↕≀⌊⊣↕ ⊑⊣∇⟩⊣⌊↕⌉∫ ⌋⊣\ ⌊⌉ ⊔∇⌉⊣⊔⌉⌈ ⊣∫ ⟩{ ⊔⟨⌉† ∇⌉∫⟩⌈⌉ ⟩\ ⊔⟨⌉ ≀↕⌈⌉∫⊔ }⌉\⌉∇⊣⊔⟩≀\↙ P≀⟩\⊔⌉∇∫ {∇≀⇕ †≀⊓\}⌉∇ ⊔≀ ≀↕⌈⌉∇ ∫⟨≀⊓↕⌈ ⌊⌉ ∫⌉⊣∇⌋⟨⌉⌈ ⇐⌊⌉⌋⊣⊓∫⌉ ⊔⟨⌉† ⊣∇⌉ \≀⊔ ∇⊣∇⌉⇒↙ H≀⊒⌉⊑⌉∇⇔ ∫⌉⊣∇⌋⟨⟩\} †≀⊓\}⌉∇ }⌉\⌉∇⊣⊔⟩≀\∫ ⊔≀ ⊘\⌈ √≀⟩\⊔⌉∇∫ ⟩\⊔≀ ⊣ }⌉\⌉∇⊣⊔⟩≀\ ⌊⌉⟩\} ∫⌋⊣⊑⌉\}⌉⌈ ⌈≀⌉∫ ⊣↕⇕≀∫⊔ ⊣∫ ⇕⊓⌋⟨ ⊒≀∇‖ ⊣∫ ∫⌋⊣⊑⌉\}⟩\} ⊔⟨⌉ †≀⊓\}⌉∇ }⌉\⌉∇⊣⊔⟩≀\∫↙ T⟨⊓∫⇔ ⟩⊔ ⇕⊣‖⌉∫ ⇕≀∇⌉ ∫⌉\∫⌉ ⊔≀ ∫⌋⊣⊑⌉\}⌉ ⊔⟨⌉ †≀⊓\}⌉∇ }⌉\⌉∇⊣⊔⟩≀\∫⇔ ⊔≀≀⇔ ⊣∫ ⊒⌉ ⟨⊣⊑⌉ ⌊⌉⌉\ ⊣∫∫⊓⇕⟩\}↙ ∈↙△↙∞ R⌉⇕⌉⇕⌊⌉∇⌉⌈ S⌉⊔∫ U\}⊣∇ ∪U\}⊣∇⇔ ∞∃∀△∅ U\}⊣∇ ⊣\⌈ J⊣⌋‖∫≀\⇔ ∞∃∀∀⊎ ⇐⊣⇕≀\} ≀⊔⟨⌉∇∫⇒ ⟨⊣∫ ∫⟨≀⊒\ ⊔⟨⊣⊔ √≀⟩\⊔⌉∇∫ {∇≀⇕ ≀↕⌈⌉∇ ⊔≀ †≀⊓\}⌉∇ ≀⌊|⌉⌋⊔∫ ⊣∇⌉ ∇⊣∇⌉↙ T⟨⟩∫ ∫⊓}}⌉∫⊔∫ ⊔⟨⊣⊔ ∫⊓⌋⟨ √≀⟩\⊔⌉∇∫ ∫⟨≀⊓↕⌈ ⌊⌉ ∇⌉⇕⌉⇕⌊⌉∇⌉⌈↙ P≀⟩\⊔⌉∇∫ {∇≀⇕ †≀⊓\}⌉∇ ⊔≀ ≀↕⌈⌉∇ ≀⌊|⌉⌋⊔∫ ⌋⊣\ ⌊⌉ ⟩}\≀∇⌉⌈∅ ⊔⟨⌉† ⊣∇⌉ \⌉⊑⌉∇ √⊣∇⊔ ≀{ ⊣ ∇≀≀⊔ ∫⌉⊔ ⌊⌉⌋⊣⊓∫⌉ ≀{ ≀⊓∇ ∇⊓↕⌉ ⊔⟨⊣⊔ ⊒⟨⌉\ ⊣ }⌉\⌉∇⊣⊔⟩≀\ ⟩∫ ∫⌋⊣⊑⌉\}⌉⌈⇔ ∫≀ ⊣∇⌉ ⊣↕↕ †≀⊓\}⌉∇ }⌉\⌉∇⊣⊔⟩≀\∫↙ T⟨⌉∇⌉ ⊣∇⌉ ⇕⊣\† ∫√⌉⌋⟩⊘⌋ ⊔⌉⌋⟨\⟩∐⊓⌉∫ {≀∇ ∇⌉⇕⌉⇕⌊⌉∇⟩\} ∇≀≀⊔∫↙ N≀⊔⌉ ⊔⟨⊣⊔ ⊔⟨⌉ ∫⌉⊔ ≀{ √≀⊔⌉\⊔⟩⊣↕ ∇≀≀⊔∫⇔ ⊒⟨⟩⌋⟨ ⊒⌉ ⊔⌉∇⇕ ⊔⟨⌉ ∇⌉⇕⌉⇕⌊⌉∇⌉⌈ ∫⌉⊔⇔ ⟩∫ ⊣↕↕≀⊒⌉⌈ ⊔≀ ⌊⌉ ⊣ ∫⊓√⌉∇∫⌉⊔ ≀{ ⊔⟨⌉ ⊣⌋⊔⊓⊣↕ ∇≀≀⊔∫↙ T⟨⟩∫ ⟨⊣∫ ⊔⊒≀ ⟩⇕√≀∇⊔⊣\⊔ ⌋≀\∫⌉∐⊓⌉\⌋⌉∫↙ F⟩∇∫⊔⇔ ∫⊔≀∇⌉ ≀√⌉∇⊣⊔⟩≀\∫ ⌋⊣\ ⌊⌉ ⌈⌉∫⟩}\⌉⌈ ≀\↕† ⊔≀ ⊣⌈⌈ ⟩⊔⌉⇕∫ ⊔≀ ⊔⟨⌉ ∇⌉⇕⌉⇕⌊⌉∇⌉⌈ ∫⌉⊔⇔ ∫⟩\⌋⌉ ∫⌋⊣⊑⌉\}⟩\} ⊒⟩↕↕ \⊣⊔⊓∇⊣↕↕† ⊘↕⊔⌉∇ ≀⊓⊔ ⟩⊔⌉⇕∫ ⊔⟨⊣⊔ ⊣∇⌉ \≀ ↕≀\}⌉∇ ∇≀≀⊔∫↙ S⌉⌋≀\⌈⇔ ⊒⌉ ⌋⊣\ ⇕⊣⟩\⊔⊣⟩\ ≀\⌉ ↕⊣∇}⌉ ∇⌉⇕⌉⇕⌊⌉∇⌉⌈ ∫⌉⊔ {≀∇ ⊣↕↕ }⌉\⌉∇⊣⊔⟩≀\∫⇔ ≀∇ ⊒⌉ ⌋⊣\ ⇕⊣⟩\⊔⊣⟩\ ≀\⌉ {≀∇ ⌉⊣⌋⟨ }⌉\⌉∇⊣⊔⟩≀\↙ O\⌉ √≀⟩\⊔ ≀{ ⊑⊣∇⟩⊣⊔⟩≀\ ⟩∫ ⊒⟨⊣⊔ ⟩∫ ∇⌉⇕⌉⇕⌊⌉∇⌉⌈↙ U\}⊣∇ ∇⌉⇕⌉⇕⌊⌉∇∫ ≀⌊|⌉⌋⊔∫⇔ S⟨⊣⊒ ∪S⟨⊣⊒⇔ ∞∃∀∀⊎ ∇⌉⇕⌉⇕⌊⌉∇∫ ⊑⟩∇⊔⊓⊣↕ ⇕⌉⇕≀∇† √⊣}⌉∫⇔ ⊣\⌈ S≀⌊⊣↕⊑⊣∇∇≀ ∪S≀⌊⊣↕⊑⊣∇∇≀⇔ ∞∃∀∀⊎ ∇⌉⇕⌉⇕⌊⌉∇∫ {∇⊣⌋⊔⟩≀\∫ ≀{ √⊣}⌉∫ ⌋⊣↕↕⌉⌈ ⌋⊣∇⌈∫↙ T⟨⌉ ⟩\{≀∇⇕⊣⊔⟩≀\ ⊣∫∫≀⌋⟩⊣⊔⌉⌈ ⊒⟩⊔⟨ ⊣ ⌋⊣∇⌈ ⌋⊣\ ⌊⌉ ⊣ ∫⟩\}↕⌉ ⌊⟩⊔ {≀∇ ⌋≀⇕√⊣⌋⊔\⌉∫∫ ≀∇ ⊣ ⌊†⊔⌉ {≀∇ ∫√⌉⌉⌈ ∪W⟩↕∫≀\⇔ ∞∃∃′⊎↙ N≀⊔⌉ ⊔⟨⊣⊔ √⊣}⌉ ≀∇ ⌋⊣∇⌈ ⇕⊣∇‖⟩\} ⌋⊣\ ⌊⌉ ⊓∫⌉⌈ ⊣∫ ⊣ ∫≀⊓∇⌋⌉ ≀{ ⌋⊣\⌈⟩⌈⊣⊔⌉∫ {≀∇ ⌉\⊔∇† ⟩\⊔≀ ∫⌉√⊣∇⊣⊔⌉ ∇⌉⇕⌉⇕⌊⌉∇⌉⌈ ∫⌉⊔∫⇔ ≀∇ ⊔⟨⌉ ⌋⊣∇⌈ ⊔⊣⌊↕⌉ ⌋⊣\ ⌊⌉ ⊔⟨⌉ ∇⌉⇕⌉⇕⌊⌉∇⌉⌈ ∫⌉⊔↙ I\ ⊣↕↕ ⌋⊣∫⌉∫ ∇⌉⇕⌉⇕⌊⌉∇⌉⌈ ∫⌉⊔∫ ⊣∇⌉ ∇⌉⌊⊓⟩↕⊔ ≀∇ ⊣⌈|⊓∫⊔⌉⌈ ⌈⊓∇⟩\} ∫⌋⊣⊑⌉\}⟩\}⇔ ⊔≀ √⊓∇}⌉ ⌉↕⌉⇕⌉\⊔∫ ⊔⟨⊣⊔ \≀ ↕≀\}⌉∇ ⟩⌈⌉\⊔⟩{† ⊣\† ∇≀≀⊔∫ ⊣\⌈ ⊔≀ ∇⌉⌋≀∇⌈ \⌉⊒ ≀↕⌈⌉∇↖⊔≀↖†≀⊓\}⌉∇ √≀⟩\⊔⌉∇∫ ⌋∇⌉⊣⊔⌉⌈ ⟩\ TO ∫√⊣⌋⌉ ⌈⊓∇⟩\} ∫⌋⊣⊑⌉\}⟩\}↙ A\≀⊔⟨⌉∇ √≀⟩\⊔ ≀{ ⊑⊣∇⟩⊣⊔⟩≀\ ⟩\ ∇⌉⇕⌉⇕⌊⌉∇⟩\} ⟩∫ ⊒⟨⌉\ ⊘↕⊔⌉∇⟩\} ⟩∫ ⊣⌋⌋≀⇕√↕⟩∫⟨⌉⌈↙ B† ⊘↕⊔⌉∇⟩\} ⊒⌉ ⇕⌉⊣\ ⊔⟨⌉ ⌈⌉⊔⌉∇⇕⟩\⊣⊔⟩≀\ ⊔⟨⊣⊔ ⊣ }⟩⊑⌉\ ∫⊔≀∇⌉ ≀√⌉∇⊣⊔⟩≀\ ⟩∫⇔ ⊘∇∫⊔ ≀{ ⊣↕↕⇔ ∫⊔≀∇⟩\} ⊣ √≀⟩\⊔⌉∇ ⊣∫ ≀√√≀∫⌉⌈ ⊔≀ ⊣ \≀\↖√≀⟩\⊔⌉∇ ⊑⊣↕⊓⌉ ⇐√≀⟩\⊔⌉∇ ⊘↕⊔⌉∇⟩\}⇒⇔ ⊣\⌈ ∫⌉⌋≀\⌈↕†⇔ ⟩{ ⊔⟨⌉ √≀⟩\⊔⌉∇ \⌉⌉⌈∫ ⊔≀ ⌊⌉ ∇⌉⇕⌉⇕⌊⌉∇⌉⌈ ⇐}⌉\⌉∇⊣⊔⟩≀\ ⊘↕⊔⌉∇⟩\}⇒↙ A↕≀\} ⊒⟩⊔⟨ S⟨⊣⊒⇔ S≀⌊⊣↕⊑⊣∇∇≀⇔ ⊣\⌈ W⟩↕∫≀\ ⊣\⌈ M≀⟨⌉∇ ∪W⟩↕∫≀\ ⊣\⌈ M≀⟨⌉∇⇔ ∞∃∀∃⊎⇔ ⊒⌉ ⌊⌉↕⟩⌉⊑⌉ ⊔⟨⊣⊔ ⊔⟩}⟨⊔ ⊓\⌋≀\⌈⟩⊔⟩≀\⊣↕ ⌋≀⌈⌉ ⊣⊔ ⌉⊣⌋⟨ ⇐√≀⟩\⊔⌉∇⇒ ∫⊔≀∇⌉ }⟩⊑⌉∫ ⊔⟨⌉ ⌊⌉∫⊔ √⌉∇{≀∇⇕⊣\⌋⌉⇔ ⊣\⌈ }⌉\⌉∇⊣⊔⟩≀\⊣↕ ⊘↕⊔⌉∇⟩\} ∫⟨≀⊓↕⌈ ⌊⌉ √⌉∇{≀∇⇕⌉⌈ ↕⊣⊔⌉∇∅ U\}⊣∇ √⌉∇{≀∇⇕∫ ⊣↕↕ ⊘↕⊔⌉∇⟩\} ⊣⊔ ∫⊔≀∇⌉ ⊔⟩⇕⌉⇔ ⌋⊣↕↕⟩\} ⟩⊔ ⊣ ∫⊔≀∇⌉ ⌋⟨⌉⌋‖↙ T≀ ⌈≀ }⌉\⌉∇⊣⊔⟩≀\⊣↕ ⊘↕⊔⌉∇⟩\}⇔ ⊒⌉ \⌉⌉⌈ ⊔⟨⌉ }⌉\⌉∇⊣⊔⟩≀\ ≀{ ⊔⟨⌉ √≀⟩\⊔⌉∇ ⊣\⌈ ⊔⟨⌉ }⌉\⌉∇⊣⊔⟩≀\ ≀{ ⊔⟨⌉ ∫↕≀⊔ ⊒⟨⌉∇⌉ ⟩⊔ ⟩∫ ⌊⌉⟩\} ∫⊔≀∇⌉⌈↙ I{ ⊔⟨⌉ ∫↕≀⊔≃∫ }⌉\⌉∇⊣⊔⟩≀\ ⟩∫ ≀↕⌈⌉∇ ⊔⟨⊣\ ⊔⟨⌉ √≀⟩\⊔⌉∇≃∫ }⌉\⌉∇⊣⊔⟩≀\ ⊔⟨⌉\ ⊔⟨⌉ ∫↕≀⊔ ⟩∫ ∇⌉⇕⌉⇕⌊⌉∇⌉⌈↙ F≀∇ ⌊↕≀⌋‖∫ ⟩\ ∫⇕⊣↕↕ ≀⌊|⌉⌋⊔ ∫√⊣⌋⌉ ⊔≀ ⌈⌉⊔⌉∇⇕⟩\⌉ ⊔⟨⌉ }⌉\⌉∇⊣⊔⟩≀\ ≀\⌉ \⌉⌉⌈ ≀\↕† ⟩\⌈⌉§ ⊣ ⊔⊣⌊↕⌉ ⊣∫∫≀⌋⟩⊣⊔⟩\} ⌊↕≀⌋‖∫ ⊒⟩⊔⟨ }⌉\⌉∇⊣⊔⟩≀\∫↙ H≀⊒⌉⊑⌉∇⇔ ⌊↕≀⌋‖∫ ⟩\ ↕⊣∇}⌉ ≀⌊|⌉⌋⊔ ∫√⊣⌋⌉ ⌋⊣\ ⟨≀↕⌈ ∞′

