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23.1 Improving Convex Programming Relaxations

In past lectures we’ve learned that we write integer linear program (ILP) formulations to model
hard problems exactly. But since these programs are too hard to solve, we relax them into linear

programs (LPs) and solve those instead. After carefully rounding the solution of an LP relaxation,
we attain an approximation of an optimal solution for the original problem. Sometimes, however,

our relaxations yield large integrality gaps, hence poor approximation results that we wish to
improve upon. One technique for reducing an integrality gap is to modify the ILP by adding
“valid” constraints to it, then relaxing the new ILP into an LP, and solving for the new LP.

Another technique is to look for higher-order relaxations that can be solved to arbitrary precision
in polynomial time, like semidefinite programs.

23.2 Adding valid constraints to your LP

When adding constraints to an ILP, we must ensure that they are valid constraints. A constraint
is valid if it does not change the problem we are modeling, i.e., if it is a superfluous constraint.

It is desirable to add a given valid constraint to our ILP if the solution to the relaxation of the
ILP gives us a better approximation than the original LP did. (For an example of applying this
technique that we have already studied, refer to the lecture 16 notes on minimizing the makespan

of unrelated machines.) We explore two examples of applying this technique below.

23.2.1 Min-cost non-bipartite perfect matching

The min-cost non-bipartite perfect matching problem states that given a non-bipartite graph G =

(V, E), with costs ce on the edges in E, find a set of edges that represent a perfect matching
(assuming there is one) of minimum cost. The ILP formulation of this problem, call it ILP0, is as

follows:
min

∑

e∈E

cexe

subject to ∑

e∈δv

xe = 1, for all v ∈ V, and (23.2.1)

xe ∈ {0, 1}, for all e ∈ E (23.2.2)

where δv in (23.2.1) is the set of all edges incident on the vertex v, and where xe = 0 if the edge e

is not in the perfect matching, and xe = 1 if it is in the perfect matching.
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The LP relaxation of ILP0, call it LP0, is simply to change constraint (23.2.2) to the following:

0 <= xe <= 1, for all e ∈ E.

But the integrality gap between ILP0 and LP0 is unbounded. Take for example the graph below,
where the edges are labeled with their costs, and M is a very large value:
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ε

ε
ε

ε

ε
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M
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In the above problem instance, LP0 will assign xe = 1
2 for all edges in the two triangles, yielding a

total cost of 3ε, whereas ILP0 would return a cost of M + 2ε.

To improve this LP formulation we observe that sets of vertices in V that have odd cardinality

must have at least one edge leaving the set that is included in the perfect matching. Thus we add
this valid constraint to ILP0, yielding ILP1:

min
∑

e∈E

cexe

subject to ∑

e∈δv

xe = 1, for all v ∈ V,

xe ∈ {0, 1}, for all e ∈ E, and
∑

e∈δS

xe ≥ 1, for all S ⊆ V s.t. |S| is odd. (23.2.3)

And we relax the integrality constraint to attain our final LP1:

min
∑

e∈E

cexe

subject to ∑

e∈δv

xe = 1, for all v ∈ V,

0 ≤ xe ≤ 1, for all e ∈ E, and
∑

e∈δS

xe ≥ 1, for all S ⊆ V s.t. |S| is odd.

Note that (23.2.3) adds an exponential number of constraints to LP0, so in order to solve LP1 in
polynomial time, we need a polynomial-time algorithm that can certify whether a given solution
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violates (23.2.3), i.e., whether there exists an odd-sized set S in the solution such that
∑

e∈δS xe < 1.
Edmonds explains how LP1 can be solved efficiently in [3]. The following theorem is also due to

Edmonds.

Theorem 23.2.1 LP1 has integer basic feasible solutions.

In other words, LP1 is equivalent to ILP1, and the perfect matching problem is solvable in poly-
nomial time!

23.2.2 Max-cut

The max-cut problem states that given a graph G = (V, E), find a set S ⊆ E such that the graph
is split into two connected components when S is removed from G, and the number of edges in S

is maximized. (E.g., for a bipartite graph, S = E.)

The ILP formulation for this problem is

max
∑

(i,j)∈E

xij

subject to
zi = {−1, 1}, for all i ∈ V, (23.2.4)

xij ≤ 1 −
zi + zj

2
, for all (i, j) ∈ E, and (23.2.5)

xij <= 1 +
zi + zj

2
, for all (i, j) ∈ E (23.2.6)

where zi = −1 if vertex i is on the “left” side of the cut, and zi = 1 if vertex i is on the “right” side
of the cut. Constraints (23.2.5) and (23.2.6) ensure that if vertices i and j are both on the same

side of the cut, xij = 0 for edge (i, j).

The LP relaxation of this ILP simply changes constraint (23.2.4) to

−1 ≤ zi ≤ 1, for all i ∈ V.

But this relaxation will allow zi to be 0 for all i ∈ V , making all xij = 1, so that max
∑

(i,j)∈E xij =
|E|, which is not informative. Relaxing the integrality constraint is the same as removing it all

together!

