
Spacetime Control
Animation of Natural Phenomena

Goal. Suppose wish to control the following physical system:

 so that it achieves a certain animator goal at a certain time. One way to achieve this is 
with gradient-based optimization.

Step 1. We first discretize the system into a sequence of timesteps:

 using a simulation function which approximates f(x):

Step 2. We then add control variables, ui which allow us to alter the simulation while it’s in 
course. (These are like special “god forces” which we get to add to the system.) 

 We then wish to solve this system across all space-time at once, so we gather the state 
and control vectors into big vectors:

Step 3. We express the desired goal as an objective function:

 for which lower values indicate better agreement with the animator goals.

Step 4. The key step is to take derivatives of this function with respect to every control 
variable. By the chain rule, we get:

 Expanding the state derivatives we find a recursive structure which mirrors the 
simulation:
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x0,x1, . . .xn

xi+1 = S(xi)

xi+1 = Si(xi,ui)

x =
⇥
x

T
0 ,x

T
1 , . . . ,x

T
n

⇤T

u =
⇥
uT
0 ,u

T
1 , . . . ,u

T
n

⇤T

�(x,u)

d�

du
=

nX

i=0

@�

@xi

dxi

du
+

@�

@u



Example

Suppose we wanted to control a 2D ballistic simulation. The state consists of the 2D 
position and velocity of the object:

The control parameters u = [u1, u2] control the initial velocity:

The state updates as follows:

Therefore the derivatives are:

If we wish to match a particular target position          at timestep 9. Then the objective 
function will be:
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x = [x, y, ẋ, ẏ]

x0 = [0, 0, u1, u2]

xi+1 = xi + [ẋi�t, ẏi�t, 0,�9.8�t]
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Ballistic Motion with Derivative-based Control

Initial Velocity: 1 40 Target: 16 0
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In this example, we controlled a object flying 

through the air under the influence of gravity. 

Each iteration, we measure derivatives and 

update the initial velocity opposite the direction 

of the gradient.