≀⌊|⌉⌋⊔∫ ⊣∫∫≀⌋⟩⊣⊔⌉⌈ ⊒⟩⊔⟨ ⇕⊓↕⊔⟩√↕⌉ }⌉\⌉∇⊣⊔⟩≀\∫⇔ ⌋≀⇕√↕⟩⌋⊣⊔⟩\} ⊔⟨⌉ √∇≀⌋⌉∫∫ ≀{ ⌈⌉⊔⌉∇⇕⟩\⟩\} ⊣\ ≀⌊|⌉⌋⊔≃∫ }⌉\⌉∇⊣⊔⟩≀\↙ W⌉ ⊔⊣} ⌉⊣⌋⟨ ↕⊣∇}⌉ ≀⌊|⌉⌋⊔ ⊒⟩⊔⟨ ⟩⊔∫ }⌉\⌉∇⊣⊔⟩≀\ ⇐⊔⟨⌉ ∫√⊣⌋⌉ ≀⊑⌉∇⟨⌉⊣⌈ ⟩∫ ∫⇕⊣↕↕ ∫⟩\⌋⌉ ⊔⟨⌉ ≀⌊|⌉⌋⊔∫ ⊣∇⌉ ⊣↕↕ ↕⊣∇}⌉⇒⇔ ⊒⟨⟩⌋⟨ ∇⌉⌈⊓⌋⌉∫ ⊔⟨⌉ √∇≀⌊↕⌉⇕ ⊔≀ ⊘\⌈⟩\} ⊔⟨⌉ ∫⊔⊣∇⊔ ≀{ ⊣ ↕⊣∇}⌉ ≀⌊|⌉⌋⊔ {∇≀⇕ ⊣\† ↕≀⌋⊣⊔⟩≀\ ⊒⟩⊔⟨⟩\ ⟩⊔↙ T≀ ⌈≀ ⊔⟨⟩∫⇔ ↕⊣∇}⌉ ≀⌊|⌉⌋⊔ ∫√⊣⌋⌉ ⟩∫ ⌈⟩⊑⟩⌈⌉⌈ ⟩\⊔≀ ⌋⟨⊓\‖∫ ≀{ ∫⟩‡⌉ ⊣ √≀⊒⌉∇ ≀{ ⊔⊒≀⇔ ⊣\⌈ ⊒⌉ ⊣↕↕≀⊒ ⊣⊔ ⇕≀∫⊔ ≀\⌉ ↕⊣∇}⌉ ≀⌊|⌉⌋⊔ ⊔≀ ∫⊔⊣∇⊔ ⟩\ ⌉⊣⌋⟨ ⌋⟨⊓\‖↙ A ⊔⊣⌊↕⌉ ⟩\⌈⌉§⌉⌈ ⌊† ⌋⟨⊓\‖ }⟩⊑⌉∫ ⊔⟨⌉ \⌉⌋⌉∫∫⊣∇† ⟩\{≀∇⇕⊣⊔⟩≀\↙ I{ ⊣ ↕⊣∇}⌉ ≀⌊|⌉⌋⊔ ∫⊔⊣∇⊔∫ ⊒⟩⊔⟨⟩\ ⊣ }⟩⊑⌉\ ⌋⟨⊓\‖⇔ ⊔⟨⌉\ ⊔⟨⌉ ⊔⊣⌊↕⌉ }⟩⊑⌉∫ ⊔⟨⌉ ∫⊔⊣∇⊔⟩\} ≀{{∫⌉⊔↙ I{ ⊔⟨⌉ ≀⌊|⌉⌋⊔ ≀⌋⌋⊓√†⟩\} ⊔⟨⌉ ⌋⟨⊓\‖ ∫⊔⊣∇⊔∫ ⟩\ ⊣ √∇⌉⊑⟩≀⊓∫ ⌋⟨⊓\‖⇔ ⊔⟨⌉\ ⊔⟨⌉ ⊔⊣⌊↕⌉ ⌉\⊔∇† ⟩\⌈⟩⌋⊣⊔⌉∫ ⊔⟨⌉ ⌋⟨⊓\‖ ⊒⟨⌉∇⌉ ⊔⟨⌉ ≀⌊|⌉⌋⊔ ∫⊔⊣∇⊔∫↙ I\ ⊣\† ⌋⊣∫⌉⇔ ⊒⌉ ⌋⊣\ ∇⊣√⟩⌈↕† ⌈⌉⊔⌉∇⇕⟩\⌉ ⊔⟨⌉ }⌉\⌉∇⊣⊔⟩≀\ ≀{ ⊣\† ⊣⌈⌈∇⌉∫∫↙ W⟨⊣⊔ ⟩∫ ∇⌉⇕⌉⇕⌊⌉∇⌉⌈ ⊣\⌈ ⟨≀⊒ ⇐⊣∫ ⊒⌉↕↕ ⊣∫ ⊒⟨⊣⊔ ⟩∫ ∫⌉⊣∇⌋⟨⌉⌈ ⊣\⌈ ⟨≀⊒⇒ ⟩∫ ↕⊣\}⊓⊣}⌉ ⌈⌉√⌉\⌈⌉\⊔↙ H≀⊒⌉⊑⌉∇⇔ ⊔⟨⌉ ⊔≀≀↕‖⟩⊔ √∇≀⊑⟩⌈⌉∫ ⌋≀⇕√≀\⌉\⊔∫ {≀∇ ⟨⌉↕√⟩\} ⊔≀ ⇕⊣\⊣}⌉ ∇⌉⇕⌉⇕⌊⌉∇⌉⌈ ∫⌉⊔∫⇔ ⊣\⌈ ⊒⌉ ⌉§√⌉⌋⊔ ⊔⟨⌉ ∫⌉⊔ ≀{ ∫⊓⌋⟨ ∇⌉⊓∫⊣⌊↕⌉ ⌋≀⇕√≀\⌉\⊔∫ ⊔≀ }∇≀⊒ ≀⊑⌉∇ ⊔⟩⇕⌉↙ O⊓∇ √∇⌉{⌉∇∇⌉⌈ ∇⌉⇕⌉⇕⌊⌉∇⌉⌈ ∫⌉⊔ ⊑⊣∇⟩⊣⊔⟩≀\ ⟩∫ ⊔≀ ∇⌉⇕⌉⇕⌊⌉∇ ⊔⟨⌉ ⊣⌋⊔⊓⊣↕ ⊣⌈⌈∇⌉∫∫⌉∫ ≀{ ∇≀≀⊔∫⇔ ⊔≀ ⊣⊑≀⟩⌈ ⊣\† {⊓∇⊔⟨⌉∇ ⊒≀∇‖ ⌈⌉⌋≀⌈⟩\} ⇕⌉⇕≀∇† ⌋≀\⊔⌉\⊔∫ ≀∇ ∫⌋⊣\\⟩\} ≀⌊|⌉⌋⊔∫ ≀∇ ⌋⊣∇⌈∫↙ W⌉ ⊣↕∫≀ √∇⌉{⌉∇ ⊔≀ ‖⌉⌉√ ⊣ ∇⌉⇕⌉⇕⌊⌉∇⌉⌈ ∫⌉⊔ {≀∇ ⌉⊣⌋⟨ }⌉\⌉∇⊣⊔⟩≀\⇔ ⊔≀ ⊣⊑≀⟩⌈ ∫⌋⊣\\⟩\} ⊣↕↕ ∇⌉⇕⌉⇕⌊⌉∇⌉⌈ ⟩⊔⌉⇕∫ ⊣∫ √⊣∇⊔ ≀{ ⌉⊣⌋⟨ ∫⌋⊣⊑⌉\}⌉↙ F⟩\⊣↕↕†⇔ ⊒⌉ ∫⊓}}⌉∫⊔ ⌈⌉{⌉∇∇⟩\} }⌉\⌉∇⊣⊔⟩≀\ ⊘↕⊔⌉∇⟩\} ⊓\⊔⟩↕ ∫⌋⊣⊑⌉\}⌉ ⊔⟩⇕⌉⇔ ⊣∫ ⊒⟩↕↕ ⌊⌉ ⌈⌉∫⌋∇⟩⌊⌉⌈ ⟩\ ⊔⟨⌉ \⌉§⊔ ∫⌉⌋⊔⟩≀\↙ W⟨⟩↕⌉ ⊒⌉ ⟨⊣⊑⌉ √∇⌉{⌉∇⌉\⌋⌉∫⇔ ⊔⟨⌉ ⊔≀≀↕‖⟩⊔ ⟩∫ ⌈⌉∫⟩}\⌉⌈ ⊔≀ ⊣↕↕≀⊒ ⊔⟨⌉ ↕⊣\}⊓⊣}⌉ ⟩⇕√↕⌉⇕⌉\⊔⊣⊔⟩≀\ ⊔≀ ⊓∫⌉ ⊒⟨⊣⊔⌉⊑⌉∇ ∇⌉⇕⌉⇕⌊⌉∇⌉⌈ ∫⌉⊔ ⊔⌉⌋⟨\⟩∐⊓⌉ ⟩∫ ⊣√√∇≀√∇⟩⊣⊔⌉ ≀∇ ⌈⌉∫⟩∇⌉⌈ ⌊† ⊔⟨⌉ ↕⊣\}⊓⊣}⌉ ⟩⇕√↕⌉⇕⌉\⊔≀∇↙ ∈↙△↙∈ S⌉∐⊓⌉\⊔⟩⊣↕ S⊔≀∇⌉ B⊓{{⌉∇ W⌉ \≀⊒ ⌈⌉∫⌋∇⟩⌊⌉ ⊣ \⌉⊒ ⊔⌉⌋⟨\⟩∐⊓⌉ {≀∇ ⇕⊣\⊣}⟩\} ∇⌉⇕⌉⇕⌊⌉∇⌉⌈ ∫⌉⊔∫↙ T⟨⌉ ∫⌉∐⊓⌉\⊔⟩⊣↕ ∫⊔≀∇⌉ ⌊⊓{{⌉∇ ⇐SSB⇒ ⟩∫ ⊣\ ⊣∇∇⊣† ≀{ ↕≀⌋⊣⊔⟩≀\∫ ⊔⟨⊣⊔ ⟩\⌈⟩⌋⊣⊔⌉∫ ⊒⟨⌉∇⌉ √≀⊔⌉\⊔⟩⊣↕↕† ⟩\⊔⌉∇⌉∫⊔⟩\} √≀⟩\⊔⌉∇∫ ⟨⊣⊑⌉ ⌊⌉⌉\ ∫⊔≀∇⌉⌈ ∫⟩\⌋⌉ ⊔⟨⌉ ↕⊣∫⊔ ∫⌋⊣⊑⌉\}⌉↙ W⟨⌉\ ⊣ ∫⊔≀∇⌉ ⊓√⌈⊣⊔⌉∫ ⊔⟨⌉ ⌋≀\⊔⌉\⊔∫ ≀{ ⊣⌈⌈∇⌉∫∫ ⊣⇔ ⊣ ⟩∫ ⌉\⊔⌉∇⌉⌈ ⟩\⊔≀ ⊔⟨⌉ \⌉§⊔ ∫⌉∐⊓⌉\⊔⟩⊣↕ ↕≀⌋⊣⊔⟩≀\ ⟩\ ⊔⟨⌉ SSB↙ T⟨⌉ \⌉§⊔ ⊣⊑⊣⟩↕⊣⌊↕⌉ SSB ↕≀⌋⊣⊔⟩≀\ ⟩∫ ⟩\⌈⟩⌋⊣⊔⌉⌈ ⌊† ⊣ }↕≀⌊⊣↕ √≀⟩\⊔⌉∇⇔ ⊒⟨⟩⌋⟨ ⌋⊣\ ⌊⌉ ‖⌉√⊔ ⟩\ ⊣ ⌈⌉⌈⟩⌋⊣⊔⌉⌈ ∇⌉}⟩∫⊔⌉∇ {≀∇ ∫√⌉⌉⌈↙ T⟨⟩∫ ∇⌉∫⊓↕⊔∫ ⟩\ ⊣ ⊑⌉∇† ∫⟨≀∇⊔ ⟩\↕⟩\⌉ ⌋≀⌈⌉ ∫⌉∐⊓⌉\⌋⌉ {≀∇ ⊣ ∫⊔≀∇⌉⇔ ⟩↕↕⊓∫⊔∇⊣⊔⌉⌈ ⟨⌉∇⌉ {≀∇ ⊔⟨⌉ MIPS R∈′′′¬ ↓ √⊔∇ ⟨≀↕⌈∫ ⊔⟨⌉ \⌉⊒ √≀⟩\⊔⌉∇ ⊔≀ ∫⊔≀∇⌉ ↓ ↕≀⌋ ⟨≀↕⌈∫ ⊔⟨⌉ ⊣⌈⌈∇⌉∫∫ ⌊⌉⟩\} ⊓√⌈⊣⊔⌉⌈ ↓ ∫∫⌊√⊔∇ ⟨≀↕⌈∫ ⊔⟨⌉ √≀⟩\⊔⌉∇ ⟩\⊔≀ ⊔⟨⌉ SSB ∫⊒ √⊔∇⇔′⇐↕≀⌋⇒ ↓ ⌈≀ ⊔⟨⌉ ∫⊔≀∇⌉ ∫⊒ ↕≀⌋⇔′⇐∫∫⌊√⊔∇⇒ ↓ ⌉\⊔⌉∇ ⟩⊔ ⟩\ ⊔⟨⌉ SSB ⊣⌈⌈⟩⊓ ∫∫⌊√⊔∇⇔∫∫⌊√⊔∇⇔△ ↓ ⟩\⌋∇⌉⇕⌉\⊔ ∫∫⌊√⊔∇ I\ F⟩}⊓∇⌉ ⇎ ⊔⟨⌉ √≀⟩\⊔⌉∇ ∐ ⟩∫ ∫⊔≀∇⌉⌈ ⟩\⊔≀ ⊔⟨⌉ ∇≀≀⊔ √← ↙§↙ T⟨⌉ ⊣⌈⌈∇⌉∫∫ ≀{ ⊔⟨⌉ ∇≀≀⊔ ⟩∫ √↕⊣⌋⌉⌈ ⟩\ ⊔⟨⌉ SSB ⊣⊔ ⊔⟨⌉ ⊔⟩⇕⌉ ≀{ ⊔⟨⌉ ∫⊔≀∇⌉↙ P∇⟩≀∇ ⊔≀ ⊣ ∫⌋⊣⊑⌉\}⌉⇔ ⊔⟨⌉ SSB ⌋≀\⊔⌉\⊔∫ ⊣∇⌉ ∫⌋⊣\\⌉⌈ ⊣\⌈ ⊘↕⊔⌉∇⌉⌈↙ I{ ⊔⟨⌉ ∫⊔≀∇⌉ ⌋∇⌉⊣⊔⌉⌈ ⊣ √≀⟩\⊔⌉∇ ⊔⟨⊣⊔ ∫⟨≀⊓↕⌈ ⌊⌉ ∇⌉⇕⌉⇕⌊⌉∇⌉⌈⇔ ⊔⟨⌉\ ⊔⟨⌉ ↕≀⌋⊣⊔⟩≀\ ≀{ ⊔⟨⌉ ∇≀≀⊔ ⟩∫ ⌉\⊔⌉∇⌉⌈ ⟩\⊔≀ ⊔⟨⌉ ∇⌉⇕⌉⇕⌊⌉∇⌉⌈ ∫⌉⊔ ≀{ ⊔⟨⌉ }⌉\⌉∇⊣⊔⟩≀\ √≀⟩\⊔⌉⌈ ⟩\⊔≀↙ T≀ ⌉↕⟩⇕⟩\⊣⊔⌉ ⌈⊓√↕⟩⌋⊣⊔⌉∫ ∐⊓⟩⌋‖↕†⇔ ⊔⟨⌉ ∇⌉⇕⌉⇕⌊⌉∇⌉⌈ ∫⌉⊔∫ ⊣∇⌉ ≀∇}⊣\⟩‡⌉⌈ ⊣∫ ⟨⊣∫⟨ ⊔⊣⌊↕⌉∫↙ W⟨⟩↕⌉ ⊔⟨⌉ SSB ⟩∫ \≀∇⇕⊣↕↕† √∇≀⌋⌉∫∫⌉⌈ |⊓∫⊔ ⌊⌉{≀∇⌉ ⌉⊣⌋⟨ ∫⌋⊣⊑⌉\}⌉⇔ ⟩⊔ ⇕⊣† ⊘↕↕ ⊓√ ⌊⌉⊔⊒⌉⌉\ ∫⌋⊣⊑↖ ⌉\}⌉∫↙ R⊣⊔⟨⌉∇ ⊔⟨⊣\ ⟩\⌋↕⊓⌈⌉ ⊣\ ⌉§√↕⟩⌋⟩⊔ ≀⊑⌉∇⊙≀⊒ ⌋⟨⌉⌋‖⇔ ⊔⟨⌉ ⇕⌉⇕≀∇† √⊣}⌉ {≀↕↕≀⊒⟩\} ⊔⟨⌉ SSB ⟩∫ ∫⌉⊔ ⊔≀ ⊖\≀ ⊣⌋⌋⌉∫∫⪰ ∫≀ ⊔⟨⊣⊔ ⊣ √⊣}⌉ ⊔∇⊣√ ⊒⟩↕↕ ≀⌋⌋⊓∇ ⊒⟨⌉\ ⊔⟨⌉ SSB ≀⊑⌉∇⊙≀⊒∫↙ T⟨⌉ √⊣}⌉ ⊔∇⊣√ ⟨⊣\⌈↕⌉∇ ⌋⊣\ ⊘↕⊔⌉∇ ⊔⟨⌉ SSB ⌋≀\⊔⌉\⊔∫ ⟩\⊔≀ ⊔⟨⌉ ⟨⊣∫⟨⌉⌈ ∇⌉⇕⌉⇕⌊⌉∇⌉⌈ ∫⌉⊔∫⇔ ∇⌉∫⌉⊔ ⊔⟨⌉ SSB √≀⟩\⊔⌉∇⇔ ⊣\⌈ ∇⌉∫⊓⇕⌉ ⊔⟨⌉ ⊣√√↕⟩⌋⊣⊔⟩≀\↙ ∞∞

F⟩}⊓∇⌉ ¬̸ S⌉∐⊓⌉\⊔⟩⊣↕ ∫⊔≀∇⌉ ⌊⊓{{⌉∇ √∇≀⌋⌉∫∫⟩\} ∈↙△↙∋ C⊣∇⌈ M⊣∇‖⟩\} W⌉ \≀⊒ √∇⌉∫⌉\⊔ ⊣ ⌋⊣∇⌈ ⇕⊣∇‖⟩\} ∫⌋⟨⌉⇕⌉ {≀∇ ⌋≀⇕√⊣∇⟩∫≀\ ⊒⟩⊔⟨ ⊔⟨⌉ SSB↙ A ⌋⊣∇⌈ ⟩∫ ⊣\ ⊣↕⟩}\⌉⌈ ⌊↕≀⌋‖ ≀{ ∈^k bytes. The card table is an array of �ags, one for each card in the collected area (and

any remembered parts of the traced area). We will assume that each card table entry is a byte, since that gives the tightest inline code sequence for the MIPS R2000. Similarly, better code results if the �marked� state is indicated by the value 0, and if the base of the card table is kept in a register. Here is the inline code for a store:

# ptr holds the new pointer to store # loc holds the address being updated # ctptr holds the base of the card table sw ptr,0(loc) # do the store srl t1,loc,k # t1 gets card number addu t1,ctptr,t1 # t1 gets entry address sb $0,0(t1) # mark by storing 0

As part of a scavenge, the card table is scanned to �nd marked cards; the marked cards are scanned to locate roots. If any roots are found, they are processed and updated. In any case, the card mark is reset if after scanning the card contains no roots. 7 [Shaw, 1987] describes a garbage collection technique that relies on virtual memory page dirty bit information. This is similar to card marking with the card size equal to the size of a virtual memory page, and has appeal because the virtual memory hardware can provide the needed information without instructions inserted into the program. It is not obvious that the bene�t of hardware support outweighs the disadvantages of the approach, however. Pages tend to be large, and the virtual memory hardware does not distinguish between stores of pointer and non-pointer values (i.e., it does no �ltering). Also, current operating systems do not make the dirty bit information cheaply available.

2.4.4 Comparison of the Sequential Store Buffer (SSB) and Card Marking

We compare the SSB approach with card marking because card marking is the only other technique (except for Shaw’s dirty bit scheme) that results in short, unconditional code sequences 7Here we mean roots in the sense of roots for any scavenge rather than roots for the current scavenge.

for each store. We have already detailed the advantages and disadvantages of the dirty bit approach. The SSB improves on card marking that uses byte-sized entries, needing 2 extra instructions rather than 3; the improvement over bit-sized card table entries is even more signi�cant. The SSB technique also exhibits better locality of reference at store time because the store buffer is accessed sequentially whereas the card table is not. The SSB technique also avoids scanning objects, pages, or cards: the buffer contains the exact addresses of interest.

Why might the SSB be better than �ltering at each store? Though �ltering must be done in either case, the SSB does �ltering in a tight loop, avoiding any procedure call overhead, and reducing pressure on the instruction cache. Our SSB approach may also improve use of the data cache, since remembered sets are accessed and updated all at once rather than piecemeal throughout the computation.

A drawback of the SSB is that repeated stores require repeated �ltering, which card marking avoids. Also, if there are many stores between scavenges, the SSB will over�ow, resulting in page trap overhead. That overhead can be reduced by making the SSB large, but that might cause unacceptably long pause times. However, card marking requires scanning a large table, whereas the SSB’s remembered sets allow faster location of the roots. Card marking may also require additional tables to allow the starts of objects to be located when scanning cards. Maintaining these tables requires additional space and time. Performance studies are needed for further evaluation of the relative merits of various remembered set management techniques.

