
Introduction

The MOSFET is the most commonly used semiconductor device today;  the silicon bipolar
junction transistor is a distant second, used where its higher speed is necessary and where higher
power consumption can be tolerated.  The MOSFET has the advantages of a generally simpler
process technology and the possibility of fabricating complementary devices on the same chip.
Complementary n- and p-channel transistors permit the fabrication of CMOS logic which has
relatively high performance and also essentially zero power consumption in steady state. 

In this chapter, we focus our attention on the n-channel MOSFET fabricated in a substrate
of constant doping concentration.  Principal equations for p-channel devices will be presented as
appropriate.  In practice uniform substrate doping will not be a good approximation for at least one
of the complementary devices in a real process.  Nevertheless, most of the important phenomena
can be illustrated using a constant substrate doping and the mathematics is considerably simpler. 
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Fig. 1.  Diagram of n-channel MOSFET showing terminal voltages and the coordinate system used
in later analysis.

Qualitative Discussion of MOSFET Operation

Figure 1 shows a diagram of the n-channel MOSFET illustrating the bias voltages, terminal
currents and reference directions.  Also defined in the diagram are the important dimensions of the
MOSFET and the coordinate system which will be used later.  
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The MOSFET is a four-terminal device.  Shown in Fig. 2 is the circuit symbol for the n-
channel enhancement-mode MOSFET. �1 The arrow associated with the substrate (designated B, for
bulk) terminal points in the direction in which current would flow if the substrate-channel junction
was forward-biased.  As this is an n-channel transistor, a large current will flow when the
substrate is more positive than the channel and thus the arrow points toward the channel.  
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Fig. 2.  Circuit symbol for an enhancement mode, n-channel MOSFET.

The MOSFET is usually a symmetric device in which there is no physical difference
between source and drain.  Carriers in the inversion layer flow from the source to the drain;
consequently, for an n-channel device in which the carriers are electrons, the source is the n+
diffusion which is most negative.  The substrate-channel junction must be reverse-biased for
normal operation of the MOSFET.  This is guaranteed if the substrate is connected to the source or
to any more negative potential (again assuming an n-channel device;  polarities are of course
reversed for a p-channel device).

The MOSFET below pinchoff (small VD)

We begin our discussion by considering a MOSFET with zero substrate bias.  Consider
first the case shown in Fig. 3a with a small drain voltage and a gate voltage insufficient to induce
an inversion channel (VG<VT).  The depletion width beneath the source and drain junctions is W0,
which is the depletion width characteristic of a zero-biased pn junction.  Beneath the gate, the
semiconductor is depleted;  however, as inversion has not yet occurred we must have W<WT
where WT is the depletion width at inversion.  Since there is no inversion channel, the current ID is
essentially zero.
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Fig. 3a.  MOSFET below threshold (VG<VT) with no induced channel.  The drain voltage VD is
small and consequently the source and drain depletion regions are approximately equal in

thickness.

The effect of increasing the gate voltage above VT is shown in Fig. 3b.  An inversion
channel is induced beneath the gate.  As the drain voltage is near zero, there is only a small
potential difference between source and drain and thus the channel (and the depletion region
thickness beneath the gate) is nearly uniform.  Since inversion has been attained, the depletion
width beneath the gate is WT.  The channel now extends from source to drain and thus a current
flows from drain to source.  At least for small drain voltages, the current is proportional to VD as
shown in Fig. 4. 
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Fig. 3b.  The MOSFET above threshold (VD small).  A uniform channel appears and the depletion
region thickness beneath the gate is equal to the depletion width at threshold WT.

Now consider the effect of increasing the drain voltage VD (Fig. 3c).  This reverse-biases
the drain-substrate junction, increasing the depletion width above its zero-bias value W0.  In order
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to understand what happens beneath the channel, it is important to realize that the potential along
the channel increases continuously from zero at the source to VD at the drain.  Thus we expect the
depletion width to increase smoothly from WT near the source to a value larger than WT at the
drain. 
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Fig. 3c.  The MOSFET with VD>0.  The channel charge decreases toward the drain and the
thickness of the depletion region increases toward the drain.

So what happens to the inversion charge as a function of position?  We can easily show that
it must decrease as we approach the drain.  There are actually two reasons for it to decrease.  As
we approach the drain, the potential difference between the channel and the gate decreases as the
potential of the channel becomes more positive.  Since the potential difference across the insulator
capacitance decreases so also must the charge on the capacitor plates.  This is illustrated in Fig. 3c
by showing a decrease in the thickness of the channel as the drain is approached.  

The second reason for the inversion charge density to decrease toward the drain is more
subtle.  The charge on a small element of the gate is balanced by charge in the semiconductor,
which is the sum of the depletion charge and the inversion charge.  The depletion layer thickness
increases toward the drain, and thus the inversion charge would decrease even if the charge density
on the gate was uniform.  

With a constant inversion charge density, we expect the drain current to be proportional to
drain voltage.  Instead, we have shown that the inversion charge density decreases with increasing
VD.  As a result, we expect the drain current to continue increasing, but less than linearly as shown
in Fig. 4.  

The MOSFET above pinchoff

Eventually VD becomes large enough that the inversion charge density just reaches zero at
the drain (Fig. 3d).  This condition is known as pinchoff, and occurs in devices with sufficiently
long channels when VD=VG-VT.  Note that VG-VT is the excess of VG over the value that just
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produces inversion;  when VD reaches this value there is insufficient potential difference between
the gate and the channel to maintain the inversion condition.  As VD is increased further the point
where the channel pinches off moves toward the drain (Fig. 3e).  
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Fig. 3d.  The MOSFET just at pinchoff.  The channel pinches off  just at the drain diffusion.

Above pinchoff the channel no longer extends from the source to the drain.  It is essential
to understand that this does not mean that the drain current goes to zero.  First we will present an
argument to explain why the drain current cannot go to zero;  then, we supply a physical
explanation for the apparently surprising result of a finite electron current through a region with
zero electron concentration. 

We argue by contradiction.  Suppose that the drain current does go to zero when the
channel pinches off.  If so, the voltage drop along the channel is zero;  and if there is zero voltage
drop, the charge density must be everywhere the same as it is at the source.  But this is contrary to
the original assumption of a decreasing inversion charge density as we approach the drain leading
to a pinched-off channel.  So the drain current cannot drop to zero;  instead, it remains constant at
its value just below pinchoff.

In the detail of Fig. 3e we illustrate how a finite drain current can continue to flow beyond
pinchoff.  The positive voltage applied to the drain uncovers donors which provide a net positive
charge density.  Electric field lines originating on these positive charges are terminated on electrons
in the inversion charge.  Similarly, electric field lines point from positive charges on the gate to the
inversion charge.  Thus the electric field in the pinched-off region has two components, one of
which points from the drain to the channel.  Note that the component of the electric field along the
surface will sweep electrons from the channel to the drain.  So we have an explanation for the finite
drain current:  the electrons are swept across the pinched off region by a large electric field;  the
field is large enough that the charge density is nearly zero even though the current is large.  The
result is that the drain current remains constant as the drain voltage is increased (Fig. 4). 

