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Spectral GraphTheory 2 1 21

Yet another way to search a
Graph

so far we have used
1 DFS
2 BFS

3 Today Random Walk

We will show Random Walk are intimately
related to viewing the graph as a network
of resistors

This will allow us to use more math
1 Linear algebra

1 Linear systems
2 Eigenvalues vectors
3 Numerical analysis

2 Matrix Chernoff bounds
3 Current Energy






































































































































2
Resistive Model of a Graph RandomWalks

Modivation Making a recommendation
Netflix

Viewers Moves
O

o ranking

O 0

Question Should we recomend M to V
I Score V M

Ideals Set score YM graph distfvMI

es Wii Yranki's
1

Score YM min Length P
vPM

Idea 2 set Wfp min rankle Pspath
CEP

Score V M Max WIP
Pm






































































































































3Problem For ideas 1 2 extra paths may not
improve score

Idea 3 Score V M E Max flowfrom V to M

Prob Shorter paths do not improve score

Idea 4 View edges as conductors
score YM effective conductance

Idea 5 Consider random walls from to M

Iscore IV M
h for my hit Mil

where hitsV M E Expected length random walk fromV toM

We will show 4 5 are equal up to scaling






































































































































4
Hypothesis

Effective Conductance
ComuteTime s Hittinm tHittin v
are better scores 6

To Do
1 Give formal definitions
2 Develop basic theory
3 Give effecient algorithms
4 Find applications






































































































































A New Type of Flow 5

Recall The max flowproblem Model

1 Graph G V E
2 Edge Capacities Ci
3 Edge flow E R
4 Model or constraints

1 flowin flowout

g flow s capacity Defining Property
5 Goal Find Maximum flow






































































































































Electrical How Problem Model 6
1 Graph G N E s t

2 Edge Conductance Resistors

3 a Edge Currents flows
b Vertex Potentials1voltages new

4 Model or Constraints
a flow in flowout VEILS t

b Flows Potentials satisfing new
Ohm's Law

5 Goal
1 Find vertex potential satisfing
4A 4b with prescribed flow
from stot

Equivalently
2 Find min cost energy
flow of fixedsize from S to T






































































































































Ohm's Law Electrical View 7
Current

battery conductor
Ti

Electrical Model Flow Model

C conductance capacityRs Ye resistance
current 3 flow

V Voltage or potential 3 new

Ohm's Law i Civ or iR V

Voltage current are linearly related






































































































































Important Simple Identities 8

Resistors in series sum

R R Rs Rm
Mhm M Wh Graph Dist

ily
replacement

V

E YR where R R 1 Rm

Conductors in Parallel Sum
C

Mr
i v e whereM

o C Gt Cm

Nit fi Graph Max Flow
Cm
1 4

Replacement

V






































































































































Effective Resistance Conductance 9

Let G V E be a network of resistors

a current1111

Veb Voltage

Claim V Vab 3 iab
Iab is linear in Vab

Def Rab Vab Iab Effective Resistance

We need to show Rab is well defined

1 We will assume that current goes from
high to low voltage






































































































































10

Computing Effective Resistance from a Tob

Kirchhoff's Law Except for a b
at each node flowin flowout
EG Xs Voltages TV3
X G Cz I i3x V
G iz
Xa T

2

Ohms Law

ii GIV Vi residual current
is.cz V Val

iitIztizizCz V Vz

Thus citiatis is needed injected current
needed to satisfy Ohm






































































































































By Kirchoff I t Iz t Is O Il

C N V GIV Va 1GW Vs D

GtCat G V C V t GK GVz
Let C C 1Gt G
then CV Gut Cava 1GB
or V E V t GerstenVs

Thus must be a convex combination of
V ok V3

The needed current needed to satisfy
Ohm's Law will be CV EV Czk Gb

Thus injecting current into node is
positive While removing current is negative

We next determine the general case






































































































































Graph Laplacian 12

We work out the general case
G N E C Rt

Y Vn

Let di d Ni is

Def Laplacian G HG L

Lij d Nil if i j
Cig if Iii c E
O U W

Weighted Adjacency Matrix A

Aij Cij if Ci DEE
O U W

Degree Matrix D dot

nNote L D A

Thug Vs vector of potentials then

LV needed injected current need to
maintain V






































































































































Method E for Computing Effective Resistance
13

Note If P is a column rector of potentials voltage
then LP residual current at vi