The table below compares the cost of the SSB, card marking, and dirty bit schemes.

S = number of stores c1 = cost of �ltering one slot C = number of cards marked c2 = cost of scanning one card table entry P = number of pages updated c3 = cost of searching one card M = size of memory (in slots) c4 = cost of handling one page trap K = number of slots in a card c5 = cost of scanning one page table entry N = number of slots in a page c6 = cost of searching one page b = size of an address (in bytes) Scheme Store time Scavenge time Space Sequential Store Buffer 2S c 1S bS bytes Card Marking 3S c 1CK+c 2M/K+c 3C M/K bytes Dirty Bit c 4P c 1PN+c 5M/N+c 6P M/N bytes

2.4.5 Optimizing Noting of Stores

By noting a store we mean the work done at store time to assist with remembered set maintenance. There are several signi�cant compiler optimizations related to the noting of stores. First, if it is statically known that the stored quantity is not a pointer, then noting can be omitted. This optimization generally applies trivially in statically typed languages, and rarely in dynamically typed ones. Second, some pointer stores can be shown to be uninteresting at compile time. These include stores where the value is known to be the null pointer, and, more signi�cantly, stores into newly allocated objects, provided that no scavenge can occur between the allocation and the store. A �functional� programming style, in which the �eld values of a new object are computed before the object is allocated, and then the �eld values are immediately stored in the object, allows this optimization to be exploited. Another important class of uninteresting stores is ones into local variables, since the stack and registers are always searched rather than remembered. Also, stores of pointers known not to refer to collected objects do not require noting. Third, if a pointer is updated more than once with no possibility of a scavenge in between, or if the pointer variable is allocated to a register and stored back into memory at a later time, then noting need only be performed at the �nal store. Together these various optimizations are likely to reduce the store noting overhead of many programs signi�cantly, making remembered sets acceptable for optimized languages. For example, when we recoded DESTRUCT, one of the Gabriel benchmarks [Gabriel, 1985], into Modula-3 and considered the store noting that would result, we found that virtually all the store noting was eliminated because the updates stored values known to be integers.

2.5 Stack Processing

Since stacks are a rapidly changing traced area, they are usually searched rather than remembered. For performance reasons we prefer to avoid tag bits, so to search the stack we need maps to locate the pointers. The compiler can create these maps. For each possible point in a procedure at which a scavenge may occur, we need a map indicating the locations of valid pointers in the machine registers and the procedure’s stack frame. These maps are grouped into a table, which is searched using program counter values as the keys. When a stack is to be searched for roots, the current program counter value is used to locate the map for the top frame. The return address of that frame allows the previous frame’s map to be located, etc. These maps are similar to the information many compilers generate for symbolic debuggers, with the exception that they are available to the program at run time.

Since our compiler based on these techniques is as yet incomplete, we have not yet been able to analyze the space/time tradeoff involved in choosing the format of the tables. We can make a few useful observations, though. First, we need a map for every call or return point. In addition, for languages supporting multiple threads, 8 other stopping points generally need to be identi�ed, such as backward branches. It is probably not a good idea to allow collection to occur at any instruction in a procedure, since stores and the noting of stores may be inconsistent, and because it may lead to unacceptably large stack mapping tables. Hence, threads should be run to a stopping point before scavenging. 9 Another observation is that rather than simply giving a �xed frame layout for the whole procedure, allowing different maps for different program counter values enables interesting optimizations. For example, most local pointer variables need not be initialized to nil, since we can indicate exactly where the variables are live. Dropping variables from the map in ranges where they are dead also prevents holding on to excess garbage. Allowing the map to vary also permits the same stack frame offset to be used for values of different types in disjoint ranges in the procedure. Finally, we note that the maps can actually be turned into code fragments that extract the roots. This would give the greatest speed in stack decoding, but might use too much space. [Goldberg, 1991] discusses implementation techniques that support compiler generation of stack decoding routines. 10

8Threads are lightweight processes sharing the same address space; each thread has its own stack. 9Our collector does not operate concurrently with the application threads.

10Goldberg claims that his techniques require no tags in the heap. Instead, he holds the type information in compiler generated routines that are located using the return addresses found on the stack. Since his

The stack map is necessary but not suf�cient for stack and register decoding in the presence of optimizations. For example, if a procedure has many uses of the expression A[i-100], the optimizer may calculate the address of A[-100] and use it as a base for address calculations. If the array A is in the heap and a scavenge occurs, we must properly update the base register. We use the term attached pointers for pointers attached to heap objects in this way. To handle attached pointers we augment the map to indicate what the pointer is attached to (A in this case). At scavenge time the attached pointer is converted to an offset, then at the end of the scavenge, the offset is converted back into a pointer. A similar example arises when two arrays are frequently indexed by the same value, e.g., A[i] and B[i]. It can be more ef�cient on some architectures to calculate the difference B - A of the addresses of A and B, with B[i] accessed via double indexing from A[i]. The difference is an example of a derived pointer value. Such derived values can be noted in the map and recalculated after a scavenge. It is also possible for derived values to be calculated differently on different paths in a program, which requires a small amount of work at run-time so that the collector can determine which derivation was actually used. Finally, parameters passed by reference lead to pointers into the middle of objects. These are handled similarly to attached pointers. The only differences are that the attachment crosses procedure boundaries so caller help is required, and we can end up with long chains of attachments through many levels of call.

3 Incremental Techniques

We now sketch how our collector can be made incremental. Incrementality may be important in achieving acceptable pause times when scavenging older generations, because they tend to be larger. Various techniques have been introduced recently that use hardware page access interrupts to implement incremental scavenging. One simple technique that borrows ideas from both [Caudill and Wirfs-Brock, 1986] and [Appel et al., 1988] can make our garbage collector incremental by limiting the number of blocks processed at a time.

To start a scavenge, the roots are enumerated and the FROM space objects to which they refer are copied to TO space. The unprocessed region of TO space is then set �no access� and we enforce the invariant that the application never sees a pointer into FROM space. When an unprocessed block is touched, we receive an interrupt, which triggers processing of that block (quite likely causing more objects to be entered into the unprocessed area, etc.). Based on the number of blocks, elapsed time, or some other measure, we limit the processing done in response to each interrupt. As before, a scavenge is complete when the unprocessed area is empty.

This technique can be re�ned to allow generations to be scavenged more independently. To scavenge an (older) generation g, we protect all blocks of younger generations. If one of these blocks is accessed, we scan it for pointers into g’s FROM space, which are processed in the usual manner. In this case a collection is complete when g has no more unprocessed objects and all the younger generations have been scanned. At that time the remembered sets for generations younger than g should be scanned to remove any references to g’s FROM space; the allocating and processing of objects in g’s TO space will have created the correct new remembered set entries.

collector is not generational, he has no remembered sets. To add generations, tags would need to be stored in the remembered set. His scheme is also not incremental so he does not have to scan heap objects, thus alleviating the need for tags.

Separating the incremental scavenging of different generations also allows some generations to be scanned incrementally and others (e.g., the youngest few) to be scavenging atomically (which is likely to be more ef�cient in terms of total CPU time).

It is important to realize that these techniques scan objects. This implicitly requires that the type of an object be available from either the location of the object or from a tag found with the object. Another drawback of these schemes is that if several scans are required in a short period of time, availability can be reduced to unacceptable levels.

[Card et al., 1983] state that for one event to be perceived as causing another event the pause time between the two events must be less that .05 seconds. For our garbage collector not to interfere with smooth interactive activities such as dragging a mouse, an increment in our garbage collector would therefore need to be less than .05 seconds. If we reserve half the time for the actual processing caused by the interaction, we are left with .025 seconds. If our time is split evenly between scanning and moving objects, then the following variables, sample values, and equation illustrate how many bytes we can scan:

Variable Description Assumed Value p pointers per object 5 b bytes per object 50 CO Overhead to process an object 10 clock cycles CP Overhead to process a pointer 10 clock cycles c clock rate 10 MHz t time in an increment 12 msecs

We can scan t·⌊·⌋∝⇐CO ⇓ √·CP⇒ ⌊†⊔⌉∫⇔ ⊒⟨⟩⌋⟨ ⟩∫ ∞′′⇔′′′ {≀∇ ⊔⟨⌉ ∫⊣⇕√↕⌉ ⊑⊣↕⊓⌉∫⇔ }⟩⊑⟩\} ⊣ ⇕⊣§⟩⇕⊓⇕ ⌊↕≀⌋‖ ∫⟩‡⌉ ≀{ △̸K ⌊†⊔⌉∫↙

△ P≀↕⟩⌋† I\{≀∇⇕⊣⊔⟩≀\ I\ ≀⊓∇ ⊔≀≀↕‖⟩⊔⇔ √≀↕⟩⌋† ⟩∫ ⌉§√∇⌉∫∫⌉⌈ ⊓∫⟩\} ⊣ √↕⊣\⇔ ⊒⟨⟩⌋⟨ ⌋⊣\ ⌊⌉ ∇⌉⊒∇⟩⊔⊔⌉\ ≀∇ ⇕≀⌈⟩⊘⌉⌈ {≀∇ ⌉⊣⌋⟨ ↕⊣\}⊓⊣}⌉ ⟩⇕√↕⌉⇕⌉\⊔⊣⊔⟩≀\⇔ ≀∇ ⌉⊑⌉\ ⊔⊓\⌉⌈ ≀\ ⊣ √⌉∇↖⊣√√↕⟩⌋⊣⊔⟩≀\ ⌊⊣∫⟩∫↙ T⟨⌉ √↕⊣\ ⟩\⌋↕⊓⌈⌉∫ √≀↕⟩⌋† ∇≀⊓⊔⟩\⌉∫ ⊔⟨⊣⊔ ⌋⊣\ ⌈†\⊣⇕⟩⌋⊣↕↕† ⌋⟨⊣\}⌉ ∫≀⇕⌉ ≀{ ⊔⟨⌉ ∫⊔∇⊓⌋⊔⊓∇⌉ ≀{ ⊔⟨⌉ √↕⊣\↙ C⟨≀≀∫⟩\} ⌉{{⌉⌋⊔⟩⊑⌉ ∫⌋⊣⊑⌉\}⟩\} √≀↕⟩⌋⟩⌉∫ ⟩∫ ⌊⌉†≀\⌈ ⊔⟨⌉ ∫⌋≀√⌉ ≀{ ⊔⟨⟩∫ √⊣√⌉∇⇔∞∞⌊⊓⊔ ⊒⌉ ⌈≀ ⟩\⌈⟩⌋⊣⊔⌉ ⊒⟨⊣⊔ ⌊⌉⟨⊣⊑⟩≀∇∫ ⇕⊣† ⌊⌉ ⌋≀\⊔∇≀↕↕⌉⌈ ⟩\ ≀⊓∇ ⌋≀↕↕⌉⌋⊔≀∇⇔ ⊣\⌈ ⊒⟨⊣⊔ ⟩\{≀∇⇕⊣⊔⟩≀\ ⊒⌉ ⌋⊣\ √∇≀⊑⟩⌈⌉⌈ ⊔≀ ⊔⟨⌉ √≀↕⟩⌋† ∇≀⊓⊔⟩\⌉∫↙ T⟨⌉ {≀↕↕≀⊒⟩\} ⌈⊣⊔⊣ ⊣∇⌉ ⟩\⟩⊔⟩⊣↕⟩‡⌉⌈ ⌊† ⊔⟨⌉ √↕⊣\ ⊣\⌈ ⇕⊣† ⌊⌉ ⊣↕⊔⌉∇⌉⌈ ⌈†\⊣⇕⟩⌋⊣↕↕† ⌊† √≀↕⟩⌋† ∇≀⊓⊔⟩\⌉∫¬ ⊔⟨⌉ \⊓⇕⌊⌉∇ ≀{ }⌉\⌉∇⊣⊔⟩≀\∫∅ ⊔⟨⌉ \⊓⇕⌊⌉∇ ≀{ ∫⊔⌉√∫ ⟩\ ⌉⊣⌋⟨ }⌉\⌉∇⊣⊔⟩≀\∅ ⊔⟨⌉ \⊓⇕⌊⌉∇ ≀{ ⌊↕≀⌋‖∫ ⌉⊣⌋⟨ ∫⊔⌉√ ⇕⊣† ⊣↕↕≀⌋⊣⊔⌉∅ ⊔⟨⌉ ⌊↕≀⌋‖ ∫⟩‡⌉∅∞∈⊔⟨⌉ ⇕⊣§⟩⇕⊓⇕ ∫⟩‡⌉ ≀{ ⊣ ∫⇕⊣↕↕ ≀⌊|⌉⌋⊔∅∞∋⊔⟨⌉ ⇕⟩\⟩⇕⊓⇕ ∫⟩‡⌉ ≀{ ⊣ ↕⊣∇}⌉ ≀⌊|⌉⌋⊔∅∞△⊒⟨⌉∇⌉ ⌉⊣⌋⟨ ∫⊔⌉√ ⇕≀⊑⌉∫ ∫⊓∇⊑⟩⊑≀∇∫ ⊔≀∅ ⊒⟨⟩⌋⟨ }⌉\⌉∇⊣⊔⟩≀\∫ ⊔≀ ∫⌋⊣⊑⌉\}⌉ ⊣⊔ ≀\⌉ ⊔⟩⇕⌉∅ ⊒⟨⌉\ ⊔≀ ∫⌋⊣⊑⌉\}⌉∅ ⊒⟨⌉\ ⊔≀ ⟩\∫⌉∇⊔ ≀∇ ⇕⌉∇}⌉ }⌉\⌉∇⊣⊔⟩≀\∫∅ ⊒⟨⌉\ ⊔≀ ⟩\∫⌉∇⊔ ≀∇ ⇕⌉∇}⌉ ∫⊔⌉√∫∅ ⊣\⌈ ⟨≀⊒ ⇕⊣\† ∞∞S⌉⌉ ∪U\}⊣∇ ⊣\⌈ J⊣⌋‖∫≀\⇔ ∞∃∀∀⊎ ⊣\⌈ ∪W⟩↕∫≀\ ⊣\⌈ M≀⟨⌉∇⇔ ∞∃∀∃⊎ {≀∇ ∫≀⇕⌉ ⟩\⊔⌉∇⌉∫⊔⟩\} ⌈⟩∫⌋⊓∫∫⟩≀\∫ ⊣\⌈ ⟩⌈⌉⊣∫↙ ∞∈T⟨⌉ ⌊↕≀⌋‖ ∫⟩‡⌉ ⇕⊣† \≀⊔ ⌊⌉ ⌋⟨⊣\}⌉⌈ ⌈†\⊣⇕⟩⌋⊣↕↕†↙ ∞∋T⟨⟩∫ ⇕⊣† ⌊⌉ ∫⇕⊣↕↕⌉∇ ⊔⟨⊣\ ⊔⟨⌉ ⌊↕≀⌋‖ ∫⟩‡⌉↙ ∞△T⟨⟩∫ ⇕⊣† ⌊⌉ ∫⇕⊣↕↕⌉∇ ⊔⟨⊣\ ⊔⟨⌉ ⇕⊣§⟩⇕⊓⇕ ∫⟩‡⌉ ≀{ ∫⇕⊣↕↕ ≀⌊|⌉⌋⊔↙

