
Lecture 33. The Arnoldi Iteration 

Despite the many names and acronyms that have proliferated in the field of 
Krylov subspaee rnatrix iterations, these algorithrIls are built upon a eOIIlIIlon 
foundation of a few fuudarnental ideas. One can take various approaehes to 
describing this foundation. Ours will be to consider the Arnoldi proeess, a. 
Gram-Schmidt-style iteration for transforming a matrix to Hessenberg form. 

The Arnoldi/Gram-Schmidt Analogy 
Suppose, to pass the time while marooned on a desert island, you challenged 
yourself t.o devise an algoritlnll to reduce a nOllhermitian Illatrix to Hes.senberg 
form by orthogonal similarity transformations, proceeding column by column 
from a prescribed first column q,. To your surprise, you would probably 
find you could solve this problem in an hour and still have time to gather 
coconuts for dinner. The method you would come up with goes by the name 
of the Arnoldi iteration. If A is hermitian, the Hessenberg matrix becomes 
tridiagonal, an n-tcrm recurrence relation becomes a three-term recurrence 
relation, and the name changes to the Lanc:zos iteration, to be discussed in 
Lecture 36. 

Here is an analogy. For computing the QR factorization A = (JR of a 
llWtrix A, \ve have discussed t\'w methods in this book: Householder reflec-
tions, which triangularhe A by a succession of orthogonal operations, and 
GraIn-Schmidt orthogonalization, which A by a succession of 
triangular operations. Though Householder reflections lead to a more nearly 
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orthogonal matrix Q in the presence of rounding errors, the Gram Schmidt 
process has the advantage that it can be stopped part-way, leaving one with 
a reduced QR factorization of the first. n columns of A. The problem of COIn-
puting a Hcssenberg reduction A = QHQ' of a matrix A is exactly analogous. 
There are t,"\vo standard rnethods: Householder refieetions (applied no"\" 011 tvw 
sides of A rat.her t.han one) and the Arnoldi iterat.ion. Thus Arnoldi is t.he 
analogue of Grarn-Sdnnidt for similarity transformations to Hessenberg [ornl 
rat.her t.han QR Like Gram-Schmidt, it. has t.he advant.age t.hat 
it can be stopped part-"\vay, leaving one with a partial redlletioll to Hesseu-
berg form that is exploited in various manners to form iterative algorithms 
for eigenvalues or systems of equations. 

Thus, this lecture is to Lecture 26 as Lecture 8 is to Lecture 10. 
\Ve can the four algorithIIls just rnentioned in a table: 

A=QR A = QHQ' 

orthogonal structuring Householder Householder 

structured orthogonali,ation Gram-Schmidt Arnoldi 

For the remainder of this book, m and n < m arc positive integers, A is 
a real or complex m X m matrix, and II . II = II . 112. In addition, one further 
eharacter ,vill nmv appear in the drama, an rn-vettoI' that "\ve shall denote by b. 
The Arnoldi process needs this vector in order to get started. For applications 
to eigenvalue problems, we typically assume that b is random. For applications 
to systerIls of equations, as eonsidered in later lectures, it will be the right-hand 
side, or more generally, the initial residual (sec Exercise 35.5). 

Mechanics of the Arnoldi Iteration 
A complete reduction of A to Hessenberg form by an orthogonal similarity 
transformation might be written A = QHQ', or AQ = QH. However, in 
dealing with iterative methods we take the view that Tn is huge or infinite, so 
t.hat. computing the full reduct.ion is out of t.he question. Inst.ead we consider 
the first n columns of AQ = QH. Let Qn be the 'In x n matrix whose columns 
are the first n columns of Q: 

(33.1 ) 
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Here and in the lecture" ahead, it would be consistent with our u"age cl"e-
where in the book to put hat" on the symbob Q.,,, since these matrice" arc 
rectangular, but to keep the formulas uncluttered V,re do not do this. 