This discussion may seem somewhat unsatisfactory as it appeals to the fact that the
electrons are swept Òvery rapidlyÓ and have a density which is Ònearly zero.Ó  Later we will return
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to examine this point again.  We will find that the picture just described works quite well for rather
long MOSFETs.  As the channel length decreases, a more detailed picture which takes account of
the true velocity-field characteristic of the carriers needs to be developed.
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Fig. 3e.  The MOSFET above pinchoff.  A pinched off region exists between the end of the
channel and the drain diffusion.  Electrons are swept rapidly through this region by the electric

field Ey.

The MOSFET with substrate bias

Finally, we consider the effect of changes in the substrate bias VB.  Figure 5 contrasts a
MOSFET with and without substrate bias.  In Fig. 5b, we see that negative substrate bias
corresponds to reverse-bias of the substrate-source and substrate-drain junctions, leading to an
increase of depletion width above W0.  There is a corresponding increase in the depletion width
beneath the channel to a value greater than WT.  
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(b)

(c)
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Fig. 4.  Qualitative ID(VD) characteristic of the MOSFET.  The letters refer to Figs. 3b-e above.

Earlier we remarked that the positive charge on the gate is balanced by the sum of the
negative depletion region charge and the electron inversion charge.  With VB<0, the depletion
region charge increases;  so in order to maintain charge balance the inversion charge must decrease
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(this is indicated in the diagram as a decrease in the thickness of the channel).  As negative
substrate bias reduces the inversion charge, its effect is equivalent to an increase in the threshold
voltage VT.  This change in threshold voltage with substrate bias is known as the body effect.
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Fig. 5.  Effect of substrate bias:  (a) MOSFET with zero substrate bias and (b) MOSFET with
VB<0.  A negative substrate bias increases the depletion charge beneath the channel and

consequently the channel charge decreases.  This is equivalent to an increase in threshold voltage.

Example 5.1.  Qualitative behavior of depletion regions in MOSFET

An n-channel MOSFET with VT=1 V is biased with VG=3 V and VD=1 V with the source grounded.
Sketch the depletion region and channel charge as a function of position. 

Solution.  Since VG>VT there is a channel near the source.  The channel extends to the drain because
VD<VG-VT=2 V so that the channel is not pinched off.  The depletion thickness is WT near the source
because the substrate potential is zero, and becomes larger than WT near the drain.  The channel and
depletion regions are sketched in Fig. E5.1. 
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Fig. E5.1.  Cross section of a MOSFET with applied bias.
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Quantitative Analysis of the MOSFET

In this section we evaluate the drain current ID of the MOSFET.  In order to do this, we
will make a simplifying assumption known as the gradual channel approximation .  The essence of
this assumption is that we can determine the channel charge by neglecting the lateral or y
component of the electric field within the channel.   When this assumption is made, we can use
previously obtained expressions for the MOS capacitor to relate the inversion charge to the gate
voltage and the channel potential at a particular point.  We will then be able to evaluate the drain
current ID. 
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Fig. 6.  Cross section of a MOSFET below pinchoff (top) and the dependence of channel potential
on position (bottom).

Expression for the inversion charge

Figure 6 shows the cross section of a MOSFET below pinchoff together with the variation
of potential along the channel.  Note that there are two components of the electric field;  the x
component due to the charge on the gate and the y component due to the potential drop along the
channel.  If the channel is ÒlongÓ enough (as has been emphasized by the scale in Fig. 6) then we
have

Ex >> Ey (5.1)

and to a good approximation the x component of the electric field can be calculated using the one-
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dimensional solutions we have obtained earlier.  The only difference is that the electric field (and
thus charges, depletion widths, etc.) will change as we move from source to drain.  This is the
gradual channel approximation.

To the extent that the gradual channel approximation is valid, our previous one-dimensional
solution (3.35b) provides a relationship among gate voltage, surface potential, and channel charge
which is given by

Qn = -Ci[VG-fs-(2fsVo)1/2]. (5.2)

When we originally derived this equation, VG was the gate voltage measured with respect to a
grounded substrate.  In the present case, the substrate is connected to a voltage VB, so we must
replace VG by VGB=VG-VB.  Recalling that Vo=qesNA/Ci

2, (5.2) can now be written

Qn = -Ci[VG-VB-fs(inv)-(2qesNAfs(inv))
1/2/Ci] (5.3)

where we have used fs(inv) to emphasize that we are interested in the case where an inversion layer
is present.  The remaining question is what expression to use for fs(inv).  If there were no potential
drop along the channel, then the device would be exactly equivalent to the gated diode discussed in
Chapter 4 (except that here the n+ region is grounded and the bias is applied to the substrate).
Recall that for the gated diode we had

fs(inv) = 2fF+Vdiff (5.4)

where fF=(kT/q)áln(NA/ni) and Vdiff is the bias applied to the n+ diffusion with respect to the
grounded substrate.  Here the source is grounded and we have a bias VB applied to the substrate;
so we have instead 

fs(inv) = 2fF-VB. (5.5)

Thus near the source Qn can be written 

Qn(y=0) = -Ci{VG-2fF-[2qesNA(2fF-VB)]1/2/Ci}. (5.6)

Now let us consider a MOSFET with an applied drain voltage so that the channel potential V(y)
increases along the channel.  As V(y) becomes more positive, it tends to increase the depletion
width, exactly opposite to the effect of substrate bias VB.  So, toward the drain, the inversion
condition must be written

fs(inv) = 2fF-VB+V(y). (5.7)

Using this more general expression for fs(inv) yields the result

Qn(y) = -Ci{VG-2fF-V(y)-[2qesNA(2fF-VB+V(y))]1/2/Ci}. (5.8)

If we define the threshold voltage including the substrate bias effect as

The MOSFET

9 Ó D.W. Greve, 1995 (all rights reserved)



VTs = 2fF+[2qesNA(2fF-VB)]1/2/Ci (5.9)

then Qn(y) can be written more usefully as

Qn(y) = -Ci[VG-VTs-V(y)]+(2qesNA)1/2[(2fF-VB+V(y))1/2-(2fF-VB)1/2].   (5.10)

This rather complex expression says the same thing symbolically as was said in words
earlier:  that is, there are two reasons that the magnitude of the inversion charge decreases as we
move from source to the drain.  The first term represents the decrease in inversion charge due to
the decreasing potential difference between gate and channel.  The second term represents the effect
of the changing depletion region charge.  We can identify the second term with the changing
depletion region charge because the doping concentration NA appears explicitly.  For a MOSFET
with very low substrate doping we can neglect this term yielding the much simpler expression

Qn(y) = -Ci[VG-VTs-V(y)]. (5.11)

Now that we have an expression for Qn (or actually two expressions, one of which is more
complete and more accurate) we can evaluate the drain current.  This calculation is performed in the
next three sections. 