∞

⌊↕≀⌋‖∫ ⊣∇⌉ ∫⌋⊣\\⌉⌈ ⊣⊔ ≀\⌉ ⊔⟩⇕⌉↙ T⟨⌉ ⌉⊑⌉\⊔∫ ⊣\⌈ ⟩\{≀∇⇕⊣⊔⟩≀\ ⊣⊑⊣⟩↕⊣⌊↕⌉ ⊔≀ √≀↕⟩⌋† ∇≀⊓⊔⟩\⌉∫ ⟩\⌋↕⊓⌈⌉¬ ⊔⟨⌉ \⊓⇕⌊⌉∇ ≀{ ∫⌋⊣⊑⌉\}⌉∫ ⊣\ ≀⌊|⌉⌋⊔ ⟨⊣∫ ∫⊓∇⊑⟩⊑⌉⌈ ⟩\ ⊔⟨⌉ ⌋⊓∇∇⌉\⊔ }⌉\⌉∇⊣⊔⟩≀\∅ ⊒⟨⌉\ ⊣ ⌊↕≀⌋‖⇔ ∫⊔⌉√⇔ ≀∇ }⌉\⌉∇⊣⊔⟩≀\ ⊘↕↕∫ ⊓√∅ ⊔⟨⌉ \⊓⇕⌊⌉∇ ≀{ ⌊†⊔⌉∫ {∇⌉⌉⌈ ⌈⊓∇⟩\} ⊔⟨⌉ ↕⊣∫⊔ ∫⌉⊑⌉∇⊣↕ ∫⌋⊣⊑⌉\}⌉∫ ≀{ ⌉⊣⌋⟨ ∫⊔⌉√ ⊣\⌈ }⌉\⌉∇⊣⊔⟩≀\∅ ⊔⟨⌉ \⊓⇕⌊⌉∇ ≀{ ⌊†⊔⌉∫ ∫⊓∇⊑⟩⊑⟩\} ⌈⊓∇⟩\} ⊔⟨⌉ ↕⊣∫⊔ ∫⌉⊑⌉∇⊣↕ ∫⌋⊣⊑⌉\}⌉∫ ≀{ ⌉⊣⌋⟨ }⌉\⌉∇⊣⊔⟩≀\∅ ⊔⟨⌉ \⊓⇕⌊⌉∇ ≀{ ∫⌋⊣⊑⌉\}⌉∫ ≀⌊|⌉⌋⊔∫ ⟩\ ⊣ ∫⊔⌉√ ⟨⊣⊑⌉ ∫⊓∇⊑⟩⊑⌉⌈∅ ⊔⟨⌉ \⊓⇕⌊⌉∇ ≀{ ∫⌋⊣⊑⌉\}⌉∫ ≀{ }⌉\⌉∇⊣⊔⟩≀\ ∞ ⊔⟨⊣⊔ ≀⌊|⌉⌋⊔∫ ⟩\ ⊣ ∫⊔⌉√ ⟨⊣⊑⌉ ∫⊓∇⊑⟩⊑⌉⌈∅ ⊔⟨⌉ \⊓⇕⌊⌉∇ ≀{ ⊔⟩⇕⌉∫ ⌉⊣⌋⟨ }⌉\⌉∇⊣⊔⟩≀\ ⟨⊣∫ ⌊⌉⌉\ ∫⌋⊣⊑⌉\}⌉⌈∅ ⊔⟨⌉ \⊓⇕⌊⌉∇ ≀{ ⊔⟩⇕⌉∫ ⌉⊣⌋⟨ }⌉\⌉∇⊣⊔⟩≀\ ⟨⊣∫ ⌊⌉⌉\ ∫⌋⊣⊑⌉\}⌉⌈ ∫⟩\⌋⌉ ⊔⟨⌉ \⌉§⊔ ≀↕⌈⌉∇ ≀\⌉ ⊒⊣∫∅ ⊒⟨⌉⊔⟨⌉∇ ⊣\⌈ ⊔≀ ⊒⟨⊣⊔ ⌉§⊔⌉\⊔ ⊔⟨⌉ ∫†∫⊔⌉⇕ ⟩∫ ⟩⌈↕⌉∅ ⊒⟨⌉⊔⟨⌉∇ ⊔⟨⌉ ∫†∫⊔⌉⇕ ⟩∫ ⇐≀∇ ⟨⊣∫ ⌊⌉⌉\⇒ ⌊⊓∫† ⊒⟩⊔⟨ \≀\↖⟩\⊔⌉∇⊣⌋⊔⟩⊑⌉ ⊒≀∇‖ {≀∇ ∫≀⇕⌉ √⌉∇⟩≀⌈∅ ⊣\⌈ ⊔⟩⇕⌉ ⇐⌉⟩⊔⟨⌉∇ CPU ≀∇ ⌉↕⊣√∫⌉⌈⇒ ∫⟩\⌋⌉ ↕⊣∫⊔ ∫⌋⊣⊑⌉\}⌉↙ G⟩⊑⌉\ ⟩⊔∫ ⊓\√∇⌉⌋⌉⌈⌉\⊔⌉⌈ ⊙⌉§⟩⌊⟩↕⟩⊔†⇔ ≀⊓∇ ⌋≀↕↕⌉⌋⊔≀∇ ∫⊓⌊∫⊓⇕⌉∫ ⊔⟨⌉ {⊓\⌋⊔⟩≀\⊣↕⟩⊔† ⊣\⌈ ⊣⊑⊣⟩↕⊣⌊↕⌉ √≀↕⟩⌋⟩⌉∫ ≀{ √∇⌉⊑⟩≀⊓∫ ∫⌋⊣⊑⌉\}⟩\} ⌋≀↕↕⌉⌋⊔≀∇∫⇔ ⊣\⌈ ⟩⊔ ⌋⊣\ ⊣⌈⌈∇⌉∫∫ ∫⊓⌋⟨ ⌈⟩{⊘⌋⊓↕⊔ ∫⟩⊔⊓⊣⊔⟩≀\∫ ⊣∫ ⊔⟨⌉ √∇⌉⊑⟩≀⊓∫↕† ⌈⟩∫⌋⊓∫∫⌉⌈ √⟩}↖⟩\↖⊔⟨⌉↖√†⊔⟨≀\↙ F≀∇ ⌉§⊣⇕√↕⌉⇔ ⊣ √⟩} ⌋⊣\ ⌊⌉ ⌈⌉⊔⌉⌋⊔⌉⌈ ⌊† ⇕≀\⟩⊔≀∇⟩\} ⟨≀⊒ ⇕⊣\† ≀⌊|⌉⌋⊔∫ ∫⊓∇⊑⟩⊑⌉ ⊣ ∫⌋⊣⊑⌉\}⌉↙ T⟨⟩∫ ⌋⊣\ ⌊⌉ ⌈≀\⌉ ⌊† ⌋≀⇕√⊣∇⟩\} ⊔⟨⌉ ∇⌉↕⊣⊔⟩⊑⌉ ∫⟩‡⌉ ≀{ ⊣⌈|⊣⌋⌉\⊔ ∫⊔⌉√∫ ⌊⌉{≀∇⌉ ⊣\⌈ ⊣{⊔⌉∇ ⊣ ∫⌋⊣⊑⌉\}⌉↙ I{ ⊣ ↕⊣∇}⌉ √⌉∇⌋⌉\⊔⊣}⌉ ∫⊓∇⊑⟩⊑⌉ ⊔⟨⌉\ ⊒⌉ ⌋⊣\ ⊣∫∫⊓⇕⌉ ⊒⌉ ⟨⊣⊑⌉ ⊣ √⟩}↖⟩\↖⊔⟨⌉↖√†⊔⟨≀\↙ O\⌋⌉ ⊒⌉ ⟨⊣⊑⌉ ∇⌉⌋≀}\⟩‡⌉⌈ ⊣ √⟩} ⊔⟨⌉\ ⊒⌉ ⌋⊣\ ⊣⌋⌋⌉↕⌉∇⊣⊔⌉ ⊔⟨⌉ √∇≀⇕≀⊔⟩≀\ √≀↕⟩⌋† ≀{ ⊔⟨⌉ }⌉\⌉∇⊣⊔⟩≀\ ⟨≀↕⌈⟩\} ⊔⟨⌉ √⟩}↙ T⟨⟩∫ ⌋⊣\ ⌊⌉ ⌈≀\⌉ ⌊⌉ ⊣↕↕≀⊒⟩\} ⊔⟨⌉ ∫⊔⌉√∫ ⟩\ ⊣ }⌉\⌉∇⊣⊔⟩≀\ ⟨≀↕⌈⟩\} ⊔⟨⌉ √⟩} ⊔≀ ⌊⌉ √∇≀⇕≀⊔⌉⌈ ⊔≀ ⊣\ ≀↕⌈⌉∇ }⌉\⌉∇⊣⊔⟩≀\↙ T⟨⟩∫ ⊒⟩↕↕ ∇⌉⇕≀⊑⌉ ⊔⟨⌉ √⟩} {∇≀⇕ ⊔⟨⟩∫ }⌉\⌉∇⊣⊔⟩≀\ ⟩\⊔≀ ⊣\ ≀↕⌈⌉∇ }⌉\⌉∇⊣⊔⟩≀\ ⊒⟨⌉∇⌉ ⟩⊔ ⊒⟩↕↕ ⌊⌉ ∫⌋⊣⊑⌉\}⌉⌈ ↕⌉∫∫ ≀{⊔⌉\↙ I\ ⊣⌈⌈⟩⊔⟩≀\⇔ ⊒⌉ ⌋⊣\ ⌈⌉↕⊣† ∫⌋⊣⊑⌉\}⟩\} ≀{ ⊔⟨⌉ }⌉\⌉∇⊣⊔⟩≀\ \≀⊒ ⟨≀↕⌈⟩\} ⊔⟨⌉ √⟩} ⊓\⊔⟩↕ ⊒⌉ {⌉⌉↕ ⊔⟨⌉ √⟩} ⇕⟩}⟨⊔ ⌊⌉ ⌈⌉⊣⌈↙ T⟨⟩∫ ⌋⊣\ ⌊⌉ ⌈≀\⌉ ⌊† ⟩\⌋∇⌉⊣∫⟩\} ⊔⟨⌉ \⊓⇕⌊⌉∇ ≀{ ⌊↕≀⌋‖∫ ⊣↕↕≀⌋⊣⊔⌉⌈ ⊔≀ ∫⊔⌉√∫ ⟩\ ⊔⟨⌉ †≀⊓\}⌉∇ }⌉\⌉∇⊣⊔⟩≀\∫↙ T⟨⌉ ⌈⌉∫⟩}\ ≀{ ≀⊓∇ }⊣∇⌊⊣}⌉ ⌋≀↕↕⌉⌋⊔≀∇ ⟩∫ ∫⊓⌋⟨ ⊔⟨⊣⊔⇔ ⊣∫ \⌉⊒ √∇≀⌊↕⌉⇕∫ ⊣\⌈ ⌊⌉⟨⊣⊑⟩≀∇∫ ⊣∇⌉ ∇⌉⌋≀}\⟩‡⌉⌈⇔ ⊔⟨⌉ √↕⊣\ ⊣\⌈ √≀↕⟩⌋† ⇕⌉⌋⟨⊣\⟩∫⇕∫ ⌋⊣\ ⌊⌉ ⊔⊓\⌉⌈ ⊔≀ ⊣⌈⊣√⊔ ⊔≀ ⊔⟨⌉ \⌉⊒ ⌊⌉⟨⊣⊑⟩≀∇∫↙

▽ L⊣\}⊓⊣}⌉↖S√⌉⌋⟩⊘⌋ R≀⊓⊔⟩\⌉∫ T≀ ⊓∫⌉ ≀⊓∇ ⊔≀≀↕‖⟩⊔⇔ ⌉⊣⌋⟨ ↕⊣\}⊓⊣}⌉ ⇕⊓∫⊔ ∫⊓√√↕† ⊣ √↕⊣\ ⊣\⌈ ∫⌉⊑⌉∇⊣↕ ∇≀⊓⊔⟩\⌉∫ ⊔≀ ⟨⊣\⌈↕⌉ ↕⊣\}⊓⊣}⌉↖ ∫√⌉⌋⟩⊘⌋ {⊓\⌋⊔⟩≀\∫↙ W⌉ ⌈⌉∫⌋∇⟩⌊⌉ ⊔⟨⌉ √↕⊣\ ⊣\⌈ ⊔⟨⌉∫⌉ ∇≀⊓⊔⟩\⌉∫⇔ ⊣\⌈ }⟩⊑⌉ ⌉§⊣⇕√↕⌉∫ {∇≀⇕ S⇕⊣↕↕⊔⊣↕‖ ⊣\⌈ M≀⌈⊓↕⊣↖∋↙ W⌉ ⌈⟩∫⌋⊓∫∫ ⊔⟨⌉ ∇≀⊓⊔⟩\⌉∫ ⟩\ ⊔⟨⌉ {≀↕↕≀⊒⟩\} }∇≀⊓√∫ ⌊⌉↕≀⊒¬ √↕⊣\⇔ ⊘↕⊔⌉∇⟩\} ⊣\⌈ ∇⌉⇕⌉⇕⌊⌉∇⟩\}⇔ ⌋≀√†⟩\} ⊣\⌈ √∇≀⌋⌉∫∫⟩\}⇔ ∇≀≀⊔∫⇔ ∫†\⌋⟨∇≀\⟩‡⊣⊔⟩≀\⇔ ⊣\⌈ ⊣↕↕≀⌋⊣⊔⟩≀\↙ ▽↙∞ P↕⊣\ E⊣⌋⟨ ↕⊣\}⊓⊣}⌉ ⟩⇕√↕⌉⇕⌉\⊔⊣⊔⟩≀\ ⇕⊓∫⊔ ∫⊓√√↕† ⊣ √↕⊣\ ⊣∫ ⊔≀ ⟨≀⊒ ⇕⌉⇕≀∇† ⟩∫ ∫⌉⊔ ⊓√↙ T⟨⌉ √↕⊣\ ⟩\⌋↕⊓⌈⌉∫ ⊔⟨⌉ {≀↕↕≀⊒⟩\}¬ ⊔⟨⌉ \⊓⇕⌊⌉∇ ≀{ }⌉\⌉∇⊣⊔⟩≀\∫⇔ {≀∇ ⌉⊣⌋⟨ }⌉\⌉∇⊣⊔⟩≀\ ⊔⟨⌉ \⊓⇕⌊⌉∇ ≀{ ∫⊔⌉√∫⇔ ⊣\⌈ {≀∇ ⌉⊣⌋⟨ ∫⊔⌉√ ⊔⟨⌉ \⊓⇕⌊⌉∇ ≀{ ⌊↕≀⌋‖∫↙ I\ ⊣⌈⌈⟩⊔⟩≀\⇔ ⊔⟨⌉ √↕⊣\ }⟩⊑⌉∫ ⊔⟨⌉ √∇≀⇕≀⊔⟩≀\ ∫⊔⌉√ {≀∇ ⌉⊣⌋⟨ ∫⊔⌉√⇔ ⊒⟨⟩⌋⟨ ⟩\⌈⟩⌋⊣⊔⌉∫ ⊒⟨⌉∇⌉ ⊔≀ ⌋≀√† ∫⊓∇⊑⟩⊑≀∇∫ ⌈⊓∇⟩\} ⊣ ∫⌋⊣⊑⌉\}⌉↙ T⟨⌉ {≀↕↕≀⊒⟩\} √∇≀⌋⌉⌈⊓∇⌉∫ ⊣∇⌉ ∇⌉∐⊓⟩∇⌉⌈ ≀{ ⊔⟨⌉ ↕⊣\}⊓⊣}⌉∝√≀↕⟩⌋† ⟩⇕√↕⌉⇕⌉\⊔≀∇ ⊣\⌈ ⇕⊣† ⌈†\⊣⇕⟩↖ ⌋⊣↕↕† ⊣↕⊔⌉∇ ⊔⟨⌉ √↕⊣\¬ • ⊣⌈⌈ ⌊↕≀⌋‖ ⇐∫⊔⌉√⇒¬ BOOLEAN∅ ⟩∫ ⌋⊣↕↕⌉⌈ ⊒⟨⌉\ ⊔⟨⌉ ⌊↕≀⌋‖∫ ⊣↕↕≀⊒⌉⌈ ⌊† ⊔⟨⌉ √↕⊣\ ⊣∇⌉ ⌉§⟨⊣⊓∫⊔⌉⌈↙ I⊔ ∇⌉⊔⊓∇\∫ ⊔∇⊓⌉ ⟩{ ⊣ ⌊↕≀⌋‖ ∫⟨≀⊓↕⌈ ⌊⌉ ⊣⌈⌈⌉⌈ ⊔≀ ⊔⟨⌉ ∫√⌉⌋⟩⊘⌉⌈ ∫⊔⌉√∅ ∇⌉⊔⊓∇\⟩\} {⊣↕∫⌉ ⊒⟩↕↕ ∫⊔⊣∇⊔ ⊣ ∫⌋⊣⊑⌉\}⌉↙ • ∫⌋⊣⊑⌉\}⌉ ⇐}⌉\⌉∇⊣⊔⟩≀\⇒¬ BOOLEAN∅ ∇⌉⊔⊓∇\∫ ⊔∇⊓⌉ ⟩{ ⊣\⌈ ≀\↕† ⟩{ ⊔⟨⌉ }⌉\⌉∇⊣⊔⟩≀\ ∫⟨≀⊓↕⌈ ⌊⌉ ∫⌋⊣⊑⌉\}⌉⌈ ⌈⊓∇⟩\} ⊔⟨⟩∫ ⌋≀↕↕⌉⌋⊔⟩≀\↙ ∞

