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Example

These simulations could never have 
been created by hand.
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miẍi

⇥

M ¨̄x = F

(def)

d

dt

�

i

miri � ⇥ � ri = �

d

dt

�

i

mir�i r
�
i ⇥ = �

d

dt

�

i

miri � ẋi = �
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P(t) Ð linear momentum

L(t) Ð angular momentum

P(t) Ð linear momentum

L(t) Ð angular momentum

Rigid Body Equation of MotionRigid Body Equation of MotionRigid Body Equation of Motion

( ) ( )

( )( )

( )

(
( ) ( )

( )
( )

( )

)

v tx t

td d t t
t

dt M

t t

v tdt F t

t

R R
X

I

!

"!

#

$ %$ %
& '& '
& '& '= =
& '& '
& '& ' & '( ) ( )( ) ( )

( )( )

( )

(
( ) ( )

( )
( )

( )

)

v tx t

td d t t
t

dt M

t t

v tdt F t

t

R R
X

I

!

"!

#

$ %$ %
& '& '
& '& '= =
& '& '
& '& ' & '( ) ( )

SF21SIGGRAPH 2001 COURSE NOTES PHYSICALLY BASED MODELING

Tuesday, November 29, 11



Discrete Inertia

I =
!

i

mi r�i r
�
i

I =
 

i

�

⌥mi

⇤

⇧
! y2 ! z2 xy xz

xy ! x2 ! z2 yz
xz yz ! x2 ! y2

⌅

⌃

⇥

�

Tuesday, November 29, 11



( )

xx xy xz

yx yy yz

zx zy zz

I I I

t I I I

I I I

I

! "
# $

= # $
# $
% &

( )

xx xy xz

yx yy yz

zx zy zz

I I I

t I I I

I I I

I

! "
# $

= # $
# $
% &

2 2( )xx
V

I M y z dV= +' 2 2( )xx
V

I M y z dV= +'
off-diagonal termsoff-diagonal termsdiagonal termsdiagonal terms

Inertia TensorInertia TensorInertia Tensor

xy
V

I M xydV= ( 'xy
V

I M xydV= ( '

SF20SIGGRAPH 2001 COURSE NOTES PHYSICALLY BASED MODELING

Continuous Inertia
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Inertia Tensors Vary in World Space...Inertia Tensors Vary in World Space...Inertia Tensors Vary in World Space...
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Pros:Pros: Simple.Simple.
Cons:Cons: Bounding box may not be a good fit.Bounding box may not be a good fit.

Inaccurate.Inaccurate.

Approximating I body: Bounding BoxesApproximatingApproximating   II bodybody: Bounding Boxes: Bounding Boxes
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Pros:Pros: Simple, fairly accurate, no B-rep needed.Simple, fairly accurate, no B-rep needed.
Cons:Cons:Expensive, requires volume test.Expensive, requires volume test.

Approximating I body:  Point SampingApproximatingApproximating  II bodybody:  Point:  Point Samping Samping
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Pros:Pros: Simple, exact, no volumes needed.Simple, exact, no volumes needed.
Cons:Cons:Requires boundary representation.Requires boundary representation.
Code: Code: http://www.http://www.acmacm.org/.org/jgtjgt/papers/Mirtich96/papers/Mirtich96

Computing Ibody: Green’s Theorem (2x!)ComputingComputing  IIbodybody: Green’s Theorem (2x!): Green’s Theorem (2x!)
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Rigid Body Dynamics
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Outline
• Detect Collisions

• Compute Collision Type

• Depending on Collision Type...

• Apply Impulse Force

• Compute Resting Contact Forces
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Outline
• Detect Collisions
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• Depending on Collision Type...

• Apply Impulse Force

• Compute Resting Contact Forces
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Problem
• Positions NOT OK
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Collision Detection

Assume we have some
spatial collision detection algorithm.

(This can be solved in less than O(n2) time.)
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Outline
• Detect Collisions

• Compute Collision Type

• Depending on Collision Type...

• Apply Impulse Force

• Compute Resting Contact Forces
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Geometric Contact

• Vertex-Face

• Edge-Edge

source: http://www.cs.ubc.ca/~van/cpsc526/Vjan2003/projects/gao/index.html
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Physical Contact

• Impulse Collision (“bounce”)

• Resting Contact
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Physical Contact

• Impulse Collision (“bounce”)

• Resting Contact
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Physical Contact

B

AA

A

B

pa( t)

pb ( t)
pb ( t0)

pa ( t0)

Figure 20: (a) The points pa(t) and pb(t) for a vertex/face contact. (b) At time t0, the bodies come

into contact at pa(t0) = pb(t0).

edge on body B points. For edge/edge contacts, n denotes a unit vector in the ea× eb direction.

