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Random Walk as a matrix vector
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Note All col sums in ATD 1

Det ATD transition matrix
In our case

A AT E Pi's R so

Two Natural Questions

D F dist F s t AD B P 7

stationary dist
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3Answers
1 Yes no

Leta Edi F YdDf
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thus d din is an eigenvector
with value 1

In general not unique
Gs A L f note XD B
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2 In general no
4

lb will notconverge

Ttm If G is not bipartite
and connected then

f pH 1ploy I 10 0 then

75 AD p IT

2 Wewill prove convergence by answering
a more general question

Question How fast does a
walk mix on G



Goal Use spectralThm
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Prob A symmetric but AD not

We do a change of variables

AD A D AD IAnsym
pl pool'D D th p
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K
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Mixing as fan of Error 6

Thus A 17 17

Def New def of error
Error El IT A 5107 17 puck

Question Elk's DYael's
o

How fast does 5 go to 0 with K
If at all

Note lid
AIT AN pl
IF A 5107 8

Thus e IT EM
A much simpler recurrence
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Spectral Thm
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sft

If A is real Sym matrix then

1 Eigenvalues of A are real

i.e Axs XX his real

2 If Ax LX A guy I u

then XTy O ie X LY

3 I orthonormal bases
Y yn eigenvectors

staff Is
4 A i di YiYi



Perron Frobenius Tkm 9

Suppose Ah o

Graph G is strongly connected

Det z at its C Cl

131 5 5 Mg
spectral Radius PCA shfgfyn.gl H
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es hi f

WE 3rd root of unity

to EH WH
w is an eigenvalue

X A l w w



Thin PF
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1 pCA is a simple eigenvalue of A

If is its eigenvector then

sign Xi s sign IX O Vi j
2 0 c WA lol s pCA the

04pA is an mth root ofunity

and all cycles in G A hare

length a multiple of m
3 Only non neg eigenvector
is X

pf maybe



Back to the symmetric case
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Suppose eigenvalues are

121 true
axis sins fins

Orthonormal vectors are

Yn T.cl

We know that

Elo's 9 Y t t d n Ym

EAT Xp Y t Hin an.in
E d a y t Xii xn Ym
We will show that
The mixing rate determined by

max 1h l Hn il



What norm do we want our
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error

I El I eh I e lo
consider 15 l Howdoes famPare to

since Yi's are orthonormal

1 EM Kai Hit Kai
pick ks.tl s ya 16 not bipartite

I E t Eis ret
D staff HEY

Thus every 11 steps error goes downby 42

Det Mixing rate

MY 21k ll 41do'll
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L norm Cauchy Schwartz

CS a be Rn
2
b slatallbib

Det If a then lakh

e g b a arbitrary

la 1,2 1 afb Stal'Tal n
Gta n

Thus lat sin lab



Claim Mixing rate in L is

S

Otogn mixing in La
Betterestimates for L error are harder

pf Ie
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Consider Randon walks on path graps Pn
16

We will show that XsHB fl Ym
Not fl Yn Ye
Thus mixing rate for Pn is a n