• √≀↕⟩⌋† ⊓√⌈⊣⊔⌉ ⇐⇒∅ ⟩∫ ⌋⊣↕↕⌉⌈ ⊣{⊔⌉∇ ⌉⊣⌋⟨ ⌉⊣⌋⟨ ∫⌋⊣⊑⌉\}⌉ ⊔≀ ⊣↕↕≀⊒ ⊔⟨⌉ ⟩⇕√↕⌉⇕⌉\⊔⊣⊔⟩≀\ ⊣\ ≀√√≀∇↖ ⊔⊓\⟩⊔† ⊔≀ ⊣⌈|⊓∫⊔ √≀↕⟩⌋†↙ D⊓∇⟩\} ⟩\⟩⊔⟩⊣↕⟩‡⊣⊔⟩≀\ ⊔⟨⌉ ⊔≀≀↕‖⟩⊔ ∫⌉⊔∫ ⊓√ ⇕⌉⇕≀∇† ⊣⌋⌋≀∇⌈⟩\} ⊔≀ ⊔⟨⌉ √↕⊣\↙ W⟨⌉\ ⊔⟨⌉ ⊣↕↕≀⌋⊣⊔⟩≀\ ∇≀⊓⊔⟩\⌉ ∇⊓\∫ ≀⊓⊔ ≀{ ⇕⌉⇕≀∇† ⊔⟨⌉ ⊔≀≀↕‖⟩⊔ ⌋⊣↕↕∫ ⊣⌈⌈ ⌊↕≀⌋‖⇔ ⊒⟨⟩⌋⟨ ⇕⊣† ⊔∇⟩}}⌉∇ ⊣ ∫⌋⊣⊑⌉\}⌉↙ T⟨⌉ ∫⌋⊣⊑⌉\}⌉∇ √⊣∫∫⌉∫ ∫⊓⌋⌋⌉∫∫⟩⊑⌉ }⌉\⌉∇⊣⊔⟩≀\∫⇔ ∫⊔⊣∇⊔⟩\} ⊒⟩⊔⟨ ⊔⟨⌉ ≀↕⌈⌉∫⊔⇔ ⊔≀ ∫⌋⊣⊑⌉\}⌉↙ A∫ ∫≀≀\ ⊣∫ ∫⌋⊣⊑⌉\}⌉ ∇⌉⊔⊓∇\∫ ⊔∇⊓⌉ {≀∇ ∫≀⇕⌉ }⌉\⌉∇⊣⊔⟩≀\⇔ ⊔⟨⌉ ∫⌋⊣⊑⌉\}⌉∇ ⌋≀↕↕⌉⌋⊔∫ ⊔⟨⊣⊔ }⌉\⌉∇⊣⊔⟩≀\ ⊣↕≀\} ⊒⟩⊔⟨ ⊣↕↕ †≀⊓\}⌉∇ }⌉\⌉∇⊣⊔⟩≀\∫↙ A{⊔⌉∇ ⊔⟨⌉ ∫⌋⊣⊑⌉\}⌉⇔ ⊔⟨⌉ ⊔≀≀↕‖⟩⊔ ⌋⊣↕↕∫ √≀↕⟩⌋† ⊓√⌈⊣⊔⌉⇔ ⊒⟨⟩⌋⟨ ⊔⟨⌉\ ⟨⊣∫ ∫⊔⊣⊔⟩∫⊔⟩⌋∫⇔ ∫⊓⌋⟨ ⊣∫ ∫⊓∇⊑⟩⊑⊣↕ ∇⊣⊔⌉∫⇔ ⊣⊑⊣⟩↕⊣⌊↕⌉ {∇≀⇕ ⊔⟨⌉ ∫⌋⊣⊑⌉\}⌉ ⊣\⌈ ⌋⊣\ ⊣⌈|⊓∫⊔ ⊔⟨⌉ √↕⊣\↙ T⟨⌉ ↕⊣\}⊓⊣}⌉ ⟩⇕√↕⌉⇕⌉\⊔⊣⊔⟩≀\ ⇕⊣† ⟩\∫⌉∇⊔⇔ ⌈⌉↕⌉⊔⌉⇔ ≀∇ ⇕⌉∇}⌉ ∫⊔⌉√∫ ≀∇ }⌉\⌉∇⊣⊔⟩≀\∫ ⌊† ⊣↕⊔⌉∇⟩\} ⊔⟨⌉ √↕⊣\↙ F≀∇ ⌉§⊣⇕√↕⌉⇔ ⌊† ⊣⌈|⊓∫⊔⟩\} ⊔⟨⌉ √∇≀⇕≀⊔⟩≀\ ∫⊔⌉√ ⊑⊣∇⟩⊣⌊↕⌉∫ ⊔≀ √∇≀⇕≀⊔⌉ ⊔≀ ≀⊔⟨⌉∇ ⊔⟨⊣\ ⊔⟨⌉ \⌉§⊔ ⟨⟩}⟨⌉∇ ∫⊔⌉√⇔ ⊔⟨⌉ \⌉§⊔ ⟨⟩}⟨⌉∇ ∫⊔⌉√ ⊒⟩↕↕ ⌊⌉ ⌉⇕√⊔† ⊣{⊔⌉∇ ⊔⟨⌉ \⌉§⊔ ∫⌋⊣⊑⌉\}⌉↙ A⊔ ⊔⟨⊣⊔ ⊔⟩⇕⌉ √≀↕⟩⌋† ⊓√⌈⊣⊔⌉ ⌋⊣\ ⌈⌉↕⌉⊔⌉ ⊔⟨⌉ ∫⊔⌉√ {∇≀⇕ ⊔⟨⌉ √↕⊣\↙ I{ ⊣↕↕ ∫⊔⌉√∫ ⊣∇⌉ ⌉⇕√⊔†⇔ ⊔⟨⌉\ ⊔⟨⌉ ⌉\⊔⟩∇⌉ }⌉\⌉∇⊣⊔⟩≀\ ⌋⊣\ ⌊⌉ ⌈⌉↕⌉⊔⌉⌈ {∇≀⇕ ⊔⟨⌉ √↕⊣\⇔ ⌉⊔⌋↙ ▽↙∈ F⟩↕⊔⌉∇⟩\} A ∇⌉⇕⌉⇕⌊⌉∇⌉⌈ ∫⌉⊔ ⌋⊣\⌈⟩⌈⊣⊔⌉ ⇕⊓∫⊔ √⊣∫∫ ⊔⊒≀ ⊘↕⊔⌉∇∫ ⌊⌉{≀∇⌉ ⟩⊔ ⟩∫ √↕⊣⌋⌉⌈ ⟩\⊔≀ ⊣ ∇⌉⇕⌉⇕⌊⌉∇⌉⌈ ∫⌉⊔↙ T⟨⌉ ⊘∇∫⊔ ⟩∫ ⊣ √≀⟩\⊔⌉∇ ⊘↕⊔⌉∇ ⊒⟨⟩⌋⟨ ∇⌉⇕≀⊑⌉∫ ⊣↕↕ \≀\↖√≀⟩\⊔⌉∇ ⟩⊔⌉⇕∫↙ T⟨⌉ ∫⌉⌋≀\⌈ ⟩∫ ⊔⟨⌉ }⌉\⌉∇⊣⊔⟩≀\ ⊘↕⊔⌉∇ ⊒⟨⟩⌋⟨ ∇⌉⇕≀⊑⌉∫ ⊣↕↕ √≀⟩\⊔⌉∇∫ ⊔⟨⊣⊔ ⌈≀ \≀⊔ √≀⟩\⊔ {∇≀⇕ ≀↕⌈⌉∇ }⌉\⌉∇⊣⊔⟩≀\∫ ⊔≀ †≀⊓\}⌉∇ }⌉\⌉∇⊣⊔⟩≀\∫↙ T⟨⌉∫⌉ ⊔⊒≀ ⊘↕⊔⌉∇∫ ⌋⊣\ ⌊⌉ ⊣√√↕⟩⌉⌈ ⊣⊔ ⊑⊣∇⟩≀⊓∫ ⊔⟩⇕⌉∫↙ C≀\∫⟩⌈⌉∇ √≀⟩\⊔⌉∇ ⊘↕⊔⌉∇∫⇔ ⟩\ ∫⊔⊣⊔⟩⌋⊣↕↕† ⊔†√⌉⌈ ↕⊣\}⊓⊣}⌉∫ ∫⊓⌋⟨ ⊣∫ M≀⌈⊓↕⊣↖∋↙ T⟨⟩∫ ⊘↕⊔⌉∇⟩\} ⌋⊣\ ⌊⌉ ⌈≀\⌉ ⊣⊔ ⌋≀⇕√⟩↕⌉ ⊔⟩⇕⌉↙ I\ ⌈†\⊣⇕⟩⌋⊣↕↕† ⊔†√⌉ ⌋⟨⌉⌋‖⌉⌈ ↕⊣\}⊓⊣}⌉∫ ∫⊓⌋⟨ ⊣∫ S⇕⊣↕↕⊔⊣↕‖ ≀∇ L⟩∫√ ⊔⟨⟩∫ ⊘↕⊔⌉∇⟩\} ⇕⊣† ⌊⌉ ⌈≀\⌉ ⊣⊔ ∫⊔≀∇⌉ ⊔⟩⇕⌉ ⇐⌊⊓⊔ }⌉\⌉∇⊣↕↕† ⌋⊣\\≀⊔ ⌊⌉ ⌈≀\⌉ ⊣⊔ ⌋≀⇕√⟩↕⌉ ⊔⟩⇕⌉⇒↙ A\≀⊔⟨⌉∇ √≀∫∫⟩⌊↕⌉ ⊔⟩⇕⌉ ⊒≀⊓↕⌈ ⌊⌉ ⊒⟨⌉\ ⊔⟨⌉ ⌋⊣\⌈⟩⌈⊣⊔⌉ ⟩∫ ⊣⌊≀⊓⊔ ⊔≀ ⌊⌉ ⟩\∫⌉∇⊔⌉⌈ ⟩\⊔≀ ⊣ ∇⌉⇕⌉⇕⌊⌉∇⌉⌈ ∫⌉⊔↙ F⟩\⊣↕↕†⇔ ⊔⟨⌉ ⊘↕⊔⌉∇ ⌋≀⊓↕⌈ ⌊⌉ ⊣√√↕⟩⌉⌈ ⊣⊔ ∫⌋⊣⊑⌉\}⌉ ⊔⟩⇕⌉↙ G⌉\⌉∇⊣⊔⟩≀\ ⊘↕⊔⌉∇⟩\} ⟩∫ \≀⊔ ⌉§√↕⟩⌋⟩⊔↕† \⌉⌉⌈⌉⌈ {≀∇ ∫⊔≀∇⌉∫ ⟩\⊔≀ \⌉⊒↕† ⊣↕↕≀⌋⊣⊔⌉⌈ ≀⌊|⌉⌋⊔∫ ⟩{ ⊔⟨⌉ ≀⌊|⌉⌋⊔ ⟩∫ ⟩\ ⊔⟨⌉ †≀⊓\}⌉∫⊔ }⌉\⌉∇⊣⊔⟩≀\↙ O⊔⟨⌉∇ }⌉\⌉∇⊣⊔⟩≀\ ⊘↕⊔⌉∇⟩\} ⌋⊣\ ⌊⌉ √⌉∇{≀∇⇕⌉⌈ ⊣⊔ ∫⊔≀∇⌉⇔ ⟩\∫⌉∇⊔⇔ ≀∇ ∫⌋⊣⊑⌉\}⌉ ⊔⟩⇕⌉↙ I\ ≀⊓∇ S⇕⊣↕↕⊔⊣↕‖ ∫†∫⊔⌉⇕⇔ ∫⊔⊣⌋‖ {∇⊣⇕⌉∫ ∇⌉∫⟩⌈⌉ √⌉∇⇕⊣\⌉\⊔↕† ⟩\ ⊔⟨⌉ †≀⊓\}⌉∫⊔ }⌉\⌉∇⊣⊔⟩≀\ ⊣\⌈ ⌋≀\∫⌉∐⊓⌉\⊔↕† ∫⊔≀∇⌉∫ ⟩\⊔≀ ⊔⟨⌉⇕ ⊣∇⌉ \≀⊔ ⌋⊣\⌈⟩⌈⊣⊔⌉∫ {≀∇ ∇⌉⇕⌉⇕⌊⌉∇⌉⌈ ∫⌉⊔ ⟩\⌋↕⊓∫⟩≀\↙ E↕∫⌉⊒⟨⌉∇⌉⇔ ⊒⌉ \⌉⌉⌈ ⊣ ∇⊓\↖⊔⟩⇕⌉ √≀⟩\⊔⌉∇ ⊘↕⊔⌉∇⇔ ⊒⟨⟩⌋⟨ ⟩∫ √∇≀⊑⟩⌈⌉⌈ ⌊† ⊔⟨⌉ ⟩∫ √≀⟩\⊔⌉∇ ↕⊣\}⊓⊣}⌉↖∫√⌉⌋⟩⊘⌋ ∇≀⊓⊔⟩\⌉↙ S⟩\⌋⌉ √≀⟩\⊔⌉∇ ⊘↕⊔⌉∇⟩\} ⌋⊣\ ⌊⌉ ⌈≀\⌉ ⊣⊔ ∫⊔≀∇⌉ ⊔⟩⇕⌉⇔ ⟩\∫⌉∇⊔ ⊔⟩⇕⌉⇔ ≀∇ ∫⌋⊣⊑⌉\}⌉ ⊔⟩⇕⌉⇔ ⊒⌉ √↕⊣\ ⊔≀ ⌋≀⇕√⊣∇⌉ ⊔⟨⌉ ⊔∇⊣⌈⌉≀{{∫ ⟩\ {⊓⊔⊓∇⌉ √⌉∇{≀∇⇕⊣\⌋⌉ ∫⊔⊓⌈⟩⌉∫↙ G⌉\⌉∇⊣⊔⟩≀\ ⊘↕⊔⌉∇⟩\} ⌋⊣\ ⊣↕∫≀ ⌊⌉ ⌈≀\⌉ ⊣⊔ ⊣\† ≀{ ⊔⟨≀∫⌉ ⊔⟩⇕⌉∫⇔ ⊔⟨≀⊓}⟨ ∫⊔≀∇⌉ ⊔⟩⇕⌉ ⇕⊣† ⌊⌉ ⊣ √≀≀∇ ⌋⟨≀⟩⌋⌉⇔ ⊣∫ ⊒⌉ ⊣∇}⊓⌉⌈ ⟩\ S⌉⌋⊔⟩≀\ ∈↙△↙∈↙ T⟨⌉ ⊔≀≀↕‖⟩⊔ √∇≀⊑⟩⌈⌉∫ ⊔⟨⌉ }⌉\⌉∇⊣⊔⟩≀\⊣↕ √≀⟩\⊔⌉∇ ⊘↕⊔⌉∇ ⌊⊓⊔ ⊔⟨⌉ ↕⊣\}⊓⊣}⌉ ⟩⇕√↕⌉⇕⌉\⊔⊣⊔⟩≀\ ⇕⊓∫⊔ √∇≀⊑⟩⌈⌉ ⊔⟨⌉ √≀⟩\⊔⌉∇ ⊘↕⊔⌉∇⇔ ∫⟩\⌋⌉ ⊣\† ⊔⊣}}⟩\} ⟩∫ ↕⊣\}⊓⊣}⌉ ∫√⌉⌋⟩⊘⌋↙ ▽↙∋ C≀√†⟩\} ⊣\⌈ P∇≀⌋⌉∫∫⟩\} O⌊|⌉⌋⊔∫ S⟩\⌋⌉ ⊔⟨⌉ ⌋≀↕↕⌉⌋⊔≀∇ ‖\≀⊒∫ \≀⊔⟨⟩\} ⊣⌊≀⊓⊔ ⊔⟨⌉ {≀∇⇕⊣⊔ ≀{ ≀⌊|⌉⌋⊔∫⇔ ⊔⟨⌉ ↕⊣\}⊓⊣}⌉ ⟩⇕√↕⌉⇕⌉\⊔⊣⊔⟩≀\ ⇕⊓∫⊔ ∫⊓√√↕† ∇≀⊓⊔⟩\⌉∫ ∫⊓√√≀∇⊔⟩\} ⊔⟨⌉ ∫⌋⊣⊑⌉\}⌉∇≃∫ ⌋≀√†⟩\} ⊣\⌈ √∇≀⌋⌉∫∫⟩\} ⊣⌋⊔⟩⊑⟩⊔⟩⌉∫↙ T⟨⌉ ⌋≀√† ≀⌊|⌉⌋⊔ ∇≀⊓⊔⟩\⌉ ⇕⊣\⊣}⌉∫ ⌋≀√†⟩\} ≀{ ⟩\⌈⟩⊑⟩⌈⊓⊣↕ ≀⌊|⌉⌋⊔∫ {∇≀⇕ ⊣ FROM ∫⊔⌉√ ⟩\⊔≀ ⊣ TO ∫⊔⌉√↙ I⊔ ⊓∫⌉∫ ⊔⟨⌉ ⊔≀≀↕‖⟩⊔ ∇≀⊓⊔⟩\⌉ I\S⌋⊣⊑G⌉\ ⊔≀ √∇⌉⊑⌉\⊔ ⌋≀√†⟩\} ≀⌊|⌉⌋⊔∫ \≀⊔ ⟩\ ⊣ }⌉\⌉∇⊣⊔⟩≀\ ⌊⌉⟩\} ∫⌋⊣⊑⌉\}⌉⌈∅ ⟩⊔ ⇕⊣† ⌊⌉ √≀∫∫⟩⌊↕⌉ ⊔≀ ⌉§√⊣\⌈ I\S⌋⊣⊑G⌉\ ⟩\↕⟩\⌉ ⊔≀ ⟩⇕√∇≀⊑⌉ √⌉∇{≀∇⇕⊣\⌋⌉↙ T⟨⌉ ⊔≀≀↕‖⟩⊔ √∇≀⊑⟩⌈⌉∫ ⊔⟨⌉ A↕↕≀⌋A\⌈C≀√† ∇≀⊓⊔⟩\⌉⇔ ⊒⟨⟩⌋⟨ ⟨⊣\⌈↕⌉∫ ⊣↕↕ ⊔⟨⌉ ⌈⌉⊔⊣⟩↕∫ ≀{ {∇⌉⌉ ∫√⊣⌋⌉ ⊣↕↕≀⌋⊣⊔⟩≀\ ⊣\⌈ ⌊†⊔⌉ ⌋≀√†⟩\} ⊒⟨⌉\ ⊣ ⌋≀√† \⌉⌉⌈∫ ⊔≀ ⌊⌉ ⇕⊣⌈⌉↙ T⟨⌉ ↕⊣\}⊓⊣}⌉ ⟩⇕√↕⌉⇕⌉\⊔≀∇ \⌉⌉⌈∫ ∫≀⇕⌉ ⇕⌉⊣\∫ ≀{ ∞∀

