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Abstract

A problem of stacking dominoes on top of each other with omig piece
at the lowest level so as to achieve maximum overhang is akmelvn

mathematical puzzle [1]. Several solutions exist. The mposgtular so-
lution achieves overhang df,, for n dominoes, wheré{,, is n-th har-

monic number [1, 2]. There also other solutions that achgeater
overhang for the same number of dominoes [3]. However, tbblem

of assembling these structures is usually not considereid.paper con-
centrates on assembling the structure from bottom up witimaerfect
manipulator and placing one domino piece at a time. Undesordale
assumptions it shows that the harmonic series solutioneiotily one
that can tolerate manipulation imperfections and invastig the prob-
lem experimentally.

1 Problem formulation

The problem can be formulated as follows in plain English f2fhen we stack dominoes
with only one touching the table, what is the greatest hariabdistance we can cover
keeping in balance?"More formally, we have the following conditions:

1. There aren identical domino pieces each of length 2. Each piece has omass
formly distributed along the length.

2. The dominoes must be stacked flat on top of each other. Aisonbt allowed
to rotate them in the horizontal plane (otherwise we coul#erthe corner of a
domino extend further from the base). The latter conditiakes the problem
“1.5-dimensional” (1 horizontal dimension with valuesRrand 1 vertical dimen-
sion with values irN). It also makes the results independent of height and width
of the dominoes.

3. The problem is to find valuegy;, m1 }, ..., {an, m,}, wherea;, € R is a hor-
izontal displacement of-th piece (see Fig. 1 for the coordinate system) and
mi € N is its level in the stack - pieces on level are higher than those on
levelm — 1. We need to maximize

kr:nlaxn @k
subject to these constraints: the resulting structurebaiance given gravitational
forces and onlyn; has value of 1.
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Figure 1: The problem formulation. Maximum overhang ackiehy this placement iss.

A surprising result is that given sufficiently large numb&dominoes, arbitrary large over-
hangs can be achieved.

2 Stability criterion

If each domino in the structure rests on only one other dopthere is a simple recursive
criterion to determine whether the structure is in balarfoeeach piece: the following
should hold:

aem (k) € [ag — 1, a5 + 1], (1)

wherea., (k) is theX coordinate of the center of mass of the part of the struchaerests

on dominok. There is a moment-labeling argument for this criterionsuasing that the
part of the structure that rests éris balanced, it acts like a rigid body and we can apply
moment labeling to the combination of that part and doniino

In order for the reaction force fror to be able to compensate the resultant gravitational
force acting on the part above the line of action of gravitational force must be in the
unlabeled part of the space, which exactly corresponds tatian 1. In order for the
whole structure to be balanced, the criterion must hold Hafats parts.

3 Known solutions

3.1 Harmonic series

This is the most well-known solution [1, 2, 3]. If we restritie structures to only have
1 domino piece per horizontal layer (sef. = k), then the following condition ensures



the optimality: the center of mass of a block consisting etpsk, . . . , n must lie exactly
above the right edge of pieée— 1. Formally we have

n

1
_ i — 1) = ag— 2
n_kH;(a ) =ar @
Theorem 1 The structure with maximum overhang consistingnotlominoes with 1
domino per horizontal levels has horizontal domino cooads obeying Equation 2.

Proof: Supposeik :
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then the part consisting of piecks. . . , n cannot be in balance on pieke- 1 and will fall.

Hence we can only have

1 n
T (D <
i=k

Let us assume that the whole structure is balanced. Thenmaateeve a larger overhang
by moving the part consisting of piecés. .., n to the right byA; = and piece

k—1byA, (Z:’;sz,)l to the left, where

l
n—k+2

n
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is the distance along’ axis between the center of gravity kf. .., n component and the
edge of(k — 1)-th piece. Because

(m—k—i—l)Al = AQ,

the center of gravity of any componeht— p,....n Vp does not move. Thé,... . n
component is balanced on the edge(bf— 1)-th piece. Therefore the new structure is
balanced and the total overhang has been increaséd byl

From Equation 2 we can deduce the following recursive ratdbetween;, anday1:

1 n
ap = n—k_z (a; — 1)

i=k+1
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The total overhang achieved by this structure is thus egual t
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Figure 2: Structure with counterweight

whereH,, is then-th harmonic numbemr, = 0 is the position of the table.

The seriesy ;- ; % is diverging, so given a large enough number of dominoes enfe gt
manipulator we could assemble a structure with arbitrargelaoverhang (however, we
would need to choose the overhang before starting the emtisin - it is not possible to go
on building it indefinitely long with larger and larger ovarig). The growth rate off,, is
slow, because [1]

Inn< H, <1l+1Inn

so we need an exponential number of dominoes to create ahangof given length.

