
 

Preconditioned Iterative Methods 1512519N3 4 21

Basic Idea toget faster convergence
Our Goal Solve Ax _b where A Spd or SPSd

As an example consider Richardson Iteration

Pick a matrix 13 and solve
B AX B b 1B is called a preconditioner

Note AI b Iff B AI B b

Richardson's gives Xn XnHB b B AXn

XntB b Axn

Thus Preconditioned Richardson is
Gwen Xu

1 Computer b Axn
2 Solve BY V
3 Return Xm XntY

Step2 Preprocess D LU or

Recursively solve



Examples of Preconditioners 2

1 Extrapolated Method
13 91 where 4

2

Xm.nlA thma A

2 Jacobi B Diagonal A

3 Gauss Seidel B LowerTri A

4 55073
5 GraphTheoretic We will consider

Convergence Rates per iteration

This Dre Richardson Rater Its A

2 Pre CG Rate tip
Goals Find B st

1 Better convergence rate
Solve Bysr not too expensive



Estimating KCBA 3

Note B A XIX iff AA BX 1B invertable

Def t RX are called generalized eigenvalues eigenvectors

If A 13 are not invertable but Null A sNull1737 thus

Def X IA B X Fx AX Bx XENUNAKNullCBD

Note Ax lBX iff BX 4 Ax 1 10
If B spd this AX BT iff B A B I X
thus if A is also spd this 1 in real

Claim K BA1 MaxX LAB
mind 1AB

Max AB Max 1BA

Def NAIB argymin A3713

thus KID A sf A B TIBIA



Subgraph Preconditioners
4

Pick HSG to be a subgraph of G

Set 13 4 A LG
Now 138A thus X 1A B 41

Kl B A s tf A B savgmz.in AbzB3

For any subgraph preconditioner



Spanning Tree Preconditioners 5

Upside If Tis a tree then solver in 0 n time

Vaidya Pick T to be a Max weight spanning
tree of G

Question what is T I k l G T

T Gk main4Gt thy
Letsuse path embeddingargument to bd Y
4 G sT

Congestion t m m s edge in G
Dialation In I 3h

Thus Let cDh bm.nl K G T 3mm

Worst ease thebest possible

Gs e
XIX en

I th XIX ans
I K r s 0MYT e e i e

I Hz

Thin Max SpanningTree PCG is 01 m n l bit
1 0 m time to find tree
a 0 m time per iteration
37011mm 2 iteration per bit using PGG



Finding A Belter Spanning Tree 6
Two ways 1 Better condition number

2 Better eigenvalue distribution

cg Let G Cn the cycle graph
F Pn its spanningtree

Claim Kl Cn R s 01N
s T Pula 1 rt Cnlpn c D s Oln

3 Consider X X Xn Xis i
xTCnX LnD n D
Tip h

Kma lPntG n Xm Ptc 1

what is the average Edi
ie Tr Bien



Trace 101 7

1 Tr KA aTrCA

2 TRIA Aii Eli
3 Trl ABC Tr CAB

Let A LG 13 4 HEG
Def ER z nor EffectiveResistance in Bfromutov

Claim TrlBtA
e nWn

e ERBle etuis

pfhethuvsxuvxurxwsf.jo
TrlBtA TrlBtEWaluvl Luv

InDeA
T

Tr EWAIU.nlstXuvXurlDefofLuv

EwAluv7Tr BtXuvXIv Trofsum

Ewn.lu.DE XuTBtXuv 31

EwA1uv7XuTBtXuv check

WAH v ERBlestu v Def of Resistance

D



Back to CuwithtreePn 8

By Thin E.li Trfpntcn EBile
Xie Hcn Pn Cech

note VeePn ER e L

CE ER let n 1

Thus Edi 21h l
he 114 Pn

HT X 1 of size h I
1 of size 0
n 1 of size 1

Consider poly Pf3 I 3 fl Hn
Thus PfPntcn 0

PCG on CnPn converges in 3 iterations



Low Stretch SpanningTrees 1255T 9

Def Let T be spanningtree of G e c ElG
Let w w s be edge weights in T from
u to v where es un is

stretch e Wg e E Twi
je

Thin V G F spanningtree Tst
tretchle s 0 mbgnllog.lynDY

pet Algorithm proof non trivial



Chebyshev Polys Acceleration 10

Det Chebyshev Polynomials
To w 3 Icw w

Tn 1W 2W Tn W Tn w

ez Tfw 2W W I s 2W 1

Btw 2W 12hr32 W

4W's 2W W 4W 3W

es



Some Simple Facts 11

1 Tn D Ecoef
2 Tn I 1 LDn
3 n odd Tn w is odd

n even Tn w is even

Harder Facts
1 Tn w s fiwww.TY iiw NT.in

Hw

2 Unique Poly Satisiting

Tn Ko Slo Cos In 0

3 For 1 14
Tn X s cost narccos x

4 Boots Xx s cos I 19



1 1 12Image I

I

23tsoHggg
Thin d I Let Hnlw IN

Ya

T l HnH1 YinHd

2 Hn w is min deg suchpoly



Chebyshev Plus Extrapolated Method 13

Let K KIA 8 1

I
eigensof G

H

We will use TI Tn Ms Tn Yo
for our poly excelleration
Note In 117 I thus Eeoef L

picture
Yin

Note Hdl so thus IN Ql KT

goal bet from below Tn Yo

Y It I 72M whereas



Not ICD Yada ix Alarm
H

Z's xtrx.TT for X H

Tn IH2M s f lit 2Mt
s hmm 12 WTH
Iftar

M

2
Ern ask.r.iE.tt riIi
thus frj Y
Finally Ilyas's I

or tsatfii.IT



15
Ihmfsw Suppose we have

1,3 Hipp 3 3 In 3270
them Vt K 3PM of degree t s t

III pains 21 It
a

PI Let rex be the Chebycher poly
of deg t.kst
Vxsxsplnnlsaffg.IT

set pix HAITH XA
B
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to show Vikisn lPHiHs2fF
t

For Xz p PIX O

For X SB

Note I El for oast

Thus 1Pa Is traill a

Consider PCG using 255T

Let h s sins 4144 Lg
Note h 31

Tr Litho Olmhognetn

We claim most eigens must be small
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Thin PCG with 255T pre on

01m43log n iteration per bit

PI we will use Thm SW to show

3 Pts
1 degP D m'bbyn
2 Tiki IPA ill 5 42

In Thmlswl set p Tr LY 26173
Claim eigens3ps say K k Tp
pf k p s Tr k s B

we have that 4 0 X I thus 9 1

Set t in Thmlswl to t 2r
Thus Thm SW gives

V ilp.li 32lr tYIneredeglpls2rp



Vp 18Thus fi I Phill s 211 G a

Thus OfTr 12Thg
b Her per hit

or 01M blog n n iter per bit

a