⌈⌉⊔⌉∇⇕⟩\⟩\} ⊔⟨⌉ ∫⟩‡⌉ ≀{ ≀⌊|⌉⌋⊔∫ {≀∇ A↕↕≀⌋A\⌈C≀√†↙ T⟨⌉ ↕⊣\}⊓⊣}⌉ ⟩⇕√↕⌉⇕⌉\⊔≀∇ ⇕⊓∫⊔ ⊣↕∫≀ ⟨⊣\⌈↕⌉ ⇕⊣∇‖⟩\} ≀⌊|⌉⌋⊔∫ ⊣∫ ⊣↕∇⌉⊣⌈† ⌋≀√⟩⌉⌈ ⊣\⌈ ∫⊔≀∇⟩\} ⊔⟨⌉ {≀∇⊒⊣∇⌈⟩\} √≀⟩\⊔⌉∇ ⊔≀ ⊔⟨⌉ TO ∫√⊣⌋⌉ ⌋≀√†↙ S⇕⊣↕↕⊔⊣↕‖ ⊓∫⌉∫ ≀\⌉ }⌉\⌉∇⟩⌋ ⌋≀√† ≀⌊|⌉⌋⊔ ∇≀⊓⊔⟩\⌉ ⊔⟨⊣⊔ ⌉§⊣⇕⟩\⌉∫ ⊣\⌈ ⌋≀√⟩⌉∫ ⊣\† S⇕⊣↕↕⊔⊣↕‖ ≀⌊|⌉⌋⊔↙ T⟨⌉ M≀⌈⊓↕⊣↖∋ ⌋≀⇕√⟩↕⌉∇ }⌉\⌉∇⊣⊔⌉∫ ⊣ ⌋≀√† ≀⌊|⌉⌋⊔ ∇≀⊓⊔⟩\⌉ {≀∇ ⌉⊣⌋⟨ ⊔†√⌉ ≀{ ≀⌊|⌉⌋⊔⇔ ⊒⟨⟩⌋⟨ ⌋⊣\ ⌊⌉ {≀⊓\⌈ ⌈⟩∇⌉⌋⊔↕† {∇≀⇕ ⊔⟨⌉ ⊔†√⌉ ⌋≀⌈⌉ ∫↕≀⊔ ≀{ ⊔⟨⌉ ≀⌊|⌉⌋⊔↙∞▽T⟨⌉ M≀⌈⊓↕⊣↖∋ ∇≀⊓⊔⟩\⌉ ⊔≀ ⌋≀√† ⊣\ ≀⌊|⌉⌋⊔ ≀{ ⊔†√⌉ T ⊒≀⊓↕⌈ ↕≀≀‖ ↕⟩‖⌉¬ PROCEDURE ⌋≀√† ≀⌊|⌉⌋⊔T ⇐√¬ REF T⇒¬ REF T ℑ VAR \⌉⊒√¬ REF T∅ BEGIN IF NOT I\S⌋⊣⊑G⌉\ ⇐√⇒ THEN RETURN √∅ ELSEIF A↕∇⌉⊣⌈†C≀√⟩⌉⌈ ⇐√⇒ THEN RETURN N⌉⊒A⌈⌈∇⌉∫∫ ⇐√⇒∅ ELSE \⌉⊒√ ¬ℑ A↕↕≀⌋A\⌈C≀√† ⇐√⇔ S⟩‡⌉O{ ⇐√⇒⇒∅ M⊣∇‖A∫C≀√⟩⌉⌈ ⇐√⇔ \⌉⊒√⇒∅ RETURN \⌉⊒√∅ END∅ END ⌋≀√† ≀⌊|⌉⌋⊔T∅ T⟨⌉ √∇≀⌋⌉∫∫ ≀⌊|⌉⌋⊔ ∇≀⊓⊔⟩\⌉ ⊘\⌈∫ ⊣↕↕ √≀⟩\⊔⌉∇∫ ⟩\ ⊣ TO ∫√⊣⌋⌉ ≀⌊|⌉⌋⊔⇔ √⌉∇{≀∇⇕∫ }⌉\⌉∇⊣⊔⟩≀\ ⇐⊣\⌈ √≀∫∫⟩⌊↕† √≀⟩\⊔⌉∇⇒ ⊘↕⊔⌉∇⟩\} ≀\ ⊔⟨≀∫⌉ √≀⟩\⊔⌉∇∫⇔ ⊣\⌈ ⌋⊣⊓∫⌉∫ ⌋≀√†⟩\} ≀{ ∇⌉⊣⌋⟨⊣⌊↕⌉ FROM ∫√⊣⌋⌉ ≀⌊|⌉⌋⊔∫ ⟩\⊔≀ TO ∫√⊣⌋⌉∅ √∇≀⌋⌉∫∫ ≀⌊|⌉⌋⊔ ⊒≀∇‖∫ ⇕≀∫⊔↕† ⌊† ⌋⊣↕↕⟩\} ⌋≀√† ≀⌊|⌉⌋⊔ ≀\ ⌉⊣⌋⟨ √≀⟩\⊔⌉∇ ∫↕≀⊔↙ I\ S⇕⊣↕↕⊔⊣↕‖⇔ ⊔⟨⌉∇⌉ ⟩∫ ≀\⌉ }⌉\⌉∇⟩⌋ √∇≀⌋⌉∫∫ ≀⌊|⌉⌋⊔ ∇≀⊓⊔⟩\⌉⇔ ⊒⟨⟩⌋⟨ ⌈≀⌉∫ √≀⟩\⊔⌉∇ ⊘↕⊔⌉∇⟩\} ≀\ ⊔⟨⌉ √≀⟩\⊔⌉∇ ∫↕≀⊔∫ ⌊⌉{≀∇⌉ ⌋⊣↕↕⟩\} ⌋≀√† ≀⌊|⌉⌋⊔↙ I\ M≀⌈⊓↕⊣↖∋⇔ ⊔⟨⌉ √∇≀⌋⌉∫∫ ≀⌊|⌉⌋⊔ ∇≀⊓⊔⟩\⌉ {≀∇ ⊣ }⟩⊑⌉\ ⊔†√⌉ ⌋⊣↕↕∫ ⊔⟨⌉ ⊣√√∇≀√∇⟩⊣⊔⌉ ⌋≀√† ≀⌊|⌉⌋⊔ {≀∇ ⊔⟨⌉ ⌉⊣⌋⟨ √≀⟩\⊔⌉∇ ∫↕≀⊔↙∞ ̸N≀⊔⌉ ⊔⟨⊣⊔ ⊣∫ √∇≀⌋⌉∫∫ ≀⌊|⌉⌋⊔ ∫⊔≀∇⌉∫ ⊔⟨⌉ √≀⟩\⊔⌉∇∫ ∇⌉⊔⊓∇\⌉⌈ ⌊† ∫⊓⌋⌋⌉∫∫⟩⊑⌉ ⌋⊣↕↕∫ ⊔≀ ⌋≀√† ≀⌊|⌉⌋⊔⇔ ⊣√√∇≀√∇⟩⊣⊔⌉ ↕⊣\}⊓⊣}⌉↖∫√⌉⌋⟩⊘⌋ ∇⌉⇕⌉⇕⌊⌉∇⌉⌈ ∫⌉⊔ ⇕⊣\⊣}⌉⇕⌉\⊔ ⇕⊣† ⌊⌉ ⊔∇⟩}}⌉∇⌉⌈↙ F≀∇ ⌉§⊣⇕√↕⌉⇔ ⊔⟨⌉∫⌉ ∫⊔≀∇⌉∫ ⇕⟩}⟨⊔ ⌋⊣⊓∫⌉ ⌉\⊔∇⟩⌉∫ ⊔≀ ⌊⌉ ⇕⊣⌈⌉ ⟩\ ⊔⟨⌉ ∫⌉∐⊓⌉\⊔⟩⊣↕ ∫⊔≀∇⌉ ⌊⊓{{⌉∇⇔ ⌊⊓⟩↕⌈⟩\} ∇⌉⇕⌉⇕⌊⌉∇⌉⌈ ∫⌉⊔∫ {≀∇ ⊔⟨⌉ \⌉§⊔ ∫⌋⊣⊑⌉\}⌉↙ T⟨⌉ M≀⌈⊓↕⊣↖∋ √∇≀⌋⌉⌈⊓∇⌉ ⊔≀ √∇≀⌋⌉∫∫ ⊣\ ≀⌊|⌉⌋⊔ ≀{ ⊔†√⌉ T ⇕⟩}⟨⊔ ↕≀≀‖ ↕⟩‖⌉¬ TYPE T ℑ OBJECT {≀≀¬ REF INTEGER∅ ⟨≀≀¬ INTEGER∅ ⌊⊣∇¬ T∅ END∅ PROCEDURE √∇≀⌋⌉∫∫ ≀⌊|⌉⌋⊔T ⇐VAR ⊔¬ T⇒ ⊔↙{≀≀ ¬ℑ ⌋≀√† ≀⌊|⌉⌋⊔I\⊔ ⇐⊔↙{≀≀⇒∅ ⇐⇑ S⊔⊣⊔⟩⌋⊣↕↕† ⌊≀⊓\⌈ ⌋⊣↕↕↙ ⇑⇒ ⊔↙⌊⊣∇ ¬ℑ ⊔↙⌋≀√† ≀⌊|⌉⌋⊔T ⇐⇒∅ ⇐⇑ R⊓\↖⊔⟩⇕⌉ ⌈⟩∫√⊣⊔⌋⟨⌉⌈ ⌋⊣↕↕↙ ⇑⇒ END √∇≀⌋⌉∫∫ ≀⌊|⌉⌋⊔T∅ ∞▽T⟨⌉ ⊔†√⌉ ⌋≀⌈⌉ ∫↕≀⊔ √≀⟩\⊔∫ ⊔≀ ⊣ ⊔†√⌉ ⌈⌉∫⌋∇⟩√⊔≀∇ ⊔⟨⊣⊔ ⌋≀\⊔⊣⟩\∫ ∫√⌉⌋⟩⊣↕ ⇕⌉⊔⟨≀⌈∫⇔ ∫⊓⌋⟨ ⊣∫ ⌋≀√† ≀⌊|⌉⌋⊔⇔ ⊣⊔ ‖\≀⊒\ ⊘§⌉⌈ ≀{{∫⌉⊔∫↙ ∞ ̸M≀⌈⊓↕⊣↖∋ OBJECT ⊔†√⌉∫ ⊣∇⌉ ⟨⊣\⌈↕⌉⌈ ⊒⟩⊔⟨ ⌈†\⊣⇕⟩⌋⊣↕↕† ⌊≀⊓\⌈ ⌋≀√† ≀⌊|⌉⌋⊔ ⌋⊣↕↕∫↙

∞∃

▽↙△ T∇⊣⌋⌉⌈ A∇⌉⊣ P≀⟩\⊔⌉∇∫ E⊣⌋⟨ ↕⊣\}⊓⊣}⌉ ⟩∫ ∇⌉∫√≀\∫⟩⌊↕⌉ {≀∇ ↕≀⌋⊣⊔⟩\} ⊣↕↕ ∇≀≀⊔ √≀⟩\⊔⌉∇∫ ⟩\ ⊔⟨⌉ ⊔∇⊣⌋⌉⌈ ⊣∇⌉⊣ ⊣\⌈ ⌋≀√†⟩\} ⊔⟨⌉ ≀⌊|⌉⌋⊔∫ ⊔⟨⌉† √≀⟩\⊔ ⊔≀⇔ ⊣∫ \⌉⌋⌉∫∫⊣∇†↙ T⟨⌉ S⇕⊣↕↕⊔⊣↕‖ ⊔∇⊣⌋⌉⌈ ∇≀≀⊔ ∫⌉⊔ ⟩∫ ⊣ ∫⇕⊣↕↕ ∫⌉⊔ ≀{ }↕≀⌊⊣↕ S⇕⊣↕↕⊔⊣↕‖ ≀⌊|⌉⌋⊔ √≀⟩\⊔⌉∇∫∅ ⌉⊑⌉\ ⊔⟨⌉ ∫⊔⊣⌋‖ {∇⊣⇕⌉∫ ⊣∇⌉ ⊣⌋⌋⌉∫∫⟩⌊↕⌉ {∇≀⇕ ⊔⟨⌉∫⌉ }↕≀⌊⊣↕ √≀⟩\⊔⌉∇∫↙ T⟨⌉ S⇕⊣↕↕⊔⊣↕‖ T∇⊣⌋⌉R≀≀⊔∫ ∇≀⊓⊔⟩\⌉ ∫⟩⇕√↕† ⌋⊣↕↕∫ ⊔⟨⌉ S⇕⊣↕↕⊔⊣↕‖ ⌋≀√† ≀⌊|⌉⌋⊔ ∇≀⊓⊔⟩\⌉ {≀∇ ⌉⊣⌋⟨ }↕≀⌊⊣↕ √≀⟩\⊔⌉∇↙ L≀⌋⊣⊔⟩\} ⊔⟨⌉ ⊔∇⊣⌋⌉⌈ ∇≀≀⊔ √≀⟩\⊔⌉∇∫ {≀∇ ⊣ ↕⊣\}⊓⊣}⌉ ∫⊓⌋⟨ ⊣∫ M≀⌈⊓↕⊣↖∋ ⟩∫ ⇕≀∇⌉ ⌈⟩{⊘⌋⊓↕⊔ ⊣\⌈ ⟩\⊑≀↕⊑⌉∫ ⌈⌉⌋≀⌈⟩\} ⊔⟨⌉ ∇⊓\↖⊔⟩⇕⌉ ∫⊔⊣⌋‖ ⊣\⌈ ∇⌉}⟩∫⊔⌉∇∫ ⊔≀ ↕≀⌋⊣⊔⌉ √≀⟩\⊔⌉∇∫ ⟩\ ⊔⟨⌉ ∫⊔⊣⌋‖ {∇⊣⇕⌉∫⇔ ⊣∫ √∇⌉⊑⟩≀⊓∫↕† ⌈⟩∫⌋⊓∫∫⌉⌈↙ T⟨⌉ ⌉\⌈ ∇⌉∫⊓↕⊔ ⟩∫ ⊔⟨⌉ ∫⊣⇕⌉⇔ ⊔⟨≀⊓}⟨¬ ⌋≀√† ≀⌊|⌉⌋⊔ ∇≀⊓⊔⟩\⌉∫ ⊣∇⌉ ⌋⊣↕↕⌉⌈ {≀∇ ⌉⊣⌋⟨ √≀⊔⌉\⊔⟩⊣↕ ∇≀≀⊔ √≀⟩\⊔⌉∇↙ ▽↙▽ S†\⌋⟨∇≀\⟩‡⊣⊔⟩≀\ W⟨⌉\ ∫⌋⊣⊑⌉\}⟩\} ⟩∫ ⊔∇⟩}}⌉∇⌉⌈⇔ ⊣↕↕ ⊔⟨∇⌉⊣⌈∫ ⟩\ ⊔⟨⌉ ∇⊓\↖⊔⟩⇕⌉ ∫†∫⊔⌉⇕ ⇕⊓∫⊔ ⌊⌉ ⟩\ ⊣ ⌋≀\∫⟩∫⊔⌉\⊔ ∫⊔⊣⊔⌉ ⌊⌉{≀∇⌉ }⊣∇⌊⊣}⌉ ⌋≀↕↕⌉⌋⊔⟩≀\ ⌋⊣\ ⌊⌉}⟩\↙ T≀ ⊣↕↕≀⊒ ∫⌋⊣⊑⌉\}⟩\}⇔ ⊔⟨⌉ ∫⊔⊣⊔⌉ ≀{ ⊔⟨⌉ ∫⊔≀∇⌉ ⌊⊓{{⌉∇∫ ⊣\⌈ ∇⌉⇕⌉⇕⌊⌉∇⌉⌈ ∫⌉⊔∫ ⇕⊓∫⊔ ⌊⌉ ⌋≀\∫⟩∫⊔⌉\⊔ ⊒⟩⊔⟨ ⊔⟨⌉ ∫⊔⊣⊔⌉ ≀{ ⊔⟨⌉ ∇⊓\↖⊔⟩⇕⌉ ∫†∫⊔⌉⇕↙ F≀∇ ⌉§⊣⇕√↕⌉⇔ ⟩{ ⊣ ⊔⟨∇⌉⊣⌈ ⟩∫ ⟩\⊔⌉∇∇⊓√⊔⌉⌈ ⊣{⊔⌉∇ ⊣ √≀⟩\⊔⌉∇ ∫⊔≀∇⌉ ⌊⊓⊔ ⌊⌉{≀∇⌉ ⊔⟨⊣⊔ ∫⊔≀∇⌉ ⟩∫ ∇⌉⌋≀∇⌈⌉⌈ ⟩\ ⊔⟨⌉ ∫⊔≀∇⌉ ⌊⊓{{⌉∇⇔ ⊔⟨⌉ ∫†∫⊔⌉⇕ ⟩∫ ⟩\ ⊣\ ⟩\⌋≀\∫⟩∫⊔⌉\⊔ ∫⊔⊣⊔⌉↙ T⟨⌉∇⌉ ⊣∇⌉ ⊣ \⊓⇕⌊⌉∇ ≀{ ⊔⌉⌋⟨\⟩∐⊓⌉∫ ⊣⊑⊣⟩↕⊣⌊↕⌉ ⊔≀ ⊣⌋⟨⟩⌉⊑⌉ ⌋≀\∫⟩∫⊔⌉\⌋†∅ ⊔⟨⌉ ⌋⟨≀⟩⌋⌉ ≀{ ⊔⟨⌉ ⊔⌉⌋⟨\⟩∐⊓⌉ ⟩∫ ⊓√ ⊔≀ ⊔⟨⌉ ↕⊣\}⊓⊣}⌉ ⟩⇕√↕⌉⇕⌉\⊔≀∇↙ T⟨⌉ ⟩⇕√↕⌉⇕⌉\⊔≀∇ ⇕⊓∫⊔ ∫⊓√√↕† ⊔⟨⌉ ∇≀⊓⊔⟩\⌉¬ PROCEDURE S†\⌋⟨∇≀\⟩‡⌉ ⇐⇒∅ I\ S⇕⊣↕↕⊔⊣↕‖⇔ √∇≀⌋⌉∫∫ ∫⊒⟩⊔⌋⟨⟩\} ↕≀}⟩⌋ ⟩\∫⊓∇⌉∫ ⊔⟨⊣⊔ ⊣↕↕ \≀\↖⌋⊓∇∇⌉\⊔ √∇≀⌋⌉∫∫⌉∫ ⊣∇⌉ ⊣↕∇⌉⊣⌈† ⟩\ ⊣ ⌋≀\∫⟩∫⊔⌉\⊔ ∫⊔⊣⊔⌉↙ T⟨⌉ S†\⌋⟨∇≀\⟩‡⌉ ∇≀⊓⊔⟩\⌉ ∫⟩⇕√↕† ∫⊣⊑⌉∫ ⊔⟨⌉ ∫⊔⊣⊔⌉ ≀{ ⊔⟨⌉ ⌋⊓∇∇⌉\⊔↕† ⊣⌋⊔⟩⊑⌉ √∇≀⌋⌉∫∫ ⊣\⌈ ∇⌉⊔⊓∇\∫ ⌋≀\⊔∇≀↕ ⊔≀ ⊔⟨⌉ ∫⌋⊣⊑⌉\}⌉∇↙ I\ M≀⌈⊓↕⊣↖∋⇔ ⊣↕↕ ⊔⟨∇⌉⊣⌈∫ ⊣∇⌉ √≀⊔⌉\⊔⟩⊣↕↕† ⟩\ ⊣\ ⟩\⌋≀\∫⟩∫⊔⌉\⊔ ∫⊔⊣⊔⌉ ∫≀ ⊔⟨⌉ S†\⌋⟨∇≀\⟩‡⌉ ∇≀⊓⊔⟩\⌉ ∫⌉⊔∫ ⊣ }↕≀⌊⊣↕ ∫⌋⊣⊑⌉\}⌉ ⊙⊣} ⟩\⌈⟩⌋⊣⊔⟩\} ⊔⟨⊣⊔ ⌉⊣⌋⟨ ⊔⟨∇⌉⊣⌈ ∫⟨≀⊓↕⌈ ⟨⊣↕⊔ ⊣⊔ ⊔⟨⌉ \⌉§⊔ ⊣⊑⊣⟩↕⊣⌊↕⌉ ⌋≀\∫⟩∫⊔⌉\⊔ ∫⊔⊣⊔⌉↙ S†\⌋⟨∇≀\⟩‡⌉ ⊔⟨⌉\ ∇⌉∫⊔⊣∇⊔∫ ⌉⊣⌋⟨ ⊔⟨∇⌉⊣⌈ \≀⊔ ⊣↕∇⌉⊣⌈† ⊣⊔ ⊣ ⌋≀\∫⟩∫⊔⌉\⊔ ∫⊔≀√√⟩\} √≀⟩\⊔↙ E⊣⌋⟨ ⊔⟨∇⌉⊣⌈ ⊒⟩↕↕ ⊔⟨⌉\ ⊣⌈⊑⊣\⌋⌉ ⊣\⌈ ∫⊔≀√↙ W⌉ ⊓∫⌉ ⊣ ⊑⊣∇⟩⌉⊔† ≀{ ⊔⌉⌋⟨\⟩∐⊓⌉∫ ⊔≀ ⊣⊑≀⟩⌈ ≀∇ ∇⌉⌈⊓⌋⌉ \≀∇⇕⊣↕ ⌋⊣∫⌉ ≀⊑⌉∇⟨⌉⊣⌈⇔ ⊒⟨⟩⌋⟨ ⊒⌉ ⌈≀ \≀⊔ ⌈⌉⊔⊣⟩↕ ⟨⌉∇⌉ ⇐∫⌉⌉ ∪M≀∫∫ ⊣\⌈ K≀⟨↕⌉∇⇔ ∞∃∀⊎ {≀∇ ∫≀⇕⌉ ⟩⌈⌉⊣∫⇒↙ T⟨⌉ ⟩⇕√↕⌉⇕⌉\⊔≀∇ ⇕⊓∫⊔ ⊣↕∫≀ ∫⊓√√↕† ⊣ R⌉∫⊓⇕⌉ ∇≀⊓⊔⟩\⌉⇔ ⊒⟨⟩⌋⟨ ⊣↕↕≀⊒∫ ⊔⟨⌉ ∇⊓\↖⊔⟩⇕⌉ ∫†∫⊔⌉⇕ ⊔≀ ∇⌉∫⊓∇∇⌉⌋⊔ ⊔⟨⌉ √∇⌉⊑⟩≀⊓∫ ∇⊓\↖⊔⟩⇕⌉ ∫⊔⊣⊔⌉ ⊣\⌈ ∇⌉∫⊓⇕⌉ \≀∇⇕⊣↕ ≀√⌉∇⊣⊔⟩≀\↙ ▽↙ ̸A↕↕≀⌋⊣⊔⟩≀\ T⟨⌉ ⊔≀≀↕‖⟩⊔ ∫⊓√√↕⟩⌉∫ ∇≀⊓⊔⟩\⌉∫ {≀∇ ⊣↕↕≀⌋⊣⊔⟩\} ≀⌊|⌉⌋⊔∫ ⟩\ ⌋≀↕↕⌉⌋⊔⌉⌈ ⊣∇⌉⊣∫⇔ ⊒⟨⟩⌋⟨ ⌉\⌋⊣√∫⊓↕⊣⊔⌉ ⊣↕↕ ⊔⟨⌉ \⌉⌋⌉∫∫⊣∇† ⌈⌉⊔⊣⟩↕∫↙ I⊔ ⇕⊣† ⌊⌉ ⌈⌉∫⟩∇⊣⌊↕⌉⇔ ⊔⟨≀⊓}⟨⇔ ⊔≀ ⊣↕↕≀⊒ ⊣\ ⟩⇕√↕⌉⇕⌉\⊔⊣⊔⟩≀\ ⊔≀ ⊖⌊∇⌉⊣‖⪰ ⌉\⌋⊣√∫⊓↕⊣⊔⟩≀\ ⊣\⌈ √⌉∇{≀∇⇕ {⊣∫⊔ ⊣↕↕≀⌋⊣⊔⟩≀\ ⟩\ ⊣ ⌈⌉{⊣⊓↕⊔ }⌉\⌉∇⊣⊔⟩≀\ ⊑⟩⊣ ∫⟨≀∇⊔ ⟩\↕⟩\⌉ ⌋≀⌈⌉ ∫⌉∐⊓⌉\⌋⌉∫↙ I\ √⊣∇⊔⟩⌋⊓↕⊣∇⇔ ⊣ ⟨⟩}⟨ √⌉∇{≀∇⇕⊣\⌋⌉ ⟩⇕√↕⌉⇕⌉\⊔⊣⊔⟩≀\ ⇕⟩}⟨⊔ ⊒⟩∫⟨ ⊔≀ ⇕⊣⟩\⊔⊣⟩\ ⊔⟨⌉ ⊣↕↕≀⌋⊣⊔⟩≀\ √≀⟩\⊔⌉∇ ⟩\ ⊣ ⌈⌉⌈⟩⌋⊣⊔⌉⌈ ∇⌉}⟩∫⊔⌉∇↙ T⟨⌉ S†\⌋⟨∇≀\⟩‡⌉ ⊣\⌈ R⌉∫⊓⇕⌉ ∇≀⊓⊔⟩\⌉∫ ∫⊓√√≀∇⊔ ⌋≀⇕⇕⊓\⟩⌋⊣⊔⟩≀\ ≀{ ⊔⟨⌉ ⊣↕↕≀⌋⊣⊔⟩≀\ √≀⟩\⊔⌉∇ ⌊⌉⊔⊒⌉⌉\ ⊔⟨⌉ ⌋≀↕↕⌉⌋⊔≀∇ ⊣\⌈ ⊔⟨⌉ ⌋≀⇕√⟩↕⌉⌈ ⌋≀⌈⌉↙ F≀∇ ⊔⟨⌉ ⌊⌉∫⊔ ⊣↕↕≀⌋⊣⊔⟩≀\ ∫⌉∐⊓⌉\⌋⌉ ⊒⌉ ⊣↕↕≀⊒ ⊔⟨⌉ ⌋⊓∇∇⌉\⊔ ⌊↕≀⌋‖ ≀{ ⊔⟨⌉ ⌈⌉{⊣⊓↕⊔ ⊣∇⌉⊣ ⊔≀ ⌊⌉ ⊔⌉∇⇕⟩\⊣⊔⌉⌈ ⊒⟩⊔⟨ ⊣\ ⟩\⊣⌋⌋⌉∫∫⟩⌊↕⌉ ⇕⌉⇕≀∇† √⊣}⌉⇔ ⊒⟨⟩⌋⟨ ⊒⟩↕↕ ⌋⊣⊓∫⌉ ⊣ {⊣⊓↕⊔ ⊒⟨⌉\ ⊔⟨⌉ ⌊↕≀⌋‖≃∫ {∇⌉⌉ ∫√⊣⌋⌉ ⟩∫ ⌉§⟨⊣⊓∫⊔⌉⌈⇔ ⌉↕⟩⇕⟩\⊣⊔⟩\} ⊔⟨⌉ \⌉⌉⌈ {≀∇ ⊣\ ⟩\↕⟩\⌉ ↕⟩⇕⟩⊔ ⌋⟨⌉⌋‖↙ T⟨⟩∫ ⊔⌉⌋⟨\⟩∐⊓⌉ ⌋⊣\ ⌊⌉ ⊓∫⌉⌈ ≀\↕† ⊒⟨⌉\ ⊔⟨⌉ ∫⟩‡⌉ ≀{ ⊔⟨⌉ ≀⌊|⌉⌋⊔ ⌊⌉⟩\} ⊣↕↕≀⌋⊣⊔⌉⌈ ⟩∫ \≀ ⇕≀∇⌉ ⊔⟨⊣\ ≀\⌉ √⊣}⌉∅ ≀⊔⟨⌉∇⊒⟩∫⌉⇔ ⊣\ ⌉§√↕⟩⌋⟩⊔ ⌋⟨⌉⌋‖ ∫⟨≀⊓↕⌈ ⌊⌉ ⊓∫⌉⌈↙ I\↕⟩\⌉ ⊣↕↕≀⌋⊣⊔⟩≀\ ⊒⟩⊔⟨ ⊣ ⌈⌉⌈⟩⌋⊣⊔⌉⌈ ∇⌉}⟩∫⊔⌉∇ ⟩∫ √⌉∇⟨⊣√∫ ∈′