Example 5.2.  Evaluation of threshold voltage.

Consider an n-channel transistor with ti=220 �, substrate doping NA=1016 cm-3, and with an n+
polysilicon gate.  Evaluate the threshold voltage with zero substrate voltage. 

Solution.  The expression for VTs for an ideal MOS transistor (no work function difference, no oxide
charge, etc.) is

VTs = 2fF+[2qesNA(2fF-VB)]1/2/Ci.

In this expression, the insulator capacitance

Ci = ei/ti = (3.9)(8.85 ´ 10-14 F/cm)/(220 ´ 10-8 cm) = 1.57 ´ 10-7 F/cm2.

The Fermi potential 

fF = kTáln(NA/ni) = (0.0259 V)áln(1016 cm-3/1010 cm-3) = 0.36 V.

We have

[2qesNA]1/2/Ci

= [(2)(1.6 ´ 10-19coul)(11.7á8.85 ´ 10-14F/cm)(1016cm-3)]1/2/(1.57 ´ 10-7 F/cm2)

= 0.367 V1/2.

So for VTs with VB=0 we find
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VTs = (0.72 V)+(0.367 V1/2)(0.72 V)1/2 = 1.03 V. 

To obtain the threshold voltage for a transistor with a polysilicon gate, we need to determine the work
function difference.  For a polysilicon gate, we have Fpoly=4.0 V (Table I, Chapter 3).  For the
semiconductor work function, we have

Fs = cs+(EG/2)+(Ei-EF) = (4.05 V)+(0.56 V)+(0.36 V) = 4.97 V

so the work function difference Fms=-0.97 V.  Using (3.36), we find

VTs(actual) = VTs(ideal)+VFB=VTs(ideal)+Fms = (1.03 V)+(-0.97 V) = +0.06 V.  

Note:  Strictly speaking this is an enhancement mode device which is preferred for logic circuits.  However,
a threshold voltage of order 0.3 V or so is usually necessary to account for device variations (and also other
effects to be discussed later).  So a method for adjusting the threshold voltage is needed;  this involves an
extra ion implantation step and will be discussed later.  

Example 5.3.  Effect of substrate voltage.

Using the transistor parameters in Example 5.2, evaluate the threshold voltage of the transistor in the
circuit below. 

+4 V

+5 V

+2 V

Fig. E5.3.  MOSFET with applied bias.

Solution.  Using the results of Example 5.2, we have with VB¹0

VTs(ideal) = 0.72+(0.367 V1/2)á(0.72-VB)1/2 V.

Note that a source bias of +2 V with the substrate grounded is equivalent to a substrate bias of -2 V with
the source grounded.  So we have

VTs(ideal) = 0.72+(0.367 V1/2)á(0.72+2.0 V)1/2 V = +1.33 V

and accounting for the nonzero workfunction difference

VTs(actual) = VTs(ideal)+Fms = +0.36 V.

As there is 2 V applied between gate and source, this transistor is ON. 

Relation between Qn and ID

Figure 7 shows the MOSFET together with a detail view of a small section of the channel
of length dx.  Let us designate the electron concentration in the channel as n(x,y).  The electron
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current density due to drift is then given by

Jn = qmnn(x,y)E = -qmnn(x,y)(dV/dy). (5.12)

Let us calculate the drain current ID by integrating Jn over the cross-sectional area of the channel.
We have

Z W

ID = -òdz ò Jndx (5.13)

0 0 

where the integration is over the width of the channel Z and the thickness of the depletion region
W .  Integrating over Z and substituting for Jn from (5.12) yields

W

ID = -Z(dV/dy)ò [-qmnn(x,y)]dx. (5.14)

0 

In general we might expect mn to depend upon the local doping concentration, electron
concentration, and perhaps other effects.  (More on this later).  We will lump all of these effects
into a single, constant, effective mobility mneff.  Factoring out mneff gives the result

W

ID = -Zmneff(dV/dy)ò [-qn(x,y)]dx =  -Zmneff(dV/dy)Qn(y). (5.15)

0 

This is an important resultÑto be used again laterÑwhich provides an expression for the channel
electric field Ey=-dV/dy.  However, for now we just integrate both sides over the entire length of
the channel.  This yields

L L

òIDdy = -Zmneffò(dV/dy)Qn(y)dy. (5.16)

0 0 

The MOSFET

12 Ó D.W. Greve, 1995 (all rights reserved)



n+ n+

V G

z

x
y

DV 

Z

Jn

dx

D
I

Fig. 7.  MOSFET showing a detail view of a small section of the channel of length dx.

Recognizing that ID must be constant over the length of the channel we can perform the
first integral;  the second can be converted to an integral over channel potential V to give the very
important expression

VD

ID = -(Z/L)mneffòQn(V)dV. (5.17)

0 

This is an equation which appears in the theory of all types of field effect transistors.  This
equation says that, provided we can express the density of mobile charges in terms of the channel
potential, we can obtain the drain current by integrating over the channel potential.  This expression
is valid for all drain voltages below pinchoff. 

Evaluation of the drain current-square law theory

Above we developed two expressions for Qn(V).  The simpler expression, valid in the limit
that the substrate doping is small, is

Qn(V) = -Ci[VG-VTs-V(y)]. (5.18)

Substituting into (5.17) above and performing the integral yields

ID = Ci(Z/L)mneff[(VG-VTs)VD-VD
2/2], VD<VG-VTs (5.19a)

which is valid only below pinchoff, hence the condition VD<VG-VTs.  The current must remain
continuous as we enter pinchoff, so we have above pinchoff
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ID = Ci(Z/2L)mneff(VG-VTs)
2, VD>VG-VTs. (5.19b)

The resulting ID(VG,VD) characteristic is calculated and plotted in Fig. 8 for a typical MOSFET.

Example 5.4.  Drain current in a MOSFET

A n-channel transistor with Z=10 mm and L=10 mm is fabricated in a process with ti=220 �.  The effective
mobility mneff=600 cm2/Vsec and VTs=0.75 V.   Obtain an expression for ID in saturation and then
calculate the drain current with VG=VD=+5 V. 

Solution. We have in saturation (5.19)

ID = Ci(Z/2L)mneff(VG-VTs)2

where Ci=ei/ti=1.57 ´ 10-7 F/cm2 (Example 5.2) and so

ID = (1.57 ´ 10-7 F/cm2)(10 mm/2á10 mm)(600 cm2/Vásec)(VG-0.75)2

= (4.71´10-5)(VG-0.75)2 A.