3.2 Cantilever structure

If we do not restrict the structures to have exactly one dorpier horizontal level, we can
achieve larger overhangs for the same values.o®ne example is a cantilever structure

[2]:
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The structure of heightn — 1 achieves an overhang bfand requires

n—1
n—i—ZZk:nQ
k=1

dominoes. Therefore the overhang fordominoes is approximately/n, which grows
much faster that,,.

The analysis of whether the structure is balanced is mom@ved if there are dominoes
that rest on two other dominoes as in the case with cantiuecture. We need to consider
the distribution of forces along the contact surface. | wdk list the complete proof, but
for the pictured example the proof is simple enough - on tleeupé each piece is marked
with a number. This number denotes the magnitude of force witich that piece acts on
the pieces below it. One can deduce from the magnitudes strébdition of forces along
the contact surfaces and convince oneself that the systiiesd in balance.



3.3 Structurewith counterweight

Another variation is the structure with counterweight ig.R2 (taken from [3]). The reader
will argue that the structure is obviously not in balanceecgisa andb are going to fall.
However, this problem can be remedied by mowiragndd by infinitisemal distances to the
right so that they hold andb in place.

Unlike the cantilever structure, this one needs an expdaemamber of dominoes to
achieve an overhang of given length. To see this, first olestrat 1 domino trivially
achieves an overhang of 1. Let us suppose we have a strudthrewgrhang®k + 1, for
example the part of the structure consisting of pieand everything resting on it from
Fig. 2. To increase the overhang by 2, place it on top of 3ep&ucture e f in the fig-
ure), shift right appropriately and add enough pieceg dor counterweight. If we had
Nsi41 pieces in the original structure, we will ne2d/s;., ; for counterweight, so

Nogis = 2Nog1 + 3+ Nogy1 = 3(Nogy1 + 1)

Itis easy to see that
) 3
Nopy1 = §3k —3
satisfies this recurrence and the initial conditign = 1, so the number of dominoes that
we need indeed grows exponentially with the overhang. Toerdt does not have an

advantage over the harmonic series solution in this respect

4 Imperfect manipulator model

The previous section listed several solutions, but did hotwsa way to assemble any of
those structures. The possibility of assembling them dépen our assumptions about the
manipulator to be used for assembly. This paper uses tfefioly assumptions:

1. The manipulator operates one domino piece at a time.

2. Itis only able to place the piece on top of the table or offieces, i.e. it cannot
“insert” it into a slot formed by other pieces.

3. The vertical motion of the manipulator and placement effifece is precise and
quasistatic.

4. The horizontal error of the placement has Gaussian loligioin with mean 0 and
variances?.

5. Once a domino is released by the manipulator, it cannotdwed) i.e. the manip-
ulator gets to move each piece exactly once and cannot terrecs in placement.

Note that these assumptions are quite restrictive from tiet pf view of what we can
achieve with just our two hands. For example, the structuféig. 3 cannot be assembled
with such a manipulator, although there is an easy way tanasseit in principle: make
a vertical stack of pieces, ..., 8, then holding 1 and 3 in place pull 2 a little to the left,
insert 9 in the resulting slot, and finally pull 2 to the left the remaining distance. Our
manipulator would need to place 2 and 9 right after 1, and suiththe counterbalance
provided by3, ..., 8 they will fall.

5 Uniqueness of the harmonic series solution

The following simple result states that any structure hgvimore than 1 domino on some
level, i.e. havingny, = my,, k1 # ko will fall apart almost surely as we try to assemble it
with an imperfect manipulator from the previous section.
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Figure 3: This stack is impossible to put together with a rpalsitor considered in the
paper.

Theorem 2 Let the balanced structuréay,m1},...,{a,, m,} havemy, = my, > 1
for somek; # ko. Under the assumptions of the previous section the martiuveill
fail to assemble this structure with probability 1. (Actiyalve can relax the assumption
of Gaussian horizontal noise - the result will hold for nolsving any PDF with finite
values).

Proof: Consider the smallest such thatn, = mg, = m for somek; # k2. The pieces
k1 andks must be on the same level and level— 1 has only one domino. Denote the
index of that domind:3. Then bothk; andk, must be placed on top @& and must be in
balance right after placement. The only way (up to swapmbelsa,, anday,) to achieve
that is to have

ag, = ag, + 1, Ay = Afy — 1,

that is the centers of gravity of two pieces to be exactly atibe edges of the underlying
piece. In order for them to be in balance, they need to be ghaitbout any error alongd
axis - otherwise at least one domino will extend more thanitth@yond the corresponding
edge ofks and fall. But

P(ay, = ak,,ay, = ar,) =0

because the PDF of manipulator error is finita! i6 the location of a domino resulting
from manipulation). Thus with probability one the assenfirgcess will fail.C]

The theorem means that although there are structures thieaec much larger overhang
given the same number of dominoes than the harmonic sellig#osp none of them can

withstand even slight imperfections in manupulatioffor the harmonic series solution,
however, there is a nonzero probablity thatsalpieces placed by the manipulator will
be balanced, although with probability 1 the total overhaiignot reach the theoretical

maximum ofH,,.