Let En be the (n+ 1) Xn upper-left section of H, which is al"o a Hessenberg 
rnatrix: 

Then we have 

that is, 

A 

H = n 

hll 
h21 h22 

(jl ... (jn fjl ... fJn+l 

The nth column of thi" equation can be written as follow": 

(33.2) 

(33.3) 

hn+1,n 

(33.4) 

In words, qn+l satisfies an (n+ l)-tenn recurrence relation involving itself and 
the previous Krylov vectors. 

The Arnoldi iteration is simply the modified Gram-Schmidt iteration that 
implements (33.4). The following algorithm "hould be compared with Algo-
rithm 8.1. 

Algorithm 33.1. Arnoldi Iteration 

b = arbitrary, q, = b/llbll 
for n = 1,2,3, ... 

v =Aqn 
for j = 1 to n 

hjn = qjv 
v = v - hjnqj 

hn +1,n = Ilvll 
qn+l = vjhn+1,n 

[see Exercise 33.2 concerning hn+1 ,11 = 0] 
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The reader can sec at a glance how simple the Arnoldi process is. In a 
high-level language such as MATLAI3, it can be implemented in less than a 
dozen lines. The IIlatrix A appears only in the prodllet Aqrp ,vhieh can be 
computed by a black box procedure as described in the last lecture. 

QR Factorization of a Krylov Matrix 
The power of the Arnoldi process lies in the various interpretations that can 
be made of it, and in the algorithms these suggest. For a first interpretation, 
consider the recurrence (33.4). It is evident from this formula that the vectors 
{qj} form bases of the successive Krylav subspaces generated by A and b, 
defined as follows: 

(33.5) 

Yloreover, since the vectors qj are orthonormal, these are orthonormal bases. 
Thus the Arnoldi process can be described a.'3 the systenlatic construction of 
orthonormal bases for successive Krylov subspaces. 

Tb express this observation in matrix fonn, let us define Kn to be the m x n 
K rylav matrix 

K = b Ab ... An-1b . 
" (33.6) 

Then K" must have a reduced QR factori,ation 

(33.7) 

,,,here Qn is the same IIlatrix as above. In the Arnoldi proeess, neither Kn 
nor Rn is formed explicitly. Doing so would make for an unstable algorithm, 
since these are exceedingly ill-conditioned matrices in general 1 as the coluIIlIls 
of K" all tend to approximate the same dominant eigenvector of A. However, 
(33.6) and (33.7) give an intuitive explanation of ,,,hy the Arnoldi process 
leads to effective methods for determining certain eigenvalues. Clearly K" 
lllight be expected to contain good information about the eigenvalues of A 
with largest modulus, and the QR factorhation might be expected to reveal 
this infornlation by peeling off one approxilnate eigenvector after 
starting with the dominant one. 

The explanation just given may remind the reader of a similar discussion 
that appeared earlier ill this book. The relationship between (33.6)-(33.7) 
and the Arnoldi algorithm is analogous to that between simultaneous iteration 
and the QR algorithnl for cOlnputing eigenvalues of matrices. One is easy to 
understand but unstable, the other is subtler but stabler. The difference is 
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that, whereas the Arnoldi iteration is based upon the QR factorization (33.7) 
of the matrix ,,,,hose columns arc b, Ab, ... ,An-1b, simultancom; iteration and 
the QR algorithm are based upon the QR factorization (28.16) of the matrix 
"vhose columns arc AnC11 ... , Ancm " "Ve can summarize this parallel in another 
table: 

quasi-direct iterative 

straightforward but unstable simultaneous iteration (33.6) (33.7) 

subtle but stable QR algorithm Arnoldi 

Projection onto Krylov Subspaces 
Another way to view the Arnoldi process is as a computation of projections 
onto successive Krylov subspaces. To see this, note that the product Q;Qn+1 
is the n x (n + 1) identity, i.e., the n x (n + 1) ITlatrix with 1 on the Inain 
diagonal and 0 elsewhere. Therefore fin is the Tt x n Hessenberg matrix 
obtained by renloving the la.'3t fmv of Hn: 