To improve this LP formulation we add the “odd cycle constraints,” which states that for any cycle
C of size g, where g is odd, the number of edges from the max cut in that cycle is ≤ g−1. In other

words,

∑

(i,j)∈C

xij ≤ |C| − 1, for all C s.t. |C| is odd. (23.2.7)

Alas, we have just added an exponential number of constraints to the LP! Thankfully, we can

separate for these constraints in polynomial time by first thinking of yij = 1− xij as the “lengths”
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of the edges. Thus
∑

(i,j)∈C yij =
∑

(i,j)∈C(1−xij). Since
∑

(i,j)∈C 1 = |C| and
∑

(i,j)∈C xij ≤ |C|−1
(23.2.7), then

∑

(i,j)∈C

yij ≥ 1, for all C s.t. |C| is odd. (23.2.8)

Now we can construct a new graph G′ = (V ′, E) where V ′ = V1 ∪ V2, where V1 and V2 are both
copies of V . In G′, connect i ∈ V1 to j ∈ V2 if there is an edge (i, j) ∈ G. Then find the shortest

path (using the y-values as lengths) from v ∈ V1 to its copy, v′ ∈ V2. If the shortest path has length
less than 1, then the constraints (23.2.7, aka 23.2.8) have been violated. Below is an illustration of

a graph with assignment values that do not violate the odd-cycle constraint. (We can easily verify
this by checking that all the paths from vi ∈ V1 to vi ∈ V2 have length greater than or equal to 1.)

An assignment that violates the constraint can be achieved by increasing either (or both) of the
values x = 1 in G.

v1

v2 v3

G G
′

v1

v2

v3 v3

v1

v2

x = 1 x = 1

x = 0

y = 0

y = 1
y = 0

y = 0

y = 0
y = 0

y = 0

y = 1y = 1

V1 V2

Even though these added odd-cycle constraints are valid and checkable in polynomial time, it turns
out they still don’t buy us very much. For a graph of odd girth g, every edge can have xij = g−1

g .

But there are graphs of very large girth g that have a max cut below 1
2 + ε for any ε!

23.3 Semidefinite Programming (SDP)

An SDP is a linear program with constraints of the form
∑

ij

a1
ijyij >= b1,

∑

ij

a2
ijyij >= b2, ...

Y = (yij) is positive semidefinite
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where i indexes the rows of the matrix Y and j indexes the columns.

Recall that a symmetric n × n matrix A is positive semidefinite if:

(1) All eigenvalues of A are non-negative,

(2) xTAx ≥ 0, for all x ∈ R
n, and

(3) A = BBT for some B, an n × k matrix, where k ≤ n.

If the rows of B are v1, v2, ..., vn, then Aij = vi · vj, the inner product of vi and vj.

The constraints of a semidefinite program are the inner products of vectors, and the solutions of

the program can be interpreted as vectors.

23.3.1 An SDP relaxation for max-cut

The max-cut problem can be formulated as the following integer quadratic program [4].

max
∑

(i,j)∈E

1− xixj

2

subject to
xi ∈ {−1, 1}, for all i ∈ V

where xi = −1 if i is on the “left” side of the cut. If each node is associated with a unit vector vi

intsead of xi, a relaxation of the integer quadratic max-cut program can be formulated as

max
∑

(i,j)∈E

1− vi · vj

2
(23.3.9)

subject to

vi ∈ Sn, for all i ∈ V

where Sn is the n-dimensional unit sphere. In other words, the vertices of G are now mapped to
points on the unit sphere. The objective function (23.3.9) causes vi · vj to be as close to -1 as

possible, meaning the two vectors vi and vj will try to point in directions as “opposite” as possible.
This relaxed quadratic program is the same as the following semidefinite program where yij = vivj.

Z∗ = max
∑

(i,j)∈E

1 − yij

2
(23.3.10)

subject to
yii = 1, for all i ∈ V,

and

Y = (yij) � 0, i.e., Y is positive semidefinite.

For instance, a graph that is a 3-cycle has a max cut of 2 edges. Applying the SDP to this instance

(see diagram below) yields Z∗ = 3(1 − (v1 · v2 + v2 · v3 + v3 · v1))/2 = 3(1 − (−1
2 )/2 = 9/4, an

8/9-approximation!
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The max cut SDP above can be solved to an arbitrary degree of precision. In 1995, Goemans and

Williamson found a way to use this SDP to find a cut that 0.87856-approximates the maximum
cut [5]: take a random hyperplane that cuts the sphere Sn into two halves, i.e., passes through the

origin of the sphere. (There is a nice visual for this idea on page 6 of [6].) The probability that
an edge (i, j) has one end in each of these halves of the sphere is then θ/π, where θ is the angle

between the two vertices vi and vj. Since the contribution of edge (i, j) to the objective function

(23.3.10) is
1−vi·vj

2 = 1−cos θ
2 , we need to find an α such that

θ

π
≥ α

1 − cos θ

2
, for all 0 ≤ θ ≤ π.

Turns out,

min
0≤θ≤π

2

π

θ

1 − cos θ
> 0.87856.

In fact,

αGW = 0.87856 = inf
0≤θ≤π

2

π

θ

1 − cos θ
.

(If you want to be really convinced of this fact, please see [5].)

Let W be the number of edges cut by the random hyperplane.

E[W ] =
∑

(i,j)∈E

Pr[(i, j) is cut] =
∑

(i,j)∈E

θ

π
≥ αGW

∑

(i,j)∈E

1 − vi · vj

2
= αGW · Z∗.

Hence the Goemans and Williamson algorithm using the SDP above yields a 0.87856-approximation

of the maximum cut problem.

23.3.2 Further Reading

Some other notable applications of SDP relaxations include approximations for 3-coloring [2],
scheduling on parallel machines [7], and the sparsest cut, balanced separator, and graph con-

ductance problems [1].
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