⊔⟨⌉ ≀\↕† ⊔⌉⌋⟨\⟩∐⊓⌉ ⊔⟨⊣⊔ |⌉≀√⊣∇⌈⟩‡⌉∫ ⊔⟨⌉ ⊣⌊∫⊔∇⊣⌋⊔\⌉∫∫ ≀{ ≀⊓∇ ⟩\⊔⌉∇{⊣⌋⌉↙ I\ ∫≀⇕⌉ ⌋⊣∫⌉∫ ⟩⊔ ⇕⟩}⟨⊔ ∫⊔⟩↕↕ ⌊⌉ ⌉§√∇⌉∫∫⟩⌊↕⌉ ⊣∫ ⊣ ∇≀⊓⊔⟩\⌉ ⊔⟨⊣⊔ ⟩∫ ⟩\↕⟩\⌉⌈↙

̸C≀\⌋↕⊓∫⟩≀\∫ W⌉ ⟨⊣⊑⌉ ⟩\⊔∇≀⌈⊓⌋⌉⌈ ⊔⟨⌉ \≀⊔⟩≀\ ≀{ ⊣ }⊣∇⌊⊣}⌉ ⌋≀↕↕⌉⌋⊔≀∇ ⊔≀≀↕‖⟩⊔ ⊣\⌈ √∇⌉∫⌉\⊔⌉⌈ ⊔⟨⌉ ⟩\⊔⌉∇{⊣⌋⌉ {≀∇ ∫⊓⌋⟨ ⊣ ⊔≀≀↕‖⟩⊔↙ T⟨⌉ ∇≀⊓⊔⟩\⌉∫ ⊔⟨⊣⊔ ⌋≀⇕√≀∫⌉ ⊔⟨⌉ ⊔≀≀↕‖⟩⊔ √∇≀⊑⟩⌈⌉ ⊣ ⊙⌉§⟩⌊↕⌉⇔ ⊔⊓\⊣⌊↕⌉ }⊣∇⌊⊣}⌉ ⌋≀↕↕⌉⌋⊔≀∇ ⊔⟨⊣⊔ ⟩∫ ⌋⊣√⊣⌊↕⌉ ≀{ ⟨⊣\⌈↕⟩\} ∫⊓⌋⟨ √∇≀⌊↕⌉⇕∫ ⊣∫ ⊔⟨⌉ √⟩}↖⟩\↖⊔⟨⌉↖√†⊔⟨≀\↙ O⊓∇ ⇕⌉⇕≀∇† ⌈⌉⌋≀⇕√≀∫⟩⊔⟩≀\ ⊓∫⟩\} ⌊↕≀⌋‖∫ ⊣\⌈ ∫⊔⌉√∫ ∇⌉∐⊓⟩∇⌉∫ ↕⌉∫∫ ⇕⊣⟩\ ⇕⌉⇕≀∇† ⊔⟨⊣\ ⊔∇⊣⌈⟩⊔⟩≀\⊣↕ ∫⌉⇕⟩∫√⊣⌋⌉ }⌉\⌉∇⊣⊔⟩≀\⊣↕ ⌋≀↕↕⌉⌋⊔≀∇∫⇔ ∫⟩\⌋⌉ ⊔⟨⌉ ∫⊣⇕⌉ ⌊↕≀⌋‖∫ ⌋⊣\ ⌊⌉ ⊓∫⌉⌈ {≀∇ ⌊≀⊔⟨ ∫⌉⇕⟩∫√⊣⌋⌉∫↙ W⌉ ⟨⊣⊑⌉ ⌈⌉⊘\⌉⌈ ⊔⟨⌉ ⌋≀\⌋⌉√⊔ ≀{ ⊔†√⌉ ⊣⌋⌋⊓∇⊣⊔⌉ ⌋≀↕↕⌉⌋⊔⟩≀\ ⊣∫ ⊒⌉↕↕ ⊣∫ ⌈⟩∫⌋⊓∫∫⌉⌈ ⊑⊣∇⟩≀⊓∫ ⟩⇕√↕⌉⇕⌉\⊔⊣⊔⟩≀\ ⊔⌉⌋⟨\⟩∐⊓⌉∫ \⌉⌉⌈⌉⌈ ⊔≀ ⟩⇕√↕⌉⇕⌉\⊔ ⊔†√⌉ ⊣⌋⌋⊓∇⊣⊔⌉ ⌋≀↕↕⌉⌋⊔≀∇∫↙ I\ √⊣∇⊔⟩⌋⊓↕⊣∇⇔ ⊒⌉ ⟨⊣⊑⌉ ⌈⟩∫⌋⊓∫∫⌉⌈ ⊣⌋⌋⊓∇⊣⊔⌉ ∫⊔⊣⌋‖ ⌈⌉⌋≀⌈⟩\} ⊔⌉⌋⟨\⟩∐⊓⌉∫ ⊣\⌈ ⌉§√↕⊣⟩\⌉⌈ ⟨≀⊒ ⊔≀ ⟨⊣\⌈↕⌉ ⌈⌉∇⟩⊑⌉⌈ √≀⟩\⊔⌉∇∫↙ W⌉ ⟨⊣⊑⌉ ⟩\⌋↕⊓⌈⌉⌈ ⊣ ↕⊣∇}⌉ ≀⌊|⌉⌋⊔ ∫√⊣⌋⌉ ⊔≀ ⌉↕⟩⇕⟩\⊣⊔⌉ ⊔⟨⌉ ⌋≀∫⊔ ≀{ ⌋≀√†⟩\} ↕⊣∇}⌉ ≀⌊|⌉⌋⊔∫↙ W⌉ ⟩\⊔∇≀⌈⊓⌋⌉⌈ ⊣ ∇⌉⇕⌉⇕⌊⌉∇⌉⌈ ∫⌉⊔ ⊔⌉⌋⟨\⟩∐⊓⌉ ⌋⊣↕↕⌉⌈ ⊔⟨⌉ ∫⌉∐⊓⌉\⊔⟩⊣↕ ∫⊔≀∇⌉ ⌊⊓{{⌉∇ ⊔⟨⊣⊔ ∇⌉∐⊓⟩∇⌉∫ ≀\↕† ∈ RISC ⟩\∫⊔∇⊓⌋⊔⟩≀\∫ ⊣⊔ ⌉⊣⌋⟨ ∫⊔≀∇⌉↙ W⌉ ⟨⊣⊑⌉ ∫⟨≀⊒\ ⟨≀⊒ ⊔≀ ⟩⇕√↕⌉⇕⌉\⊔ ⊣}⌉⌈ ⌊⊣∫⌉⌈ √∇≀⇕≀⊔⟩≀\ √≀↕⟩⌋⟩⌉∫ ⊒⟩⊔⟨≀⊓⊔ ⊣}⌉ ⌋≀⊓\⊔⌉∇∫ ≀∇ ⌋≀\⌈⟩⊔⟩≀\⊣↕ ⌋≀⌈⌉ ⊔≀ ⌈⌉⊔⌉∇⇕⟩\⌉ ⟩{ ⊣\ ≀⌊|⌉⌋⊔ ∫⟨≀⊓↕⌈ ⌊⌉ √∇≀⇕≀⊔⌉⌈↙ A↕↕ ⊔⟨⟩∫ ⟨⊣∫ ⌊⌉⌉\ ⌈≀\⌉ ⟩\ ⊣ ⇕⊣\\⌉∇ ⊔⟨⊣⊔ ⌋⊣\ ⌊⌉ ⟩⇕√↕⌉⇕⌉\⊔⌉⌈ ⟩\ ⊣ ⊒⟩⌈⌉ ⊑⊣∇⟩⌉⊔† ≀{ ↕⊣\}⊓⊣}⌉∫ ⊣\⌈ ∇⊓\↖⊔⟩⇕⌉ ∫†∫⊔⌉⇕∫⇔ ⟩\⌋↕⊓⌈⟩\} ⊔⟨≀∫⌉ ⊔⟨⊣⊔ ∫⊓√√≀∇⊔ √⌉∇∫⟩∫⊔⌉\⌋⌉↙

R⌉{⌉∇⌉\⌋⌉∫ ∪A√√⌉↕ ⌉⊔ ⊣↕↙⇔ ∞∃∀∀⊎ A\⌈∇⌉⊒ W↙ A√√⌉↕⇔ J≀⟨\ R↙ E↕↕⟩∫⇔ ⊣\⌈ K⊣⟩ L⟩↙ R⌉⊣↕⊔⟩⇕⌉ ⌋≀\⌋⊓∇∇⌉\⊔ ⌋≀↕↕⌉⌋⊔⟩≀\ ≀\ ∫⊔≀⌋‖ ⇕⊓↕⊔⟩√∇≀⌋⌉∫∫≀∇∫↙ I\ P∇≀⌋⌉⌉⌈⟩\}∫ ≀{ ⊔⟨⌉ ACM SIGPLAN ≃∀∀ C≀\{⌉∇⌉\⌋⌉ ≀\ P∇≀}∇⊣⇕⇕⟩\} L⊣\}⊓⊣}⌉ D⌉∫⟩}\ ⊣\⌈ I⇕√↕⌉⇕⌉\⊔⊣⊔⟩≀\ ⇐A⊔↕⊣\⊔⊣⇔ G⌉≀∇}⟩⊣⇔ J⊓\⌉ ∞∃∀∀⇒⇔ ACM SIGPLAN N≀⊔↙ ∈∋⇔ ⇐J⊓↕† ∞∃∀∀⇒⇔ √√↙ ∞∞∘∈′↙ ∪B⊣‖⌉∇⇔ ∞∃∀⊎ H↙ G↙ B⊣‖⌉∇↙ L⟩∫⊔ √∇≀⌋⌉∫∫⟩\} ⟩\ ∇⌉⊣↕ ⊔⟩⇕⌉ ≀\ ⊣ ∫⌉∇⟩⊣↕ ⌋≀⇕√⊓⊔⌉∇↙ C≀⇕⇕⊓\⟩⌋⊣⊔⟩≀\∫ ≀{ ⊔⟨⌉ ACM ∈∞⇔ △ ⇐A√∇⟩↕ ∞∃∀⇒⇔ ∈∀′∘∈∃△↙ ∪B⊣∇⊔↕⌉⊔⊔⇔ ∞∃∀∀⊎ J≀⌉↕ F↙ B⊣∇⊔↕⌉⊔⊔↙ C≀⇕√⊣⌋⊔⟩\} }⊣∇⌊⊣}⌉ ⌋≀↕↕⌉⌋⊔⟩≀\ ⊒⟩⊔⟨ ⊣⇕⌊⟩}⊓≀⊓∫ ∇≀≀⊔∫↙ R⌉∫⌉⊣∇⌋⟨ R⌉√≀∇⊔ ∀∀∝∈⇔ W⌉∫⊔⌉∇\ R⌉∫⌉⊣∇⌋⟨ L⊣⌊≀∇⊣⊔≀∇†⇔ D⟩}⟩⊔⊣↕ E∐⊓⟩√⇕⌉\⊔ C≀∇√≀∇⊣⊔⟩≀\⇔ F⌉⌊∇⊓⊣∇† ∞∃∀∀↙ ∪C⊣∇⌈ ⌉⊔ ⊣↕↙⇔ ∞∃∀∋⊎ S⊔⊓⊣∇⊔ K↙ C⊣∇⌈⇔ T⟨≀⇕⊣∫ P↙ M≀∇⊣\⇔ ⊣\⌈ A↕↕⌉\ N⌉⊒⌉↕↕↙ T⟨⌉ P∫†⌋⟨≀↕≀}† ≀{ H⊓⇕⊣\↖C≀⇕√⊓⊔⌉∇ I\⊔⌉∇⊣⌋⊔⟩≀\↙ L⊣⊒∇⌉\⌋⌉ E∇↕⌊⊣⊓⇕ A∫∫≀⌋⟩⊣⊔⌉∫⇔ H⟩↕↕∫⌈⊣↕⌉⇔ NJ⇔ ∞∃∀∋↙ ∪C⊣⊓⌈⟩↕↕ ⊣\⌈ W⟩∇{∫↖B∇≀⌋‖⇔ ∞∃∀⊎̸ P⊣⊔∇⟩⌋‖ J↙ C⊣⊓⌈⟩↕↕ ⊣\⌈ A↕↕⌉\ W⟩∇{∫↖B∇≀⌋‖↙ A ⊔⟨⟩∇⌈ }⌉\⌉∇⊣⊔⟩≀\ S⇕⊣↕↕⊔⊣↕‖↖∀′ ⟩⇕√↕⌉⇕⌉\⊔⊣⊔⟩≀\↙ I\ P∇≀⌋⌉⌉⌈⟩\}∫ ≀{ ⊔⟨⌉ C≀\{⌉∇⌉\⌋⌉ ≀\ O⌊|⌉⌋⊔↖O∇⟩⌉\⊔⌉⌈ P∇≀}∇⊣⇕↖ ⇕⟩\} S†∫⊔⌉⇕∫⇔ L⊣\}⊓⊣}⌉∫⇔ ⊣\⌈ A√√↕⟩⌋⊣⊔⟩≀\∫ ⇐P≀∇⊔↕⊣\⌈⇔ O∇⌉}≀\⇔ S⌉√⊔⌉⇕⌊⌉∇ ∞∃∀⇏⇔ ACM SIG↖ PLAN N≀⊔↙ ∈∞⇔ ∞∞ ⇐N≀⊑⌉⇕⌊⌉∇ ∞∃∀⇏⇔ √√↙ ∞∞∃∘∞∋′↙ ∪C⟨⌉\⌉†⇔ ∞∃′⊎ C↙ J↙ C⟨⌉\⌉†↙ A \≀\∇⌉⌋⊓∇∫⟩⊑⌉ ↕⟩∫⊔ ⌋≀⇕√⊣⌋⊔⟩\} ⊣↕}≀∇⟩⊔⟨⇕↙ C≀⇕⇕⊓\⟩⌋⊣⊔⟩≀\∫ ≀{ ⊔⟨⌉ ACM ∞∋⇔ ∞∞ ⇐N≀⊑⌉⇕⌊⌉∇ ∞∃′⇒⇔ ∘̸∀̸↙ ∪F⌉\⟩⌋⟨⌉↕ ⊣\⌈ Y≀⌋⟨⌉↕∫≀\⇔ ∞∃∄⊎ R≀⌊⌉∇⊔ R↙ F⌉\⟩⌋⟨⌉↕ ⊣\⌈ J⌉∇≀⇕⌉ C↙ Y≀⌋⟨⌉↕∫≀\↙ A LISP }⊣∇⌊⊣}⌉↖ ⌋≀↕↕⌉⌋⊔≀∇ {≀∇ ⊑⟩∇⊔⊓⊣↕↖⇕⌉⇕≀∇† ⌋≀⇕√⊓⊔⌉∇ ∫†∫⊔⌉⇕∫↙ C≀⇕⇕⊓\⟩⌋⊣⊔⟩≀\∫ ≀{ ⊔⟨⌉ ACM ∞∈⇔ ∞∞ ⇐N≀⊑⌉⇕⌊⌉∇ ∞∃∄⇒⇔ ∞̸∞∘∞̸∈↙ ∪G⊣⌊∇⟩⌉↕⇔ ∞∃∀▽⊎ R⟩⌋⟨⊣∇⌈ P↙ G⊣⌊∇⟩⌉↕↙ P⌉∇{≀∇⇕⊣\⌋⌉ ⊣\⌈ E⊑⊣↕⊓⊣⊔⟩≀\ ≀{ L⟩∫√ S†∫⊔⌉⇕∫↙ MIT P∇⌉∫∫⇔ C⊣⇕⌊∇⟩⌈}⌉⇔ MA⇔ ∞∃∀▽↙ ∈∞