11,11 h1n 

h21 h22 

FroIIl (33.3) we aceordingly have 

(33.9) 

This matrix can be interpreted as the representation in the basis {q" ... , qn} 
of the orthogonal projection of A onto ICn . Is it clear what this interpretation 
lllcans? Here is a precise statcnlCllt. Consider the linear operator Kn -----t lCn 
defined as follows: given v E 1C,,, apply A to it, then orthogonally project 
Av back into the space ICn . Since the orthogonal projector of 18m onto ICn 
is Q Q' this operator can be written Q Q' A with respect to the standard n nl n n 
basis of 18m

. ,Vith respect to the basis of columns of Qn' it can therefore be 
written Qn' 

The kind of projection just described comes up throughout applied and 
numerical mathenwtics. In another context it is knmvn 3.'3 the Rayleigh-Ritz 
procedure; not coincidentally, in the diagonal elements of H" one recogni,es 
the Rayleigh quotients of A with respect to the vectors qj' This projection 
process is also one of the idea.'3 finite elelnent methods for solution 
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of partial differential equations, as well as their younger relatives known as 
spectral methods. 

Since Hn is a projection of A, one might imagine that its eigenvalues would 
be related to those of A in a useful fashion. These n numbers, 

{OJ} = {eigenvalues of Hn }, (33.10) 

are called the Amoldi eigenvalue estimates (at step n) 01' Ritz valves (with 
respect to Kn) of A. In the next lecture we shall see that some of these numbers 
may be extraordinarily accurate approximations to some of the eigenvalues of 
A, even for n « rn. 

We summarize the developments of this lecture in a theorem, to be com-
pared with Theorem 28.3. 

Theorem 33.1. The matrice" Qn generated by the Arnoldi iteration are re-
duced QR factors of the Krylov matrix (33.6): 

(33.11) 

The Hessenberg matrice" Hn are the corresponding projections 

(33.12) 

and the successive iterates are related by the formula 

(33.13) 

Exercises 

33.1. Let A E a:;mxm and b E a:;m be arbitrary. Show that any x E Kn IS 

equal to p(A) b for some polynomial p of degree <:: n - 1. 

33.2. Suppose Algorit.hm 33.1 is execut.ed for a part.icular A and Ii until at 
SOllle step n 1 an entry hn+1 ,n = 0 is encountered. 

(a) Show how (33.13) can be simplified in this case. What does this imply 
about the structure of a full rn x rn Hessenberg reduction A = qHq' of A '! 
(b) Show that Kn is an invariant subspace of A, i.e., AKn c:; K n · 

(c) Show that if the Krylov subspaces of A generated by b are defined by 
Kk = (b, Ab, ... , Ak-1b) as in (33.5), then Kn = Kn+! = Kn+2 = .... 
(d) Show that. each eigenvalue of Hn is an eigenvalue of A. 
(e) Show that if A is nonsinguiar, then the solution x to the system of equa-
tions Ax = b lies in Kn' 
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The appearance of an entry hn+l;n = 0 is called a breakdown of the Arnoldi 
iteration, but it is a breakdown of a benign sort. For applications in computing 
eigenvalues (Lecture 34) or solving systems of equations (Lecture 35), because 
of (d) and (e), a breakdown usually means that convergence has occurred and 
the iteration ean be terrninated. Alternatively, a ne,,, orthonormal vector 'In+1 
could be selected at random and the iteration then continued. 

33.3. (a) Suppose Algorithm 33.1 is executed for a particular A and band 
runs to completion (n = rn), with no breakdown of the kind described in the 
last exercise. Show that this implies that the minimal polynomial of A is of 
degree rn. 
(b) Conversely, suppose that the rninirnal polynornial of A is of degree TIL. 

Show that this does not imply that for a particular choice of b. Algorithm 33.1 
,yill neeessarily run to eornpletion. 
(c) Explain why the result of (a) docs not contradict Exercise 25.1(b). 