At VG=+5 V, we have

ID = (4.71 ´ 10-5)(5-0.75)2 =  8.51 ´ 10-4 A.

This is actually a rather large current.  If all transistors in a circuit with, say, 106 gates were biased with
this current, the power dissipation would be quite unreasonable.  We will see later that, in digital circuits,
currents this large flow only under transient conditions. 

Evaluation of the drain current-bulk charge theory

While (5.19a,b) above are useful for first-order calculations, a better fit to MOSFET
characteristics is obtained using the full Qn(V) expression.  It is still possible to integrate the Qn(V)
expression although the algebra is more difficult.  In addition, the pinchoff condition is different;
referring to (5.10) it is clear that zero Qn is obtained at VDsat which is the solution to 

0 = -Ci[VG-VTs-VDsat]+(2qesNA)1/2[(2fF-VB+VDsat)
1/2-(2fF-VB)1/2]. (5.20)

A considerable amount of algebra yields the expression for VDsat

VDsat= VG- 2 F̃ +
q sN A

Ci
2

1- 1+
2Ci

2
(VG -V B)

q sN A

(5.21a)

and then substitution into (5.17) and integration gives the drain current
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ID = Z
L neffCi (VG-2 F̃)VD-

VD
2

2
- 2
3

2q sN A

Ci
(2 F̃-VB+VD)

3/2
-(2 F̃-VB)

3/2

(5.21b)

Equation (5.21b) applies below pinchoff;  above pinchoff it must be evaluated at VD=VDsat which
is the solution to (5.21a).

These equations are complex enough that it is difficult to compare the results.  The
difference between the two models can be understood, however, if we recall the different
assumptions made to obtain the expressions for the inversion charge Qn.  In the square law theory,
we neglect the increase in bulk charge as we move toward the drain.  This effect is included in the
bulk charge theory, which has the effect of making the surface less inverted than predicted by the
square law theory.  As a result, the drain current is lower and pinchoff occurs sooner than in the
square law theory.  This is illustrated in Fig. 8 where the bulk charge and square law theories are
compared.

Example 5.5.  Difference between Qn calculated from square law and bulk charge expressions

Consider an n-channel transistor with Z=10 mm and L=10 mm, ti=220 �, VTs=0.75 V and NA=1016 cm-3.
The  substrate is grounded and the transistor is biased to VG=5 V and VD=3 V.  How large is the error in
Qn (a) near the source and (b) near the drain?

Solution. We have in the bulk charge theory (5.10)

Qn(y) = -Ci[VG-VTs-V(y)]+(2qesNA)1/2[(2fF-VB+V(y))1/2-(2fF-VB)1/2].       

(a)  We have VB=0 and near the source V(y)=V(0)=0 so

Qn(0) = -Ci[VG-VTs] 

which is of course identical to the expression of the square law expression near the source.  

(b)  Near the drain V(y)=V(L)=VD and

Qn(L) = -Ci[VG-VTs-VD]+(2qesNA)1/2[(2fF+VD)1/2-(2fF)1/2].       

The first term is exactly the result of the square law expression (5.11) evaluated near the drain and

Qn(square law)(L) = -(1.57 ´ 10-7 F/cm2)(5.0-0.75-3.0 V) = -1.96 ´ 10-7 coul/cm2.

(using Ci from Example 5.2).  The second term is positive and represents a reduction in the magnitude of
the inversion charge due to the increase in depletion region charge;  its magnitude is (using fF from
Example 5.2)

DQn = [(2)(1.6 ´ 10-19 coul)(11.7á8.85 ´ 10-14 F/cm)(1016 cm-3)]1/2

´ [(2á0.36+3.0 V)1/2-(2á0.36 V)1/2] = 6.22 ´ 10-8 coul/cm2.
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So the full bulk charge Qn(bulk charge) is smaller in magnitude by

% error = |(Qn(bulk charge)-Qn(square law))/Qn(square law)| 

= |DQn/Qn(square law)| = 32%.  

This is a rather significant error. 

Note:  The square law expression is exactly correct near the source and the error compared to the full bulk
charge expression increases as we move toward the drain.  Thus the error in drain current calculated using
the square law expression is less than 32% for this bias condition.  Even so, the bulk charge effect is still
rather important in scaled MOSFETs.  

The effective mobility mneff

We can use the equations derived above to extract mneff and VTs from measured
characteristics of field effect transistors.  Actually there are two easy ways to do this;  we will
describe both. 

Suppose we bias a MOSFET into pinchoff.  This is particularly straightforward for an
enhancement-mode transistor (VTs>0 for n-channel) because connecting the drain to the gate
guarantees that we have VD>VG-VTs.  Measurement of the resulting two-terminal device yields
ID(sat)(VG) directly.  

Figure 9 illustrates this measurement.  In current practice, transistors are characterized
using instruments known as stimulus and measurement units (SMUs).  Under computer control,
each SMU can either source voltage and measure current or source current and measure voltage.
SMUs are available as standalone instruments �2 or as complete systems containing several SMUs
either with or without  a front panel for convenient interface with the user. �3

In pinchoff, the square law theory states that the drain current is given by (5.19b)

ID = Ci(Z/2L)mneff(VG-VTs)
2 = (K/2)(VG-VTs)

2 (5.22)

where K=mneffCi(Z/L).  Plotting ID
1/2 as a function of VG, we can determine (K/2)1/2 and VTs

from the slope and intercept of the plot, respectively. �4 This is illustrated schematically in Fig. 9. 
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2 For example, the Keithley Instruments models 236, 237, and 238.
3 The Hewlett-Packard HP 4155A Semiconductor Parameter Analyzer and the Hewlett-Packard HP 4142B

Modular dc Source/ Monitor, respectively.
4 It might seem that the most straightforward approach is to pick two points from the data and to solve

simultaneously for K and VTs.  In practice, this is a bad idea for two reasons.  First of all, it does not test the
assumed relationship between ID and VG;  if this relationship does not apply, the results obtained will be nonsense.
Secondly, using only two data points (even if acquired digitally) introduces uncertainty due to the noise or
quantization error in the measurements.  By fitting many data points (perhaps hundreds) the most precise values
possible are obtained and in addition an indication of the validity of the model is obtained.  



This worksheet compares the bulk charge and square law models for a MOSFET.    

Note that the bulk charge model predictions always lie below those of the square law theory.
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Fig. 8.  (previous page) Mathcad worksheet showing ID(VG,VD) characteristic predicted by square
law theory (heavy lines) and bulk charge theory (light lines).

+
V1

I1 ID
1/2

(K/2)1/2

VTs VD

Fig. 9.  Determination of K and VTs for a pinched-off transistor.  For an enhancement-mode
device, pinch-off is guaranteed if VD=VG.