We’ll adopt the convention that the two contacting bodies are labeled A and B such that the normal

direction ea× eb points outwards from B, towards A, as it does for vertex/face contacts.

For both types of contact, the position of the contact in world space (which is either the contact

vertex, or the point where the two edges intersect) is given by p. The collision detection routines

are responsible for discovering all the contact points, setting Ncontacts to the number of contact

points, and allocating space for and initializing an array of Contact structures.

The first thing we’ll need to do is examine the data in each Contact structure to see if colliding

contact is taking place. For a given contact point, the two bodies A and B contact at the point p. Let

pa(t) denote the particular the point on body A that satisfies pa(t0) = p. (For vertex/face contacts,

this point will be the vertex itself. For edge/edge contacts, it is some particular point on the contact

edge of A.) Similarly, let pb(t) denote the particular point on body B that coincides with pa(t0) = p

at time t0 (figure 20). Although pa(t) and pb(t) are coincident at time t0, the velocity of the two points

at time t0 may be quite different. We will examine this velocity to see if the bodies are colliding or

not.

From section 2.5, we can calculate the velocity of the vertex point, ṗa(t0) by the formula

ṗa(t0) = va(t0) + ωa(t0) × (pa(t0) − xa(t0)) (8–1)

where va(t) and ωa(t) are the velocities for body A. Similarly, the velocity of the contact point on

the face of B is

ṗb(t0) = vb(t0) + ωb(t0) × (pb(t0) − xb(t0)). (8–2)

Let’s examine the quantity

vrel = n̂(t0) · ( ṗa(t0) − ṗb(t0)), (8–3)

SIGGRAPH 2001 COURSE NOTES G41 PHYSICALLY BASED MODELING

pa(t) = contact point on body A
pb(t) = contact point on body B

pa(t0) = pb(t0) but in general pa(t0) !  pb(t0)
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Physical Contact
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A

B

n̂

contact force

˙ p a( t0) − ˙ p b ( t0)

Figure 22: The vector ṗa(t0) − ṗb(t0) is perpendicular to n̂(t0); the bodies are in resting contact. A

contact force may be necessary to prevent bodies from accelerating towards each other.

A

B

n̂

˙ p a( t0) − ˙ p b ( t0)

Figure 23: Colliding contact. The relative velocity ṗa(t0) − ṗb(t0) is directed inwards, opposite

n̂(t0). Unless the relative velocity is abruptly changed, inter-penetration will occur immediately after

time t0.
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Physical Contact
(ṗa(t0)� ṗb(t0)) án < 0

Impulse collision.
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A

B

n̂

contact force

˙ p a( t0) − ˙ p b ( t0)

Figure 22: The vector ṗa(t0) − ṗb(t0) is perpendicular to n̂(t0); the bodies are in resting contact. A

contact force may be necessary to prevent bodies from accelerating towards each other.

A

B

n̂

˙ p a( t0) − ˙ p b ( t0)

Figure 23: Colliding contact. The relative velocity ṗa(t0) − ṗb(t0) is directed inwards, opposite

n̂(t0). Unless the relative velocity is abruptly changed, inter-penetration will occur immediately after

time t0.
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A

B

n̂

contact force

˙ p a( t0) − ˙ p b ( t0)

Figure 22: The vector ṗa(t0) − ṗb(t0) is perpendicular to n̂(t0); the bodies are in resting contact. A

contact force may be necessary to prevent bodies from accelerating towards each other.

A

B

n̂

˙ p a( t0) − ˙ p b ( t0)

Figure 23: Colliding contact. The relative velocity ṗa(t0) − ṗb(t0) is directed inwards, opposite

n̂(t0). Unless the relative velocity is abruptly changed, inter-penetration will occur immediately after

time t0.
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Physical Contact

( úpa(t0) ! úpb(t0)) án = 0

(ṗa(t0)� ṗb(t0)) án < 0

Resting contact.

Impulse collision.
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A

B

n̂

contact force

˙ p a( t0) − ˙ p b ( t0)

Figure 22: The vector ṗa(t0) − ṗb(t0) is perpendicular to n̂(t0); the bodies are in resting contact. A

contact force may be necessary to prevent bodies from accelerating towards each other.