Let a V b Vn

solve
Lf Y for inn in

Return Yi possibly

Claim is a boundary valueproblem
and thus always has a unique solution

no proof

A is not in normal linear algebra form
Aab






































































































































14

Method 2 Solve LV ftp retomRm ViVn

Does V exist when

Another way to view the haplician

Boundary Operator vertex edgematrix

mm e e en for each column CiB E
t 1 at head
I 1 at toil

n
O O W

C g

Tt e Ge y
e th Ey th l O O

og B s K I l I
G Vz O l 0

Vs Vy 0 0 1

Note If f is a vector of flows then
Bf is a vector of residual flow at vertices






































































































































Writing L as MMT

Note If f is a flow then
Bf surplus flow at
vetices

Bf's injected flow 1 7

Let e em be the edges of G
And G cm their conductance

Def C

Consider B CBT

Let V be a vector of voltages






































































































































Observe

1 BTV E Voltagedrop across each edge

a CBTV E minus the current flow

D cBir sew
10hm's

4 C B f CBT vs inject current

Thus BCBts f B fCBD L

TTterfogies






































































































































Assume G is a connected graph
17

Questions

what is rank LG
what is Ker LG _Ex Lox so

Consider xthx XTBCBTX

IBTXFCBX E.ci Hi AI
thus

4DEE

xTLx O iff this's eE X EO SH X
why

G connected Viii Xi X
Ker LG S E
rank L n I






































































































































Note Lx O iff xTLx O
18

clear
I xthx xBCBx C'kB c Btx so

c Bix so

BC d 135 0

LFO



Current EnergyPower Dissipation
19

CIR
Model W

Ji
Post Newton Energy Force Distance's Force Speed

Electrical Energy Volt Current
v i i or l

I CV2 12

i'p V R
13

For Network E Ya lixylNxVyl



Energy in terms of voltages 20

T
VIV VTB TV Bir e Btv

EG Nx KY E
oriented Else

g.jglixyllvx k.lt E

Energy of a flow

Elf E Riff s ftp.f Rsf if
by 3



Two Types of Flow
21

Recall A flow f ETR oriented edges
Thus The set of all flow is a m dim vectorspace

Det Potential flows Btv1 VER I Pg
If G is connected then Pe is a ChD dins space

Det circulation flows f ERM Bf so CG
G is connected Let T be a spawningtree

Claim CG is a cm nail dim space G connected

1 Subspace 1easy
2 EIT I nontree edges
1151TI M N 11

3 Claim any flow on 151T can be extended
to a circulation

4 f g CCgthen ffk.IT 8ft IT iff f sg

Dim Pg n 1

Dim Co m ntl



R orthogonality of potential circulation22

flows

Thm Let Fe C Cg Sp C Pg then

fERgp o where Rsf ion
That is Ri fi'S D

pf 9pepo First 9ps CBT thus

fER9p FERCBTV fatBTV

BfcTVs OTV 0

Thus 1 Cg Pg spans Rmlall flows

2 Ft e Rm F Fe Igp st f fetgp
Def fa E f la b

a b EE

Def f ERM is a unit flow from a to b if
1 f is a flow
2 fg fb I

3 0 for VC a b



Thomson's Principle 23

Potential flows are min energy
Thm D If f is a unit potential flow from a to b

2 If g is any unit flow from ato b
then FTRf s gTRg

PI we know that g s GptSe where

D9 p is a unit potential flow from ato b
2 Gc is a circulation

But there is only one unit potential flow from aTob
Thus 9psf g f Ge

GTRg fig eTR ft f s fTR f t 29112ft GERg
O

FTR f t GERge3 ftRf

Def orthm Effective resistance from a to b

BRab ffRfp
Fps unit potential flow from a tob



Rayleigh's Monoticity Law 24

Adding new resistors only decreases resistance

Thm Suppose networks Gg V E R GENE R
s t pi R then ERab 3 ERab

pt Let f unit potential flowfrom a Tob in GR
G's Gp

ERabsgtpg e.gg Pie

3 E 9 Re
EEG

3 E fire Thomson

cc G

FERfe s BRab



25
Hw Show that Rab is a metric space
i e D Rab O

2 Rab O iff a b
3 Rab Rba
4 Bae b Rab'sBbc

Question Are all finite metrics the
resistive metric of some graph


