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A MODIFICATION OF THE GAME OF NIM,

ny

W. A, WYTHOTL.

{Amstardam )

1. The following arithmetical game is a modification of
the game of ,nim”, described by C. L. Boutox in the dnnals

of Mathemotics, 2" series, vol. 3, p. 85 - 54, G, ol Al TP saad

The game is played by two persons. Two piles of counters
are placed on & tablo, the number of each pile being arbitrary.
The players play wlternately and either take from one of the
pites an arbitrary sumber of counters or from both piles an
equal number. Tho player who takes up the last counter or
counters, wins,

2. In secordanco with (. L. Boutow 1 shall call a safe
tombination syeh a combination of two numbers us can be left
safely oo the tablo by one of the players, knowing that, if
he do not make any mistake later on , the other player cannot win,

& It is obvious, that the system of safe combinations has
lo satisfy the following condilions:

1% that from a safe combination no other can be made by
& move in accordance with the game-rules ;

2% that from every combination obfained from a safs com-
bination by a move according to the game-rules, another safa
combination can be made by the next move;

3% that 0,0 i a safe combination.

4. The firat condition consiste of the following two:

thai two safe combinations cannot have a number in commaon ;

that the two numbers ecannot bave the same differesce in
two different safo combinationa.
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For the second the following more general condition may
bo substituted:

that from every combination naot belonging to the set of
safe combinations’ a aafe combination can be obtained by a
move according to the game-rulea.

5, A aet of combinations satisfying all these conditione is
lbe following.

The first combination 1 0,0, Of each following eombination
the emallest pumber is equal to the smallest number not
eeeurring in one of the former combinations, while the differ-
ence of the oumbers I8 greater by one than that of the
precediog sombination,

Weo thus find the following combinations:

] 0 9 15 19 a1
1 i 11 14 21 34
3 b 13 20 22 36
4 T 14 25 24 a9
& 10 15 26 ele.

B (B4 17 28

That these combinations really satisfy all the conditions, is
easily shown,
Henca they are the safe combinations.

6. If E{z) denote the greatest integer not greater thaw &
then the combination

Elik(1+ V5 « ERk@+ VO,

k being zero or a positive integer, is a safe combination, and
we find all the eafe combinationa by successively substituting
k=0,1, 2, ot

This theorem is proved as follows,

Sinco the difference of the two numbers B }4 & (1 4 V'5){ and
By k(34 170y s &, it is evident, that by subatituting &=},
1, 2, ete. we obtain the series of differences of the combing-
tions of numbars written down in § 5,

Hence it will be sufficient to prove, that thia substitution
produees onee and not more than once any arbitrarily chosen

by .
nratfiwn 1r|.|:'l'|l.TH'|"_

2(

Let » denote such an intege
Let ¢ and 3 bo the smallesi
to n to obtsin multiples of

reapectively.
We then have
a=4p(l
B=14q(3
# and g being intogers, and
0< < 4
0<B<y

Multiplying {1) by 4(-—1
and adding we find
da(—14V6)+ 4831

Multiplying (8) by 4 (—1+
adding we find

0< fa{—1+VhH
Hence the integer p+ g -

~and wao have

fa(—14v5)+
This equation is satisfied by
to be rejected, as the iotege
{1+ 15) or of 4 {34+ 18]
gee, that one of the gquantitie
the other greater than unity.
It is ovident, that, i e
n=E{p(l+ V), and r
n=E3lg(34+ 15!, and that
Ei4k(34+178)] in the former,
in the latter case.

7. 'The following combinati
similar to those of the combir
E (k12 and
EREi— 1447180 an
in general
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Let # denote such an integer.

Let & and [3 bo the smallest quantities which must be added
to n to obisin multiples of § (14 1/5) and of §(3-4-15)
respectively.

We then have

a=4p(l +V¥VE —n . . . . . (1)

A=3g@B+Vi—n . . . . . (2h
4 and ¢ being integers, and

0 e J(1+VE) . -« . o (@)

0< B<4B4+V¥E . . . - . - (4

Multiplying (1) by 4{— 14 15) and {2) by { (3 — ¥'5)
and adding we find
sa(— 14+ VB +4B(8 — Vi =p-|g— n=an integer.

Multiplying (3) by 4(— 14 V'5) and (4) by 4 (3 —/5) and
adding we find

0< Jae(—1+ VB +4B(8 —vh < 2.
Hence the integer p+g—n con be no other than uoity,

~and we have

ja{—1+ ¥+ iBE—Vh)=L1

This equation is satisfied by & =3 =1; but this solution has
to be rejected, as the integer »+ 1 cannot be a multiple of
L {L+V'5) or of L(3+ 15} Rejecting this solution we casily
sen, that one of the quantities & and [ must ba smaller and
the cther greater than wnity.

It is evident, that, if « < 1 and 3 > 1, we have
n=EHp(l+ V5, and reversely, if & >1 and <1,
n=F{}q(3+v5){, and that » cannot be written in the form
B {4k (31753} in the former, nor in the form B {} & (1-+15)]
in the lniter case.

7. The following combinations of E-funetions have properties
similar to thoss of the combination considered in § G:
E{ 1?2 and B je (24178}
Ejthki— 141718} and B} EB 417183 efe.
in peneral
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o being & positive integer.

In all these combipations the substitution k=1, 2,...
produces once and not more than once each positive integer.
The series of differences however are 2,4, 6,...; 8,6, 9,...;
in general o, 20, 3a,...

By their aid modified nim games with suitably chosen game-
rules might be constituted.

A still more general combination is the following :

E |2-%—(b-|—z-V'&*‘+T}+- k(= b 42 V.!T*?@I

and
R |2+%{a—.2+ﬂfﬂjﬂlk{a+ 24 VEF D,

@ and & being positive integera satisfying the condition & = — 1.
In this combination the substitution k=0,1, 2 . . .. produces

once and not more than once each positive integer; the successive

differences form the arithmetical series a, @ -+ b, a+2h, ...
The proof of these properties may be left to the reader.
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