∪G≀↕⌈⌊⌉∇}⇔ ∞∃∃∞⊎ B⌉\|⊣⇕⟩\ G≀↕⌈⌊⌉∇}↙ T⊣}↖{∇⌉⌉ }⊣∇⌊⊣}⌉ ⌋≀↕↕⌉⌋⊔⟩≀\ ⟩\ ∫⊔∇≀\}↕† ⊔†√⌉⌈ √∇≀}∇⊣⇕⇕⟩\} ↕⊣\}⊓⊣}⌉∫↙ I\ ∪SIGPLAN⇔ ∞∃∃∞⊎⇔ √√↙ ∞▽̸∘∞↙̸ ∪H≀∫‖⟩\} ⊣\⌈ M≀∫∫⇔ ∞∃∃∞⊎ A\⊔≀\† L↙ H≀∫‖⟩\} ⊣\⌈ J↙ E↕⟩≀⊔ B↙ M≀∫∫↙ C≀⇕√⟩↕⌉∇ ∫⊓√√≀∇⊔ {≀∇ √⌉∇∫⟩∫↖ ⊔⌉\⊔ √∇≀}∇⊣⇕⇕⟩\}↙ COINS T⌉⌋⟨\⟩⌋⊣↕ R⌉√≀∇⊔ ∃∞↖∈▽⇔ D⌉√⊣∇⊔⇕⌉\⊔ ≀{ C≀⇕√⊓⊔⌉∇ ⊣\⌈ I\{≀∇⇕⊣⊔⟩≀\ S⌋⟩⌉\⌋⌉⇔ U\⟩⊑⌉∇∫⟩⊔† ≀{ M⊣∫∫⊣⌋⟨⊓∫⌉⊔⊔∫⇔ A⇕⟨⌉∇∫⊔⇔ MA ′∞′′∋⇔ M⊣∇⌋⟨ ∞∃∃∞↙ ∪L⟩⌉⌊⌉∇⇕⊣\ ⊣\⌈ H⌉⊒⟩⊔⊔⇔ ∞∃∀∋⊎ H⌉\∇† L⟩⌉⌊⌉∇⇕⊣\ ⊣\⌈ C⊣∇↕ H⌉⊒⟩⊔⊔↙ A ∇⌉⊣↕↖⊔⟩⇕⌉ }⊣∇⌊⊣}⌉ ⌋≀↕↕⌉⌋⊔⟩≀\ ⌊⊣∫⌉⌈ ≀\ ⊔⟨⌉ ↕⟩{⌉⊔⟩⇕⌉∫ ≀{ ≀⌊|⌉⌋⊔∫↙ C≀⇕⇕⊓\⟩⌋⊣⊔⟩≀\∫ ≀{ ⊔⟨⌉ ACM ∈⇎ ̸⇐J⊓\⌉ ∞∃∀∋⇒⇔ △∞∃∘△∈∃↙ ∪M≀≀\⇔ ∞∃∀△⊎ D⊣⊑⟩⌈ M≀≀\↙ G⊣∇⌊⊣}⌉ ⌋≀↕↕⌉⌋⊔⟩≀\ ⟩\ ⊣ ↕⊣∇}⌉ L⟩∫√ ∫†∫⊔⌉⇕↙ I\ P∇≀⌋⌉⌉⌈⟩\}∫ ≀{ ⊔⟨⌉ ACM S†⇕√≀∫⟩⊓⇕ ≀\ L⟩∫√ ⊣\⌈ F⊓\⌋⊔⟩≀\⊣↕ P∇≀}∇⊣⇕⇕⟩\} ⇐A⊓∫⊔⟩\⇔ TX⇔ A⊓}⊓∫⊔ ∞∃∀△⇒⇔ √√↙ ∈∋▽∘∈△↙̸ ∪M≀∫∫ ⊣\⌈ K≀⟨↕⌉∇⇔ ∞∃∀⊎ J↙ E↕⟩≀⊔ B↙ M≀∫∫ ⊣\⌈ W⊣↕⊔⌉∇ H↙ K≀⟨↕⌉∇↙ C≀\⌋⊓∇∇⌉\⌋† {⌉⊣⊔⊓∇⌉∫ {≀∇ ⊔⟨⌉ T∇⌉↕↕⟩∫∝O⊒↕ ↕⊣\}⊓⊣}⌉↙ I\ P∇≀⌋⌉⌉⌈⟩\}∫ ≀{ ⊔⟨⌉ E⊓∇≀√⌉⊣\ C≀\{⌉∇⌉\⌋⌉ ≀\ O⌊|⌉⌋⊔↖O∇⟩⌉\⊔⌉⌈ P∇≀↖ }∇⊣⇕⇕⟩\} ⇐P⊣∇⟩∫⇔ F∇⊣\⌋⌉⇔ J⊓\⌉ ∞∃∀⇒⇔ J↙ B≻⌉‡⟩⊑⟩\⇔ J↙↖M↙ H⊓↕↕≀⊔⇔ P↙ C≀⟩\⊔⌉⇔ ⊣\⌈ H↙ L⟩⌉⌊⌉∇⇕⊣\⇔ E⌈∫↙⇔ ⊑≀↕↙ ∈ ̸≀{ L⌉⌋⊔⊓∇⌉ N≀⊔⌉∫ ⟩\ C≀⇕√⊓⊔⌉∇ S⌋⟩⌉\⌋⌉⇔ S√∇⟩\}⌉∇↖V⌉∇↕⊣}⇔ √√↙ ∞∞∘∞∀′↙ ∪S⟨⊣⊒⇔ ∞∃∀⊎ R≀⌊⌉∇⊔ A↙ S⟨⊣⊒↙ I⇕√∇≀⊑⟩\} }⊣∇⌊⊣}⌉ ⌋≀↕↕⌉⌋⊔≀∇ √⌉∇{≀∇⇕⊣\⌋⌉ ⟩\ ⊑⟩∇⊔⊓⊣↕ ⇕⌉⇕≀∇†↙ T⌉⌋⟨↙ R⌉√↙ CSL↖TR↖∀↖∋∈∋⇔ S⊔⊣\{≀∇⌈ U\⟩⊑⌉∇∫⟩⊔†⇔ M⊣∇⌋⟨ ∞∃∀↙ ∪S⟨⊣⊒⇔ ∞∃∀∀⊎ R≀⌊⌉∇⊔ A↙ S⟨⊣⊒↙ E⇕√⟩∇⟩⌋⊣↕ A\⊣↕†∫⟩∫ ≀{ ⊣ LISP S†∫⊔⌉⇕↙ P⟨D ⊔⟨⌉∫⟩∫⇔ S⊔⊣\{≀∇⌈ U\⟩⊑⌉∇∫⟩⊔†⇔ F⌉⌊∇⊓⊣∇† ∞∃∀∀↙ A⊑⊣⟩↕⊣⌊↕⌉ ⊣∫ T⌉⌋⟨↙ R⌉√≀∇⊔ CSL↖TR↖∀∀↖∋▽∞↙ ∪SIGPLAN⇔ ∞∃∃∞⊎ P∇≀⌋⌉⌉⌈⟩\}∫ ≀{ ⊔⟨⌉ ACM SIGPLAN ≃∃∞ C≀\{⌉∇⌉\⌋⌉ ≀\ P∇≀}∇⊣⇕⇕⟩\} L⊣\}⊓⊣}⌉ D⌉∫⟩}\ ⊣\⌈ I⇕√↕⌉⇕⌉\⊔⊣⊔⟩≀\ ⇐T≀∇≀\⊔≀⇔ O\⊔⊣∇⟩≀⇔ C⊣\⊣⌈⊣⇔ J⊓\⌉ ∞∃∃∞⇒⇔ ACM SIGPLAN N≀⊔↙ ∈⇎ ⇐J⊓\⌉ ∞∃∃∞⇒↙ ∪S↕⌉⊣⊔≀∇ ⊣\⌈ T⊣∇|⊣\⇔ ∞∃∀▽⊎ D⊣\⟩⌉↕ D≀⇕⟩\⟩⌋ S↕⌉⊣⊔≀∇ ⊣\⌈ R≀⌊⌉∇⊔ E\⌈∇⌉ T⊣∇|⊣\↙ S⌉↕{↖⊣⌈|⊓∫⊔⟩\} ⌊⟩\⊣∇† ∫√↕⊣† ⊔∇⌉⌉∫↙ J≀⊓∇\⊣↕ ≀{ ⊔⟨⌉ ACM ∋∈⇔ ∋ ⇐J⊓↕† ∞∃∀▽⇒↙ ∪S≀⌊⊣↕⊑⊣∇∇≀⇔ ∞∃∀∀⊎ P⊣⊔∇⟩⌋‖ G↙ S≀⌊⊣↕⊑⊣∇∇≀↙ A ↕⟩{⌉⊔⟩⇕⌉↖⌊⊣∫⌉⌈ }⊣∇⌊⊣}⌉ ⌋≀↕↕⌉⌋⊔≀∇ {≀∇ LISP ∫†∫⊔⌉⇕∫ ≀\ }⌉\⌉∇⊣↕↖√⊓∇√≀∫⌉ ⌋≀⇕√⊓⊔⌉∇∫⇔ ∞∃∀∀↙ B↙S↙ T⟨⌉∫⟩∫⇔ D⌉√⊔↙ ≀{ EECS⇔ M⊣∫∫⊣⌋⊓∫⌉⊔⊔∫ I\∫⊔⟩⊔⊓⊔⌉ ≀{ T⌉⌋⟨\≀↕≀}†⇔ C⊣⇕⌊∇⟩⌈}⌉⇔ MA↙ ∪U\}⊣∇⇔ ∞∃∀△⊎ D⊣⊑⟩⌈ U\}⊣∇↙ G⌉\⌉∇⊣⊔⟩≀\ ∫⌋⊣⊑⌉\}⟩\}¬ A \≀\↖⌈⟩∫∇⊓√⊔⟩⊑⌉ ⟨⟩}⟨ √⌉∇{≀∇⇕⊣\⌋⌉ ∫⊔≀∇⊣}⌉ ∇⌉⌋↕⊣⇕⊣⊔⟩≀\ ⊣↕}≀∇⟩⊔⟨⇕↙ I\ P∇≀⌋⌉⌉⌈⟩\}∫ ≀{ ⊔⟨⌉ ACM SIGSOFT∝SIGPLAN S≀{⊔⊒⊣∇⌉ E\}⟩\⌉⌉∇⟩\} S†⇕√≀∫⟩⊓⇕ ≀\ P∇⊣⌋⊔⟩⌋⊣↕ S≀{⊔⊒⊣∇⌉ D⌉⊑⌉↕≀√⇕⌉\⊔ E\⊑⟩∇≀\⇕⌉\⊔∫ ⇐P⟩⊔⊔∫⌊⊓∇}⟨⇔ P⌉\\∫†↕⊑⊣\⟩⊣⇔ A√∇⟩↕ ∞∃∀△⇒⇔ ACM SIGPLAN N≀⊔↙ ∞∃⇔ ▽ ⇐M⊣† ∞∃∀△⇒⇔ √√↙ ∞▽∘∞↙̸ ∪U\}⊣∇ ⊣\⌈ J⊣⌋‖∫≀\⇔ ∞∃∀∀⊎ D⊣⊑⟩⌈ U\}⊣∇ ⊣\⌈ F∇⊣\‖ J⊣⌋‖∫≀\↙ T⌉\⊓∇⟩\} √≀↕⟩⌋⟩⌉∫ {≀∇ }⌉\⌉∇⊣⊔⟩≀\↖ ⌊⊣∫⌉⌈ ∫⊔≀∇⊣}⌉ ∇⌉⌋↕⊣⇕⊣⊔⟩≀\↙ I\ P∇≀⌋⌉⌉⌈⟩\}∫ ≀{ ⊔⟨⌉ C≀\{⌉∇⌉\⌋⌉ ≀\ O⌊|⌉⌋⊔↖O∇⟩⌉\⊔⌉⌈ P∇≀}∇⊣⇕⇕⟩\} S†∫⊔⌉⇕∫⇔ L⊣\}⊓⊣}⌉∫⇔ ⊣\⌈ A√√↕⟩⌋⊣⊔⟩≀\∫ ⇐S⊣\ D⟩⌉}≀⇔ C⊣↕⟩{≀∇\⟩⊣⇔ S⌉√⊔⌉⇕⌊⌉∇ ∞∃∀∀⇒⇔ ACM SIG↖ PLAN N≀⊔↙ ∈∋⇔ ∞∞ ⇐N≀⊑⌉⇕⌊⌉∇ ∞∃∀∀⇒⇔ √√↙ ∞∘∞↙ ∪W⟨⟩⊔⌉⇔ ∞∃∀′⊎ J≀\ L↙ W⟨⟩⊔⌉↙ A⌈⌈∇⌉∫∫∝⇕⌉⇕≀∇† ⇕⊣\⊣}⌉⇕⌉\⊔ {≀∇ ⊣ }⟩}⊣\⊔⟩⌋ L⟩∫√ ⌉\⊑⟩∇≀\⇕⌉\⊔ ≀∇⇔ GC ⌋≀\∫⟩⌈⌉∇⌉⌈ ⟨⊣∇⇕{⊓↕↙ I\ P∇≀⌋⌉⌉⌈⟩\}∫ ≀{ ⊔⟨⌉ ACM S†⇕√≀∫⟩⊓⇕ ≀\ L⟩∫√ ⊣\⌈ F⊓\⌋⊔⟩≀\⊣↕ P∇≀}∇⊣⇕⇕⟩\} ⇐S⊔⊣\{≀∇⌈⇔ C⊣↕⟩{≀∇\⟩⊣⇔ A⊓}⊓∫⊔ ∞∃∀′⇒⇔ ACM⇔ √√↙ ∞∞∃∘∞∈↙ ∪W⟩↕∫≀\⇔ ∞∃∃′⊎ P⊣⊓↕ R↙ W⟩↕∫≀\↙ P⌉∇∫≀\⊣↕ ⌋≀⇕⇕⊓\⟩⌋⊣⊔⟩≀\⇔ O⌋⊔≀⌊⌉∇ ∞∃∃′↙ ∪W⟩↕∫≀\ ⌉⊔ ⊣↕↙⇔ ∞∃∃∞⊎ P⊣⊓↕ R↙ W⟩↕∫≀\⇔ M⟩⌋⟨⊣⌉↕ S↙ L⊣⇕⇔ ⊣\⌈ T⟨≀⇕⊣∫ G↙ M≀⟨⌉∇↙ E{{⌉⌋⊔⟩⊑⌉ ⊖∫⊔⊣⊔⟩⌋↖ }∇⊣√⟨⪰ ∇⌉≀∇}⊣\⟩‡⊣⊔⟩≀\ ⊔≀ ⟩⇕√∇≀⊑⌉ ↕≀⌋⊣↕⟩⊔† ⟩\ }⊣∇⌊⊣}⌉↖⌋≀↕↕⌉⌋⊔⌉⌈ ∫†∫⊔⌉⇕∫↙ I\ ∪SIGPLAN⇔ ∞∃∃∞⊎⇔ √√↙ ∞∘∞∃∞↙

∈∈

∪W⟩↕∫≀\ ⊣\⌈ M≀⟨⌉∇⇔ ∞∃∀∃⊎ P⊣⊓↕ R↙ W⟩↕∫≀\ ⊣\⌈ T⟨≀⇕⊣∫ G↙ M≀⟨⌉∇↙ D⌉∫⟩}\ ≀{ ⊔⟨⌉ O√√≀∇⊔⊓\⟩∫⊔⟩⌋ G⊣∇⌊⊣}⌉ C≀↕↕⌉⌋⊔≀∇↙ I\ P∇≀⌋⌉⌉⌈⟩\}∫ ≀{ ⊔⟨⌉ C≀\{⌉∇⌉\⌋⌉ ≀\ O⌊|⌉⌋⊔↖O∇⟩⌉\⊔⌉⌈ P∇≀}∇⊣⇕⇕⟩\} S†∫⊔⌉⇕∫⇔ L⊣\}⊓⊣}⌉∫⇔ ⊣\⌈ A√√↕⟩⌋⊣⊔⟩≀\∫ ⇐N⌉⊒ O∇↕⌉⊣\∫⇔ L≀⊓⟩∫⟩⊣\⊣⇔ O⌋⊔≀⌊⌉∇ ∞∃∀∃⇒⇔ ACM SIGPLAN N≀⊔↙ ∈△⇔ ∞′ ⇐O⌋⊔≀⌊⌉∇ ∞∃∀∃⇒⇔ √√↙ ∈∋∘∋▽↙ ∪Z≀∇\⇔ ∞∃∃′⊎ B⌉\|⊣⇕⟩\ Z≀∇\↙ C≀⇕√⊣∇⟩\} ⇕⊣∇‖↖⊣\⌈↖∫⊒⌉⌉√ ⊣\⌈ ∫⊔≀√↖⊣\⌈↖⌋≀√† }⊣∇⌊⊣}⌉ ⌋≀↕↕⌉⌋⊔⟩≀\↙ I\ P∇≀⌋⌉⌉⌈⟩\}∫ ≀{ ⊔⟨⌉ ACM S†⇕√≀∫⟩⊓⇕ ≀\ L⟩∫√ ⊣\⌈ F⊓\⌋⊔⟩≀\⊣↕ P∇≀}∇⊣⇕⇕⟩\} ⇐N⟩⌋⌉⇔ F∇⊣\⌋⌉⇔ J⊓\⌉ ∞∃∃′⇒⇔ √√↙ ∀∘∃∀↙

∈∋