The alternate approach is illustrated in Fig. 10.  Here, we bias the transistor with a small
constant drain voltage.  (100 mV is a good compromise between the requirement for a small VD
and noise limitations at very small VD).  The gate voltage is swept and ID(VG) is measured.  For
small VD the transistor will be far below pinchoff;  and thus we have (5.19a)

ID = Ci(Z/L)mneff[(VG-VTs)VD-VD
2/2]. (5.23)

When VG-VTs >VD we can neglect the VD
2 term and thus we expect

ID/VD = Gchannel = K(VG-VTs). (5.24)

This is known as the linear regime of transistor operation.  Equation (5.24) suggests that we plot
the channel conductance as a function of VG and obtain K and VTs from the slope and intercept,
respectively.  This procedure is illustrated in Fig. 10. 

We might hope that the values of K and VTs obtained from these two methods would be the
same;  of course, in practice they are similar but not identical.  The reason is that the two
measurements are taken in two different modes of operation, which are not affected equally by
other, second-order effects.  For example, the current levels will be quite different and the impact
of parastic series resistances would be different.  Other second-order phenomena which have
similar effects will be discussed later.
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G
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+
V1

Fig. 10.  Extraction of transistor parameters for a device biased in the linear regime.  The voltage
V2 is chosen to be small.

So which method gives the ÒtrueÓ mobility, and how does that compare with the known
mobilities in bulk material?  In general, the second methodÑusing the channel conductanceÑis
preferred because it does not involve any complications associated with transport through the
pinched-off region. �5

Close examination of measurements shows that the mobility is not constant, even when we
exclude regions affected by series resistance (the effect of series resistance is shown as the dotted
line in Fig. 10).  Accurate modeling requires that we consider mneff to be a function of the electric
field.  Physically, the electric field has a y component which causes the carriers to drift from source
to drain and an x component which accelerates them toward the silicon-SiO2 interface.  The
interface provides an additional scattering mechanism (as illlustrated in Fig. 11) and thus the
mobility is lower than the bulk mobility and it tends to decrease with increasing gate voltage. 

We can extract mneff(VG) by taking the derivative of (5.24) with respect to gate voltage

mneff = (L/ZCi)(dGchannel/dVG)-1. (5.25)

Measured mobilities can be reasonably well fit by the expression �6
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5 This is actually a rather complex question with no simple answer.   It is usually more important to accurately
model the transistor in pinchoff, especially in analog applications.  So we might choose a value different from the
ÒtrueÓ mobility in order to get a better fit in pinchoff with a simple model.  The model would then provide a good fit
to the data, but would not accurately reflect the physics of the transistor and might have a very limited range of
applicability.  Alternatively, one could try to construct a complex model which accurately represents all the known
second-order effects.  Such a model would have more parameters which would be obtained by elaborate analysis of
experimental data.  Considerable effort is devoted to developing device models with the right balance between
accuracy and complexity.

6 This expression is one of two which are commonly used in circuit simulation programs to fit the dependence
of mobility on gate voltage.  The other expression is mneff = mo[esUCRIT/Ci(VG-VT)]UEXP where UCRIT [V/cm]
and UEXP [dimensionless] are fitting parameters. 



mneff(VG) = mo/[1+q(VG-VTs)] (5.26)

where q [V-1] is typically of the order of 0.10 V-1.  The mobility tends to decrease with (VG-VTs)
because increasing gate voltage increases the x component of the electric field, which in turn
increases the interfacial scattering.  The mo in this expression is typically of the order of one half to
one third of the bulk carrier mobility.  

n+ n+

VG

Ex

Ey

p substrate

Fig. 11.  MOSFET cross section showing the effect of interfacial scattering on typical path of an
electron.

Table I presents extracted values of mo and qÿ for three different CMOS technologies.  Note
that there is a general trend for the effective mobility to decrease with decreasing minimum
dimension.  This is a consequence of increased electric fields as device sizes are decreased. 

feature run ti mo(n-ch) q (n-ch) mo(p-ch) q (p-ch)
size [mm] number [�] [cm2/Vsec] [V-1] [cm2/Vsec] [V-1]

1.2 N44O 215 595 0.085 191 0.149
1.2 N47G 220 603 0.096 190 0.160
0.8 N53D 168 560 0.138 150 0.124
0.8 N54H 174 612 0.131 168 0.142
0.5 N62E 94 496 0.180 123 0.069
0.5 N68L 94 476 0.175 115 0.081

Table I.  Extracted mobility parameters from several MOSIS runs with
different minimum feature size.  [Data from http://info.broker.isi.edu/mosis/vendors].

Figure 12 illustrates the measured mobility as a function of gate voltage for an n-channel
transistor with L»3 mm fabricated in a 0.5 mm MOSIS process.  As the gate voltage increases
above VT the mobility decreases according to (5.26).  (For low gate voltages near VT, our
expressions for Qn cease to be valid and the extracted mobility drops rapidly.)   Extraction of the
K and VTs values as described earlier yields K=5.0 ´ 10-4 A/V2 and VTs=0.72 V (linear region)
and K=4.3 ´ 10-4 A/V2 and VTs=0.65 V (saturation region).  As suggested earlier, the two
methods yield results which are in near, but not exact agreement.
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This worksheet calculates the mobility as a function of VGS.  The data is 
for an n-channel  transistor with nominal Z/L=40/10 and ti=98 A.

The mobility is calculated with the transistor operated in the linear region.  
 

M READPRN N4010S0 (The argument of READPRN is a data file which must be in the same 
folder as this worksheet.)  
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Fig. 12.  Measured mobility as a function of gate voltage.  The results are only valid for gate
voltages significantly above threshold.  Above threshold the mobility decreases with gate voltage.
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Other important phenomena in the MOSFET

The theory above represents a rather idealized view of the MOSFET.  In this section we
discuss various phenomena which lead to deviations from the expressions above. 

Threshold voltage and VT adjust

We had for the threshold voltage 

VTs = 2fF+[2qesNA(2fF-VB)]1/2/Ci. (5.9)

This expression is based on the assumption that we have flatband at VG=0;  this, of course,
is the case only for an ideal MOS capacitor.  In general we must include the effect of the various
charges and work function differences.  The correct expression is then

VTs = 2fF+[2qesNA(2fF-VB)]1/2/Ci+qDitfF/Ci-Qf/Ci-Qm/Ci+fM S. (5.27)

where the various quantities have been defined in Chapter 3. 

It frequently happens that MOSFETs made in a particular process have inconvenient values
for the threshold voltage.  For example, for the n-channel device with the parameters of Fig. 8, the
ideal threshold voltage is about +1.9 V;  in a well-controlled process oxide and interface state
charges shift the threshold by at most a few tenths of a volt, and fM S is fixed by the choice of gate
metallization and substrate doping.  So how can we adjust the threshold voltage to a desired value?

