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15 859N
Golden Thompson Ine f 2 22 21

Thin Sym A B then Creal

fr feat B b Tr en B

note cAtB A Biff AB BA

In general Trl AtBtg Tr letteBeC

The proof use both eigenvalues
singular values

Intuition Think of eA as transition matrix

Def B similar to A if 3 invertible P
H B p AP

Properties preserved
rank eigenvalues trace minimal polynomial
Not preserved
angle between eigenvectors singular values



Real linear algebra needs complex numbers
I

at ib la b e R3
It lati b a ib

Det i Afi Hermitian

Def N E GMhis unitary MAN I
Thus M U UN I

Thus unitary are closed under Hermitian
Prod ut

Note Def Sa b a b
Thus Sa b Kona Nb

Def A is unitarily similar to 13 if
A N BU or A UTBU



Schur Decomp VA CEM 3 unitary Ust
3

U AN is upper triangular

Aii hi 1h13Hd 31W

PI is Gram Schmidt

A will have n eigenvalues
roots of polynomial detLA IT PA

but possibly not n eigenvectors

Thm Singular Value Decomp for A CRmn

3 N VER rst NEM VTV I
A UNT

r o
where A o r ti 0

r



PI ATA is S PS D thus ATA Qt Qt
4

Let Q be Q with zero eigenvectorsremoved
A beEh eigenvalues o

Thus ATA QIQT
Note We have found V Q h L

We need to find M

Claim Us AQI works i e

1 MTN I
2 A our QT

1 N'Tl i'QTATA Qt
t'QQhQQri I

Conside NTAQ et'QtAAQ Q0,12
12 1

Thus A Md Ot

Def 1 are singular values of A



The Polar Decomposition 5

Consider

A NrU UvT
IN Iuv'T M P

M spsd P unitary

PolarDecomys FM Pst A MP

es Aff Wilier 1

A i s

Weyl X St

X 112 Stitts
ie 423 T2

Cor ldetln llslll.li TTi



Weyl's Majorant Thin 6

Thin AER singularvalues 5,3 3h30

with eigenvalues 14,1314213 Hnl
Kthen I il b Nti the Khan
ia

m k
mCoy it Eti melts J

is

pf of Cor see HW3

Courant Fischer for Singular Values
thm A pnxn
T.CA min Max IANA CxtAA

dint n 141 YET Ha Xix k

TCA Max
d mess YI'T

LAI
1 12

pI The eigenvalue proof works for
singular values



Let 9039,3 Ann Gi ER
7

b 3 bn bi EB

Def 2b interlaces with La

if Gpb a bn an

Cauchy If Aissym and A is

A with same column and row removed
then HA interlace with WA

Pt WLOG assume it is last row column

BisAwitti last row column removed

CA Min Max FAI
dmT n K XET My

min Max FAI
dimt n k.is ETxtxXno



min Max xTAx
dimt n.ie RET ft
Xn 0 Ago

a.fi n mE'xt hdDa



the sing values interlace 8

Thm If A is square IAER and A upper tri
and B is A with last column row removed

than THAT 3511373 CA

TCA mm max Jk
dmT n K AET

min Max
dimt n k.is eTfxTAxIyAxkXnO

min Max
dimt n kxc.tl AxIxAxkXnO Ago

a i m I



pflWeyl 9

X Whoo Xis upper tri

diag f Hit Hi.nl

Let Xx be kxk upper principal submatrix

Hi Kel ldetlxkD T.la Thx
used
interlacing

er still D

Det H1 x k

Note AAT Mpptm M MINT

o AAT sourut
Thus X11 AI sing A

Weyl Trl Xm s Eriky

Cor Tr Xm STRIKE
pf XX ski in T Tn

Tran Ekins Erin 111 14
Weyl



10

Lie Product Formula

c
At B

limof eAIN eBIN
N

N

Pt compare as N D

Xp ad At B IN yr
AIN

e
BIN

Taylor Exp

Xp It AIT t Of N
2

Yr fit Agt 0 N 4 It Bw 01N 7

it Fg t Of N Y
Thus X µ Yu 0 N Y



Lets compare Xun Yun

Det Il Il is a matrix norm if

D HANZO 2 11 At BA 2 H'All111BH

3 YABASHAMBA

Claim 11 XN YNHts NM MX YM

where M max 111 11,11411 Hill norm

pf
XN YN XN IN y e x y X y2

t x y yn
X t x y XNY X 4 Y
t IX y y

N I

N I
2 NM HAYA



To show Hip Y O

Nof NeAlls Ht At Ads 11

SHIH t HAN t HAN lo en

I
s 11 It HAN t HAI t ooo 11

2

ellAll



As
MN 13

ThB_yyywp
llAtBlYNgeHAHtllBllYNHYrHsHeAlN.e

Bluffs AHHHH

ftp.mayfyyqpyp NzellAHtllBH

finally

11 Xiu YIM SNEHA 111131106N 21

0 Yn



Back to proof of GoldenThompson 14

Let X e
k
y

B12

to show
Xy
2N

tr 1 2 Y 2

un mix the X Y

Recall tr eat B HE tr l lay
2N

N so

tr X2N y 2N tr e A e B



trllxyp.MS trlxypiYl 14

ttr Hyp CortoWeyl

tr ly xyy2

tr yxzyyx2yy My

tr Ny Hye
trluvt.tn

x2yy2
Elvin

Itr x4y4 2 repeating

str q2Ny2N

Donell