6 Experiments

This section presents the results of a simulation of an ifepemanipulator assembling
the harmonic series structure. The number of dominoes wd fixee 100. The maximum
overhang achieveable with perfect manipulation is thus

H100 ~ 5.187

1We can also try and modify the horizontal positions of thenkesomewhat to try and improve
the probability of successfully completing the structuréhe expected overhang achieved before the
failure - see the experiments section for this. However thigueness of the solution is in that we
always need to have only 1 piece per horizontal layer.
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Figure 4: Results for manipulation without information abthe location of already placed
pieces.

For each simulated assembly process | measured the ovealchigyed just before the
structure crashed because of lack of balance, i.e. if ihedsvhen the manipulator was
trying to put 98-th domino down, the overhang achieved byfits¢ 97 was measured.
The mean overhang is the average over multiple randomiiadd trsing identical model
parameters. The individual experiments are described irerdetail in their respective
subsections.

6.1 Basic case - sensorless manipulation

In this experiment | assumed that the manipulator does mawkvhere it had put the pieces
that are already in place (i.e. what are their displacenmaumsto manipulation error) and
tries to put the next piece in theoretically optimal for petfmanipulation position, i.e. it

tries to achieve
b 1
a = _—
k ; n—ii+1

The noises of the manipulator was varied from 0.001 to 1 length unit (dregth of a
domino is 2 units). For each noise level 1000 random itemgtiwere made. The aver-
aged results are presented in Fig. 4(a). One can see thatehgang decreases as noise
increases. It is exactly what one would expect - the wordedisitanipulator precision, the
worse is its performance in building a delicate balancingcstire.

One thing to notice about this experiment is that even forsimallest noise value the
average overhangis approximately 1 unit shorter than #arétical maximum. The reason
for that is that the last piece almost always creates imisalansome part of the structure
and the first 99 pieces are almost always balanced, becarsdaglso much “reserve” in the
perfect structure to accomodate the upper piece. Even iBdl amount of this “reserve” is
taken by errors in manipulation, usually it is enough td btive a balanced structure until
the attempt to put the 100th piece in its place.

6.2 Taking noiseinto account - sensorless case

One way to take imperfections of the manipulator into ac¢@uto not try to aim the domi-
noes for the positions that are optimal in the precise mdaipucase. In this experiment
the manipulator still did not know the offsets of the piedeat it has already placed. The
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Figure 5: Limited sensing case results o= 0.005 (left) ando = 0.05 (right)

target position ok-th piece was

k
1
@) =92 i
=1

where factory was varied from 0.5 to 1.5. For each valueyd8000 random iterations were
made. The results for = 0.005 ando = 0.05 are in Fig. 4(b).

One can see that the optimalis less than 1 (i.e. with imperfect manipulator we should
not try to place pieces as aggresively to the right as withréeptone), and also that it
depends on manipulator noise value. Using optimidr o = 0.005 we are able to achive
average overhangs close the theoretical for maximum fariggenanipulation. Also by
the locations of the peaks in the plot corresponding te 0.005 one can see the values of
~ for which a transition is made from structures witlpieces being usually stable to being
usually unstable - each peak denotes a decreménbpfl.

6.3 Taking noiseinto account - limited sensing case

“Limited” in the section title refers not to sensing, buthat to the way we deal with the
sensing results. Assume that the manipulator now knowstaheueal positions of the
pieces that it has already place. Then one approach would bet for the following
location of the next piece:

ar (v, ap—1) = ar—1 +7n “h 1
Again, 5000 trials were done for each combination of paremelues. The results are in
Fig. 5(a) ¢ = 0.005) and Fig. 5(b) § = 0.05). One can see that the idea is not a good one
- the maximal overhang is smaller (especially o= 0.05) than one without taking the
real positions of the pieces into account. Of course it do¢suggest that the information
about the real positions is useless for this problem, ordytthis particular way of using it

is the wrong one.

7 Conclusion

This paper considered a well-known puzzle of stacking doesmon top of each other so
as to achieve a maximal overhang. It emphasized the probiessembling the solution
to the problem with an imperfect manipulator. It has showat flor a certain class of



manipulator only the solutions with 1 domino per horizom¢akl are feasible. Also it has

demonstrated that close to theoretically optimal overkaam be achieved if the precision
of the manipulator is good enough and the fact that the méatimuis not perfect is taken

into account. The problem of finding the optimal way to talepbsitions of already placed
dominoes so as to maximize overhang remains to be solved.
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