This is commonly done using a threshold adjust implantation.  Ionized dopant atoms are
accelerated to sufficiently high energies to penetrate the gate and the gate oxide;  they come to rest
near the silicon-SiO2 interface.  These dopant atoms can be either the same type as the substrate or
the opposite type.  We might guess that implanting a n-channel device with acceptors makes the
substrate Òmore p-typeÓ and thus makes it harder to invert the channel:  that is, it makes VT more
positive.  Indeed, analysis shows that this is the case, and that implanted donors shift VT to more
negative values. 
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Fig. 13.  Effect of threshold adjust implant of acceptors:  (a) implantation of acceptors through the
gate;  (b) profile of acceptors after implantation;  and (c) Gaussian surface used for evaluation of
the insulator field at flatband.  Due to the enclosed charge in Gaussian surface, there is a negative

electric field in the insulator Ei when there are flat bands in the semiconductor.

Figure 13 illustrates the effect of implanting with acceptors.  In practice, the acceptors form
a narrow distribution as illustrated in Fig. 13b.  We may approximate this narrow distribution by a
delta function located exactly at the silicon-SiO2 interface.  That is, we assume that the density of
implanted acceptors is given by

NiA(x) = DAd(x) (5.28)

where DA is the dose [acceptors/ cm2] and d(x) is the Dirac delta function.  Let us calculate the
effect of this additional acceptor charge on the flatband voltage.  In Fig. 13c, we assume that the
semiconductor is at flatband and we will calculate the gate voltage, which must be VFB.  Using the
Gaussian surface shown, we have

òeE ádS = òrdV = -òqDAd(x)dx (5.29)

or

Ei = +qDA/ei. (5.30)

The flatband voltage then becomes
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VFB = Eiti = +qDA/Ci. (5.31)

Similarly implanting donors with dose DD yields a shift to more negative VFB

VFB = -qDD/Ci (5.32)

so we can write the quite general expression for threshold voltage

VTs = 2fF+[2qesNA(2fF-VB)]1/2/Ci+qDitfF/Ci-Qf/Ci-Qm/Ci+FMS-q(DD-DA)/Ci.

(5.33)

With a sufficiently large dose of donors, we can shift the threshold voltage so that it is negative;
that is, so that the transistor is turned on at VG=0.  This yields a depletion mode transistor, in
contrast to the enhancement mode device discussed up to this point.  The circuit symbol for such a
transistor is different, to indicate the presence of a channel at zero bias (Fig. 14).

Example 5.6.  Threshold voltage adjustment. 

In Example 5.2, we predicted a threshold voltage of +0.02 V for a transistor with a n+ polysilicon gate.
What threshold adjust implant should be performed to shift VTs to +0.75 V?  Assume that nonidealities
other than the work function difference can be neglected. 

Solut ion.  We need to shift the threshold voltage to a more positive value, so we must implant acceptors.
For a shift of 0.75-0.02 V, we must have

0.73 V = qDA/Ci

where from Example 5.2 we have Ci=1.57 ´ 10-7 F/cm2 so

DA = (1.57 ´ 10-7 F/cm2)(0.73 V)/(1.6 ´ 10-19 coul) = 7.2 ´ 1011 acceptors/cm2.

Figure 14 also shows the circuit symbols for p-channel devices, together with the bias
voltage polarities.  The equations for p-channel devices are similar to the n-channel equations apart
from sign changes.  The complete set of equations is presented in Table II. 
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24 Ó D.W. Greve, 1995 (all rights reserved)



n channel

p channel

V   > 0Tn

IDn

V   > 0D

+

-

V   < 0Tn

IDn

V   > 0D

+

-

V   > 0Tp

IDp

V   < 0D

+

-

V   < 0Tp

IDp

V   < 0D

+

-

enhancement depletion

VG

+

-
VG

+

-

VG

+

-
VG

+

-

Figure 14.  Circuit symbols and current and voltage polarities for n and p channel transistors.
Depletion mode devices are indicated with a continuous line for the channel while a dotted line is

used for enhancement-mode devices.  The substrate terminal is in all cases connected to the source.

VTn = 2fF+[2qesNA(2fF-VB)]1/2/Ci+VFB+qDitfF/Ci fF>0;  VB<0 ù

IDn = Ci(Z/L)mneff[(VG-VTn)VD-VD
2/2] VD<VG-VTn ÷ n

IDn = Ci(Z/2L)mneff(VG-VTn)2 VD>VG-VTn û

VTp = -2|fF|-[2qesND(2|fF|+VB)]1/2/Ci+VFB+qDitfF/Ci fF<0;  VB>0 ù

IDp = Ci(Z/L)mpeff[(VG-VTp)VD-VD
2/2] VD>VG-VTp ÷  p

IDp = Ci(Z/L)mpeff(VG-VTp)2 VD<VG-VTp. û

Table II.  Equations for n and p channel MOSFETs.  In these equations, we follow the Òdevice
physicsÓ convention and reverse the reference direction for drain current so that it remains positive

in both n- and p-channel transistors.  In circuit analysis, it is conventional to take a different
approach in which all currents are positive pointing into the device.
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Channel length modulation

The theory developed so far predicts that the drain current will remain exactly constant once
the transistor is pinched off.  In fact, a finite slope is observed above saturation as shown in Fig.
15.  A good approximation to the observed drain current is given by

ID = (K/2)(VG-VTs)
2(1+lVD) (5.34)

in which l [V-1] is known as the channel length modulation parameter .  Here, we will first discuss
the physics behind the finite slope of the drain current above pinchoff and then develop a theory for
the effect. 

ID

VD

VG1

VG2

VG3

VG4

Fig. 15.  Predictions of the simple theory for the drain current (dotted line) and actual
characteristics (solid line) showing the effect of channel length modulation.

Figure 16 shows the MOSFET just at pinchoff (VD=VDsat) and somewhat above pinchoff
(VD>VDsat).  At pinchoff the electron current is limited by the supply of electrons from the
channel;  any electrons which reach the pinched-off region are immediately swept to the drain.  But
for VD>VDsat, the channel pinches off closer to the source by a distance DL.  This is equivalent to
reducing the length of the channel from L to L-DL.  That is, since the current just at pinchoff is
given by the expression

ID = Ci(Z/2L)mneff(VG-VTs)
2 (5.35)

then when we are above pinchoff we expect to have

ID = Ci[Z/2(L-DL)]mneff(VG-VTs)
2. (5.36)

So in order to predict the drain current, all we need is a method for calculating DL as a function of
the drain voltage VD.  Strictly speaking, this requires that we solve a rather nasty two-dimensional
electrostatics problem.  But we do not require an exact solution;  we seek instead an approach
which gives us an approximate solution, possibly with one or two fitting parameters.  In that spirit,
we will proceed with one of many possible approaches for calculating DL. 
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We begin by recognizing that the pinched-off region has nearly zero electron charge
(because the electrons traverse the region very quickly) so to a good approximation the total charge
density is due to ionized acceptors.  In other words, the pinched off region is very much like a
depleted region.  If we had a one-dimensional junction, we would write PoissonÕs equation in one
dimension as

d2V/dy2 = +qNA/es (5.37)

which would yield the solution

V(y)-V(0) = qNAy2/2es+E0y (5.38)

where E0 is the magnitude of the electric field at the pinch-off point.  

