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Graph Spanners 5 5 21

Det D G IV E undirected funtowdiighted

2 It V EA East's
ifis a K spannerof G

Tx yet distal 474K distolx Y

Note K is called the stretch factor
Goal Min Ep for a given factor K

Note Need only consider stretch of edges

Edges
in

g
Path in it



2
Known

Thin 312k Il spanner with
Yal n't edges

Def The Girth of G is min size cycle

eg The mesh graph Mnhas girth 4

Thus H G M n the stretch 33

The missing edge will have stretch 3



Erdos Girth Conjecture 3

Conjecture Erdos F GIV E

1 1151 1 In HK
2 Girth G 32K 11

Thus Thm is worst case optimal

Today 01M time algor constructing
14ktDspanner with 01Mt Y edges

we settle for expected stretch size



Todays Spanner Algorithm 4

Procedure Spanner G K

1 Set p lognak thus 2K b8
2 G n C 3 ExpDelay Gp clusters
3 Foreach Ci add BFS forest to It
4 For each boundry vertex v
add eine edge to It for each adj cluster

Return H
f fwetpig.li one of

a



Ball Growing Using Exponential Delay 5

Procedure ExpDelay Gp
1 Each vertex VeV draws Xr Exp p
2 Each Ve V computes S v Ymax Xv
3 Each Ve V starts a BES at time Sr
a If v is not owned at time Sv
then V owns V

b Each V is owned by first
arrival vertex

Jet Fi Xanax Ti Xi dist vi c
early arrival Ownerhas max I I



Since ExpDelay G p is 0cm 6

time so is Spanner G K 0cm time

To show
1 Expected stretch is 4KH
2 Expected sizeof His 01NHK

We start with stretch
Note Needonly consider stretch ofedges

case 1 e is internal to a cluster

stile 52 radius c

ELMaxradius kD shpI 2k
Astrid 4k



Case 2 Edge e is between C C 7

and e is added by bdry vertex v
case a e is only edge from V to C
In this case EE II to

case b F e't e D e e Ea

e
2 e from V to C

stride dial tl Estrid e 4kt I



The Expected size of E
8

Two types of edges
1 Internal to a cluster Forest Edges
at most n 1 such edges

2 Intercluster edges
baundry nodes s n
clusters common to a bdry node

Let ve V consider random variable

Cv distinct clusters common to v

Thin EEG s e2P

Thus Expected number of intercluster
Sn EE n ehist NH k p

en n
2K

We need only prove Thm



Question How many clusters will a 9
vertex see f share an edge with

1 It will belong to one cluster

23How many edges to distinct clusters



Back to horse racing 10

Consider early arrivals to V

o f

7
Note A vertex must arrive within

2 units of first arrival
to possibly own a neighbor of V

t tini of firstarrival to

Gap is 142 t I

Tini t I
04

t.IT
yea
tho second

first at time to



Possible Neighboring Clusters to V

I possible
i a owners of

D

a
heigcluster

µ
f 2

0 TIN

We prove a more general thm

suppose BisaballofG with
1 center Ve
2 diameter d

Consider randomvariable

CB Cluster B clusterldusternB 031



Thin EEG is edP 12

ABE number of arrivals to
within d time of first to v

Note CBI Ap
pyt

I

Claim Prob Ap t 41 Ed

pf of claim

Consider time of tth early arrival
i e T TIn TH t

We give two proofs
The first we consider time TTn.tn
and we too c forward in Time
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Lets use the lightbulb analogy
Formally the event Ap t is true if the time window
Fin d Tin has at least t failures

bulbs on 7th d

G d
D

a
p f

o j
O p
l

bulb Iife failure s

Thats Fln Fln the diff Appt
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View2 From time TTn tell the remaining t 1 Hubs
mustfail by time Fln tall d
bulbs on

d t.tk to last

µ e Isin c

p D
j

d

bulb life failure s

At time TTn.tt there are t 1 memory less

iid exponential random variables
one for each first t 1 early arrivals
Each must take avalue 3 d which will happen
withprob 11 ed

Byindependence we get I EdB t is the prob
they all are Ed



Proof2 consider the order statistics 15

TI s stays In
Consider random variebls GAR In In il
ie GAP Im Im
In Probability 101 lecture we showed that
CAP a Explip

Thus Prob Apet Prob GAP is d

Lets do case t 3

fly Prob GAP GAP X

Since Gaps are independent
X

FM peM.pe dy

2pct pe dy



2Be 2B EBI
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f IN 2B EM spe 2M

Fly 2 1 e
BY fl e

2M

I PY
e spy

i eexp

setting Ysd and t 3 we get

Prob Ap's3 fl EP
d 2

this argument generalized to t



17

Flap Prob Ast Ea Edp
P

t 1

1 edp
I fl ede

QED Weuse fact that di


