
15-859N Spectral Graph Theory and The Laplacian
Paradigm, Spring 2020

Homework 4 Version 0 Due: Friday Mar 28 in class

Gary Miller Zico Kolter Timothy Chu

Instructions. Collaboration is permitted in groups of size at most three. You must write
the names of your collaborators on your solutions and must write your solutions alone.

Question Points Score

1 25

2 25

3 25

4 25

Total: 100

1.(25) Chebyshev Polynomials

In Class we defined the Chebyshev Polynomials by the following recurrence.

T0(w) = 1 and T1(w) = w and Tn+1(w) = 2wTn(w)− Tn−1(w)

Prove the following Theorem

Theorem 1.

Tn(w) =
1

2
[(w +

√
w2 − 1)n + (w +

√
w2 − 1)−n]

Hints:

1. Write the recurrence as a 2 by 2 matrix recurrence, M .

2. Plug your matrix M into your favorite computer mathematical package, say Wol-
fram Alpha, to determine the eigenstructure of M .

3. Use your decomposition of M to prove the theorem.

4. You may want to find another expression for (w +
√
w2 − 1)−1.

2.(25) Low Stretch Trees

One of the most fundamental types of graphs is the spanning tree. The most well known
class of trees is the maximum/minimum weight spanning tree. In the case when all edges



of the graph have the same weight then all spanning trees have the same weight. The
goal of this problem is to define another class of spanning trees, namely, ones called low
stretch spanning trees. Recall that in a tree there is a unique path connecting any
two nodes and we define the length of this path to be the number of edges on this path.

Let G = (V,E) be a connected, unweighted and undirected graph with n vertices and m
edges and T = (V,E ′) a spanning tree of G. If e = (v, w) is an edge of G we define the
stretch of e in T to be the length of the path in T from v to w, denoted by StrT (e).
The stretch of T in G is:

Str(T,G) =
∑
e∈E

StrT (e)

The average stretch is Str(T,G)/m

1. Construct two spanning trees T1 and T2 for the 2 by n mesh graph with average
stretch Θ(1) and Θ(n), respectively. The 2 by 8 mesh graph is shown below.

(a) Show that the recursive “C” construction for the
√
n by

√
n mesh has average

stretch O(log n). Here you may assume that
√
n is a power of 2. Below is an

example of the tree for the 8 by 8 square mesh.

3.(25) Resistance of a grid Prove that the effective resistance across diagonally opposite
corners of the

√
n×
√
n 2D-grid-graph is Θ(log n).

Hint: In classes we proved two important theorems about effective resistance; Thomson’s
Principle and Rayleigh’s Monotonicity Law. One of these can be used to prove upper
bounds and the other to prove lower bounds.

The current argument may require you to find a very explicit (messy) current flow.
Another way to think about this current flow is as a random walk from the upper left
corner to the cross diagonal. Polya gave a very interesting way to think about this
random walk. It is known as Polya’s Urn process, is Wikipedia.

4.(25) Separators in outer planar graphs

Let G = (V,E) be an unweighted and undirected graph.
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Definition 1.1. A subset of edges C ⊂ E is an α-edge-separator if there exists a
partition A and B of V such that 1) the only edges from A to B are in C and 2)
|A|, |B| ≤ 2/3n

Definition 1.2. A subset of vertices W ⊂ V is an α-vertex-separator if the exist
a partition A and B of V \ W such that 1) there are no edges from A to B and 2)
|A|, |B| ≤ 2/3(n+ 1)

(a) Show that every tree of degree at most three has a 1-edge-separator.

(b) We say that a graph is outer planar if it is

1) planar, and

2) there exists a planar embedding such that all of the vertices are on the boundary
of the outer face.

Prove that every outer-planar graph have 2-vertex-separator.

HINT: Recall that augmenting the graph does not change the size of the separators.

(b) There is a natural extension of the definition of outer planar graphs. Say that a
graph is k-outer planar if it can be drawn in the plane so that the vertices can
be partitioned into k nested “rings” where all all edges stay within one ring or
go between adjacent rings. Prove that all k-outer planar graphs have 2k-vertex

separators.

(c) Given an embedded triangulated k-outer planar give an O(n) time algorithm to
find this 2k-vertex-separator.
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