V   > V
G T

n+ n+

V   =VD

V   > VG T

n+ n+DL

(a)

(b)

L-DL

L

y'=0

Dsat

V   >V
D Dsat

Fig. 16.  Effect of increasing the drain voltage above VDsat.  The point where the channel pinches
off moves toward the source as VD increases.

In the present case we most certainly do not have a one-dimensional problem;
however, we might expect the expression (5.37) to give a reasonable approximation to the exact
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result.  Choosing the origin such that yÕ=0 at the end of the channel, and requiring that
V(0)=VDsat gives

V(yÕ) = qNAyÕ2/2es+E0yÕ+VDsat. (5.39)

Using the boundary condition that V(DL)=VD and solving for DL yields the result

DL = (2es/qNA)1/2[(fD+VD-VDsat)
1/2-fD

1/2] (5.40)

where fD=(es/2qNA)E0
2.  According to (5.36) we can evaluate dID/dVD=(dID/dDL)(dDL/dVD) at

VD=VDsat to find

dID/dVD = ID/E0L (5.41)

and finally comparing with (5.34) we obtain the remarkably simple result

l = 1/E0L. (5.42)

where E0 can be used as a fitting parameter.  We see that the channel length modulation effect
indeed becomes less important as L increases. 

Subthreshold current

Consider an enhancement-mode MOS transistor biased to 0<VG<VTs.  According to our
expression (5.35) above, the drain current is zero.  We know this cannot be right;  the drain current
is at minimum the reverse current of the drain-substrate junction, a current of the order of
femtoamperes (1 fA=10-15 A).  In fact, the current is orders of magnitude higher than this, because
there are some electrons at the surface even below the threshold voltage.  (Recall we defined the
threshold voltage by comparing the inversion charge with the depletion region charge.  Below
threshold the electron charge is less than the depletion charge but not zero).  

The subthreshold current is of particular importance in circuits for low-power or portable
systems, where the standby power may be mostly due to subthreshold leakage of the MOSFETs.
Figure 17 illustrates the typical measured drain current for a MOSFET, where we have plotted the
drain current on a semilog plot to represent the many orders of magnitude of variation in current.
Note that the contribution of above-threshold conduction, shown as a dotted line, increases more
slowly than exponentially so it appears to increase sublinearly on a semilog plot. Changing the
drain voltage has almost no effect on the subthreshold current and, at least on a semilog plot, has a
barely visible effect on the above-threshold current.  The subthreshold current is found to be nearly
a straight line over many orders of magnitude of currentÑthat is, it is an exponentially increasing
function of the gate voltage.  An important figure of merit is the inverse subthreshold slope S [mV/
decade], which is illustrated on the plot and which will be calculated below. 

The subthreshold current exists because the electron density at the surface does not drop to
zero at VTs;  instead, it decreases smoothly as the gate voltage decreases.  Much earlier in Chapter
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3, we developed an expression for the surface charge Qs(fs) [the general result is in (3.61) and
was plotted in Fig. 18 of Chapter 3].  We are interested in 0<fs<fs(inv);  for this case most of the
surface charge is due to the  depletion charge.  We had

Qs » Qd » -[2qesNAfs]
1/2 (3.63)

where we have assumed fsÈkT/q.  When the electron charge is negligible compared to the
depletion charge we have from (3.35b)

VG = fs+(2fsVo)1/2. (5.42)

log(I   )
D

» 10     A-15

V
T

V
G

V
D1

V
D2

´ 10

1/S

Fig. 17.  Observed behavior of drain current on a semilog plot.  Note that the vertical axis covers
many orders of magnitude of drain current.  Also illustrated is the definition of the inverse

subthreshold slope S. 

Now note that equation (5.42) will apply everywhere along the channel;  perhaps, as we
move from source to drain the electron charge may decrease, but fs will remain virtually the same.
This means that the depletion region width must be the uniform until we reach the drain as shown
in Fig. 18.  We see that fs is constant;  and if there is no gradient of fs there can be no component
of the electric field along the surface.  If there is no electric field, there cannot be a drift current;  so
in this bias regime the electrons must flow entirely by diffusion.  The reverse-biased drain provides
a perfect sink for electrons, and as a result the electron concentration at the drain is zero.  It remains
to determine the electron concentration at the source, and then to evaluate the diffusion current. 
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Fig. 18.   MOSFET biased below threshold (top) and the dependence of electron density in the
channel on position (bottom).

The electron diffusion current density is given by

Jn = qDn(dn/dy) = q(kT/q)mn[n(0)-n(L)]/L. (5.43)

Provided the drain voltage is greater than a few kT, we can assume n(L)=0;  n(0) depends upon the
surface potential at the source fs(0) through

n(0) = (ni
2/NA)eqfs(0)/kT. (5.44)

Using (3.35c) for fs(0) and assuming that the channel thickness is t, �7 we have

ID(subthreshold) = q(Zt/L)(kT/q)mn(ni
2/NA)exp(qVG/kT-qVo{[1+2VG/Vo]1/2-1}/kT) (5.45)

where as usual Vo=qesNA/Ci
2.  We are interested in the slope on a semilog plot;  taking log10 of

both sides yields

log10(ID(subthreshold)) = C+(q/kT)log10(e)[VG-Vo{[1+2VG/Vo]1/2-1}] (5.46)

where C is a constant which depends on the prefactor in (5.45) and log10(e)=0.4343.  The most
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7 The thickness of the inversion layer is roughly the distance over which f(x) changes by kT/q at the surface,
that is, t»(kT/q)/Es, where Es is the surface electric field.  Es has some dependence on VG but this is unimportant
compared to the exponential dependence in (5.45).    



rapid decrease in ID below threshold is obtained when Vo is small;  that is, for low doping and thin
gate insulators.  For this case, we find

1/S = dlog10(ID(subthreshold))/dVG = (q/kT)álog10(e). (5.47)

At room temperature, this corresponds to S=59.6 mV/decade » 60 mV/decade.  