A

B

n̂

˙ p a( t0) − ˙ p b ( t0)

Figure 23: Colliding contact. The relative velocity ṗa(t0) − ṗb(t0) is directed inwards, opposite

n̂(t0). Unless the relative velocity is abruptly changed, inter-penetration will occur immediately after

time t0.
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A

B

n̂

contact force

˙ p a( t0) − ˙ p b ( t0)

Figure 22: The vector ṗa(t0) − ṗb(t0) is perpendicular to n̂(t0); the bodies are in resting contact. A

contact force may be necessary to prevent bodies from accelerating towards each other.

A

B

n̂

˙ p a( t0) − ˙ p b ( t0)

Figure 23: Colliding contact. The relative velocity ṗa(t0) − ṗb(t0) is directed inwards, opposite

n̂(t0). Unless the relative velocity is abruptly changed, inter-penetration will occur immediately after

time t0.
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Physical Contact

A

B

n̂

˙ p a( t0) − ˙ p b( t0)

Figure 21: The vector ṗa(t0)− ṗb(t0) points in the same direction as n̂(t0); the bodies are separating.

which is a scalar. In this equation, n̂(t0) is the unit surface normal, described by the variable n, for

each contact point. The quantity vrel gives the component of the relative velocity ṗa(t0) − ṗb(t0)

in the n̂(t0) direction. Clearly, if vrel is positive, then the relative velocity ṗa(t0) − ṗb(t0) at the

contact point is in the positive n̂(t0) direction. This means that the bodies are moving apart, and that

this contact point will disappear immediately after time t0 (figure 21). We don’t need to worry about

this case. If vrel is zero, then the bodies are neither approaching nor receding at p (figure 22). This

is exactly what we mean by resting contact, and we’ll deal with it in the next section.

In this section, we’re interested in the last possibility, which is vrel < 0. This means that the

relative velocity at p is opposite n̂(t0), and we have colliding contact. If the velocities of the bodies

don’t immediately undergo a change, inter-penetration will result (figure 23).

How do we compute the change in velocity? Any force we might imagine acting at p, no matter

how strong, would require at least a small amount of time to completely halt the relative motion

between the bodies. (No matter how strong your car brakes are, you still need to apply them before

you hit the brick wall. If you wait until you’ve contacted the wall, it’s too late...) Since we want

bodies to change their velocity instantly though, we postulate a new quantity J called an impulse.

An impulse is a vector quantity, just like a force, but it has the units of momentum. Applying an

impulse produces an instantaneous change in the velocity of a body. To determine the effects of a

given impulse J, we imagine a large force F that acts for a small time interval !t. If we let F go to

infinity and !t go to zero in such a way that

F!t = J (8–4)

then we can derive the effect of J on a body’s velocity by considering how the velocity would change

if we let the force F act on it for !t time.

For example, if we apply an impulse J to a rigid body with mass M, then the change in linear

SIGGRAPH 2001 COURSE NOTES G42 PHYSICALLY BASED MODELING

(ṗa(t0) ! ṗb(t0)) · n > 0

( úpa(t0) ! úpb(t0)) án = 0

(ṗa(t0)� ṗb(t0)) án < 0

No collision.

Resting contact.

Impulse collision.
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Outline
• Detect Collisions

• Compute Collision Type

• Depending on Collision Type...

• Apply Impulse Force

• Compute Resting Contact Forces
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Problem
• Positions OK

• Velocities NOT OK
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Outline
• Detect Collisions

• Compute Collision Type

• Depending on Collision Type...

• Apply Impulse Force

• Compute Resting Contact Forces
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Problem
• Positions OK

• Velocities OK

• Accelerations NOT OK
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• Similar to constraints before, we will 
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Solution Outline

• Similar to constraints before, we will 
compute constraint forces.

• Except...

• There will be inequalities.

• There will be quadratic terms.
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3rd Constraint
• We require that the force at a contact 

point become zero if the bodies begin 
to separate.

Wind Force

Path of Brick
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Collision DetectionCollision DetectionCollision Detection

¥ O(n2) nature of the problem

¥ A number of ways to avoid quadratic 
performance:

Ð Improve the constant by using bounding boxes

Ð Use temporal coherence
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Question
• What type of discrete geometric 

representation should we use for a 
deformable object?

• What sort of forces apply to deformable 
objects, i.e. in what ways do they resist 
deformation?

• How can we compute these forces?
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