



































































































































Probability 101 is 859N
5 3 21

Random Variable Samples R

For discrete Random Variable
the definition is straight forward
Ea Sample spaces It T R V X

Prob HI Ya
Prob X T sY2

In the continuous case one

needs some care in general
We will assume they a given by
D Prob Density Fon
i

i 2 Cumulative Dist






































































































































The Exponential Distribution 2
Prob Density Fan
Dat The Exponential RV Xp

Prob ftp.m fpEBM
m o

O O W

More Formally

Probftp.EEU.utdD fBEMdXmzo
O O W






































































































































Cumulative Dist 3

Def t.pk EProbfXpEY
For the Exponential

Est pemdx sfe.MYsi e M






































































































































Expected Value 4
Def

Ex I ypr X Y dY

Two ways to compute HE Xp
00

1 DI ETftp7 fype
f dY Yp

Using integration byparts
2 IE Xp Grob XpBY dy

For the Exponential

Now Prob Xp Y e BY

thus lE xp Sof BY g EML Yp






































































































































Order statistics
5

Suppose Xi in random variables
Def Xp I SelectslXi Xn

ie Xa SXca b n E Xp

Suppose Xi Xn are i'id st

1 flu sproblx.su PDF

2 Flu Prob Osx is a

Then

Prob Xu u Nll Flu 1 flu






































































































































6
If X Xn are Iid exponentials

ProbfXip uJ n BuYpIM.np e hpu

Xp Eap np Thus ftp.xaD ntp

Conditional Probability
Suppose that A B events

Def Prob Al B I Prob An1331Prob B

Memoryless Property pin.im
Prob Xp Mtn Xp n s ee n e Pm

pI EventA Xp man Event B Xp n

Prob An B Prob A e Blam

Prob An B prob B
Prob.sn

qobgpg Ee
pmnm e Pm






































































































































7
Let Si Xii Xii for 130

By Memory less property 5 Eapkn i p

Pf Consider 5 Kay XD
Suppose X s Xp this

Xp n Xn Z Ky
Thus Xi I Xi t Xu Xi new exponenial

Thus II si fFiJp
By Linearity of expectation

Ellyn iii Lsd tht's thtHis
B

zl.mn
Thus Elka ntp B

Ellyn Mph told






































































































































Concentration for Xing
8

B InnPr ftp.elnn J crs c elnn.n c
by union bound we get
Pr Xin a Cefn s n ti's

ne
thus
Pr Xin 2lpnnIL.tn






































































































































Generating Dist or Random Variables 9

LetXp be the random variable of
PDF f R Rt where find 1

Note Not clear that RV exist
But we can ask if we have one can we generate more

Def f g c PDF's with RV Variables Xp Xg
we say fSS if I det process D s.tl f DlXg

Let U be uniform RV with PDF U
ie ult s 1 if XeLo D

O O W

LetNa be uniform O 2 then

Xu 2Xu thus th s U
u sua






































































































































Generating Exponential Dist fromUniform 10

PDF E f pEP for Ocp X30

FIX off dx e M

Thus F o o DEO I HI onto

Weget that FIX is uniform 0,1

Thus U Ef but we want fbu

Lets find F ie
solve for XinY FHlslEBXiffPXs1
yiffpYslnliYlyyXs.Ypbill Y but I Y is uniform o D

lnlXu XisxpB
Thus 45psXu

Alg Given RV Uninform
Coil

Return bnU
B






































































































































Generating Normal Dist 11

The PDF fG s

g c IT
setting til we get Gauss's UnitNormal

full cMe

what if we try computing CDF

ie FH fqf.IE 2dt
Thin FIN's not an elementary fen

Question fqf.ge dx I






































































































































note fG XE s 0K since
12

1 Eh sxe k

Trick compute 2D normal

Let fCx y e e YI

c it'M

Erk finpolar

PDFs

Ek

my






































































































































In Polar f fr e HE symmetric
13

Lets compute the cumulative thatis
Prob f Ir 07 is in a disk of radius r

DIR sniff e Madr RrE dr

c
o

e
Ma

1 1 ERK Alg Pick u v uniform 0,1
In polar return 0 r

c
k
L Y where

1272 Intl Y 0 2ITU

R 2hr11 Y Vs f 2 bn Iv
Raf 2hr1 Y

Or return X r cos 0

y r sin D

Do we need to compute
cos 0 sin 0






































































































































Yet another Normal Dist Al g 14

Let B EHylc.pt X4y3bl
The unit ball

Note A real B D

Consider RV D

Prob D Hill EB Ya
Prob D Hill B O

Al g UB En v where VIV are

uniform 0 I

1 Set Us 2M I Vs LV l

U V are uniform C I I

2 Set w U2 v2
3 Return U v if WE 1
else restart Try again






































































































































Observe that
15

UN is uniform over B

what can we say about w
Lets start with the RV Vw
Claim PDF ofTw is 2 r

PI PDF w 2191
IT

y
R

Thus CDF rw s far Drs R2
0

Consider RV W rw
2

Question How do we get CDF ofW
from WF






































































































































We look at the pre image
16

My
CD R Frutti R

Thus W is uniform 0 I

Note UN is uniform on

unit circle






































































































































The Box Muller Alg
17

Al g B M UN where u IV are uniform fo B
1 Set U 2h I vs 2V l uniformEl D
2 Set w Wtf
if w I thus restart

Note UN is uniform over unit disk
3 Set A V 2GW sealing

4 Return T s AU Ta AV

Claim BM generates 2D unit Gaussian

After step 2
1 UN is uniform over B

2 Hrw Hrw is uniform

over unit Crete

3 Wis uniform foil



18

Since W is o I uniform

The Radial RV R is just
B

For the angle RV 0

we need Corso sin 0

But these are

Hrw Hrw
Thus We return

Raou Rg v a


