
 

Graph Cuts Eigenvalues 15593117

2Types of graph cuts

Edge cuts Remove edges to disconnect
graph

Vertex cuts Remove vertices to disconnect
graph

This class only edge cuts

Input Gslv E w weighted undirected graph

Return A partition SSV 5 VIS

Def Cap1A B E E w la b
la b EE
GEA bEB

Vol Cap A 3 Cap A V s da
EA



Cut Measures 2

1 Quotient cut or Isoperimetric number

816 min Cap155

SSV mins151,151

2 Sparest cut
HG lysin cap 15,5151451

Note f LIG E of G In 216

3 Conductance NormalizedQuotient Cuts

El G Min Cap Is
Ssm min CaptS cap 5

4 Sparest Cut
It G mggin

Cap15,5
Caples Capt5

View Sparest Cut as a min cutof demands
Traffic or demand Vi Vj diedj

Claim Traffic Is 5 I did
Ies
jets



but Traffic IS 5 sdi jq.gl
3

Capt5 Capt

Def Demand Is 5 strafficts 5

more generally Let five Rt
Def Demand Vi Vj f Vi f Vj
Theproductdemand

d G hysin Cap15,5JDemand IS 5

Note El G is case Pis di Edo

We can also view P as a mass

thus ECG rigging Capt5,5
min Mass Is Mass15



Main Cheeger Thins 4
Than I 12 2 38 G 2V2DX where

hasdalho D mixdi

Thun2 hah E Il G b where

I L LE Normalized Laplacian of G
ie L D KLDH

The upper bds on 8161 Elo are called
the Cheeger direction

suppose one has a Rayleigh X.TL t
xTMI o thus

Mt

Thm's told 2min11 D



T
Proof of easy direction of ThmI T

claim 421452.816
thatis 3 vectorX sit xTI o 32.8

PI Let SSV st 151542
Set as 1st p 151

hetxi.f.qifo.kw.es

Note ftp.lsl als ap ap O

Let 8 Cap15,5
151

Now hX Ktp Copts5
xp't pya

N'cap 5,5
na p

fopfs.sn fnp s28 a



Proof of Upper Bel forThm2 6
Weprove a stronger version
Consider a spring mass Laplacian LX XMX

Let S mix dm

Thm If xtfn.mg sothenoIlG s fT8Inx

Here Io G m.FI fna'sssYssMassl5l3

The proof is effective
That is GivenX wefind a good cut

a threshold cut

Suppose f V D R
sort V so that flvi f Vita

Def The ith threshold cutusing f s V V



Note Threshold Sngmay be bad 7

Consider the Bug Graph

Finn
G

K i k
i

VayaInk
Note 6 has an automorphism the reflection T
Claim Lf Iaf them f is odd Wrt.T
ie Stv Hrm Hw

Thus Capt5 5 Is giving s Yg

A better cut would be to remove one ear

8 15



8
Theproof Preliminaries A adj matrix

Thus D A is 5h3 Ewiitsi 3
The Sum Laplacian PSD 1A
Claim 3TPz Ewijl3i 13
Note P 2D L

Cauchy Schwartz a.tbjhslatakhtbla.beR

13Th3 13 3 Ewiilsi 3PT Ewiil3it3jY

Ewii13i 3jl4 Ewiil3it3jP

Ewii 13733112

Here a ee 13J 3jl
b Twig 1313,1



TheProot Let 3 e Rn st 9

EM 1 0 Z Zz 3 Zn
Assume V I yn SjsEl I

Det Io s.cat SiSI

minEMasslSibMassl5iDtoshow
F Io s

We modify Z G only decreasing

4.7 not changing Ei

Det p min i IMaslsils Masts

two modifications to 3 G

D shifting 3 st Zp 0
2 thin eE st Zi so pinch liis at p



1 shifting'z y Zt AI 10

claim Y.tn stE.t
lalYyhmY

y
EtaI7TLlztaI
Rta MAHI

ELZ
MZ 22 EMI gazing

s 22

E'MZ

since EMI D M 30

Pinchinsanedgeatyero

For each edge St Y so Cy

Ty y.TT



This give Laplacian h Il

claim YTL'y s FLY b

each term Yi where YiYi Lo

is replaced with Y 05710 y

Yi 24 ty syfy

Nod The Masses are unchanged

the degree at B may increase

ie D 3D

For som haplacians
f
Ipso

i
S2 Mex

dmt 28 c



a 12

283317mg fytmxjhs fytp.is 3Ig2n3
z
yTmy

Ks

Tp'yxytex wi ly IT
thus sont

2 2

Ying tiny pwii
Hi Yi d

Wi Hit
j i p

Claim W LOG G is a weighted path
graph dis telescoping

ie
Wii Wii wi j
To

Vi Vj Vi Vk Vjin sj



Next Main Inequalty of Proof 13

Recall Yo's Y's ay

Def wi Wii

mugs t.fi ipnIoi maslvok0

Consider

with Yi IoiMaskilly Yi

Io Maskilly Yi

Io Masti Masslsi.nl Yih

Ioi i mixi3

IoI YieItMYieft



tanh tiny
14

4,9 YETMY FrightYrigitMYrisnt

Let Io min 119 Fitight

34T lYeiM Ye t YIM r

I HTMy

thus

tan a



Two Extreme Graphs 15

Pn Path Graph

Tn's CompletebinaryTree I
Ht txt

Thin hats 2 Il G b where

Weshowed that hat 01 4
HW shows that Xy Tn Yn

ETR Elin s 2g

Ht is best possilbe for 421pm is ftp sOlYn

A is best possilbe for X is ta s 014N