It is important to realize that this is the best we can hope to do in a MOSFET.  S can
become larger (that is, the decrease in ID below threshold can become weaker) for two reasons.
First, it is apparent from (5.46) that the slope degrades in transistors with thicker oxides and higher
substrate doping.  Secondly, if the interface state density is high, the expression (5.42) no longer
applies;  as we have discussed earlier, the transition from accumulation to inversion is stretched out
over a wider range of gate voltages when the interface state density is large.  Thus large Dit also
causes the slope S to increase above the value predicted in (5.47).

Small-signal capacitances

The usefulness of a particular semiconductor device depends a great deal on the achievable
switching speed or the highest frequency which can be amplified.  These are in fact two very
different figures of meritÑswitching speed concerns the large-signal behavior of a device, while
frequency response is normally a small-signal concept.  Nevertheless they are related, and a device
with a high cutoff frequency is generally also promising in high speed logic applications. 

In this section, we will first develop a small-signal model for the MOSFET which includes
the device dynamicsÑthat is, a model which is capable of predicting the behavior of the device at
high frequencies.  We will use the small signal model to obtain a useful figure of merit for analog
circuits.  We will also use these results in a subsequent section to estimate the performance of logic
circuits.

Notation for small signal analysis

We will be seeking relationships among small variations in current and voltage about a DC
operating point.  Thus it is important to have a notation which allows us to distinguish between DC
and AC quantities.  The notation we will use follows that in many circuit analysis textbooks. 

Consider the gate voltage of a MOSFET.  We designate the DC component of the gate
voltage using all capital letters (VG).  In small signal analysis, we suppose that there is a small AC
signal vg(t) superimposed upon the DC bias;  the total gate voltage is then

vG(t) = VG+vg(t). (5.48)

Usually the time dependence will be understood and not written out explicitly.  The small AC
signal is a sinusoid given by
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vg(t) = vgmcos(wt+f) (5.49)

where vgm is the magnitude and f is a phase shift.  

Commonly, circuits with steady-state sinusoidal excitation are analyzed using phasors;  in
phasor analysis we represent the sinusoid by a complex number Vg such that

vg(t) = Re[Vgejw t] (5.50)

with j=(-1)1/2.  For example, for a signal input vg(t)=2ácos(wt) [volts] the phasor representing
vg(t) is Vg=2+0j.

The advantage of using phasors is that differential equations do not need to be solved to
obtain voltages and currents.  Reactive elements are represented by complex impedances and
sinusoidal signals by phasors.  For example, if the phasor Vg=2+0j is applied to a capacitor C, we
write

Vg = ZCIg (5.51)

where ZC=1/jwC, and thus solving for Ig

Ig = jwC(2+0j) = 2ájwC. (5.52)

Using (5.50), we see immediately that ic(t)=Re[Igejw t]=2áwCácos(wt+p/2)=-2áwCásin(wt). 

The notation is summarized in Table III.  A more detailed exposition of phasor analysis can
be found in circuits textbooks.�8

ID DC current (quiescent current)

id(t)  small signal AC current

iD(t) = ID+id(t)   total current
Id phasor representing AC current

Table III.  Summary of notation for DC and small-signal AC quantities.

The small-signal equivalent circuit (low frequencies)

Consider a MOSFET in a circuit where both DC and AC components are present (Fig. 19).
For simplicity, we will consider a device in which source and substrate are connected.  We seek
relationships among the small signal quantities (ig, vg, id, and vd).  Let us consider first a MOSFET
operated at very low frequencies, such that dynamics (that is, internal capacitances) can be
neglected.  If this is the case, then we have from the square law model (5.22)
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iD = (K/2)(vG-VTs)
2. (5.53)

+ 

-

V  + v  (t)G g

I   + i  (t)G g

I   + i  (t)D d

V  + v  (t)D d

+

-

Fig. 19.  MOSFET with DC and small signal AC terminal currents and voltages.  The source and
substrate are connected together and consequently the MOSFET can be treated as a three-terminal

device.

Let us try to develop a relationship between the AC components id and vg by performing a Taylor
series expansion of (5.53) in the neighborhood of the DC operating point.  We have

iD = iD|VG
+ (¶iD/¶vG)|VG

(vG-VG) + ... (5.54)

where we have neglected the higher-order terms. �9 Of course, iD=ID+id and vG=VG+vg, so we
obtain

ID+id = ID+(¶iD/¶vG)|VG
vg.  (5.55)

Since the DC value ID cancels, we have the relationship

id = gmvg (5.56)

where 

gm = (¶iD/¶vG)|VG. (5.57)

The quantity gm has the dimensions of A/V and is known as the mutual transconductance.  The
small signal parameter gm is a function of the operating point of the transistor;  using (5.53) and
evaluating the partial derivative we find

gm = K(VG-VTs). (5.58)
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In the most general case, there are additional small signal parameters.  For a three-terminal
device, we choose one terminal as a common or reference terminal;  then the small signal
parameters give the relationship among the small signal currents and voltages at the input and
output ports.  For field effect transistors, it is convenient to choose the source as the common
terminal and to regard the gate voltage and drain voltage as the independent quantities.  Then the
most general relationship between small signal quantities is �10

ig = g11vg + g12vd (5.59a)

id = g21vg + g22vd. (5.59b)

where each of the quantities is determined by taking the appropriate partial derivative at the
operating point.  For example, 

g11 = ig/vg|vd =0 = 0 = ¶iG/¶vG|Q (5.60)

where Q represents evaluation of the derivative at the operating or quiescent point.  At least at low
frequencies, iG=0 so g11=0 and similarly g12=0.  We have earlier evaluated g21=gm=K(VG-VTs),
and g22 is zero in our model because 

g22 = id/vd|vg=0 = ¶iD/¶vD|Q = 0. (5.61)

(Had we used the model (5.34) including channel length modulation, g22 would not be equal to
zero;  we would have had instead g22=1/rd=lID.)

G

vgs

vgsgm rd

i d

S

D
+ 

-

Fig. 20.  Small signal model for a MOSFET with substrate and source connected (low
frequencies).

For engineering purposes, it is extremely useful to develop a small signal model which
represents the behavior of the transistor.  Such a model consists of components (resistors,
controlled sources, capacitors, etc.) connected so as to yield the same relationship between small
signal quantities as (5.59) above.  It is easy to verify that the small signal model of Fig. 20 is
precisely equivalent to the equations (5.59) if g11=g12=0, g21=gm, and g22=1/rd. 

In this section, we have considered a MOSFET with the source and substrate connected
together.  When this is not the case (as it very often is not in analog circuits), we must treat the
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MOSFET as a four-terminal device.  The small signal model for this more general case is presented
in the appendix to this chapter. 

The small-signal equivalent circuit (moderate frequencies)

When the MOSFET is operated at high frequencies we must include the MOSFET internal
capacitances in the small signal equivalent circuit.  These internal capacitances appear between the
terminals of the MOSFET.  For example, capacitance between gate and source or gate and drain
means that a nonzero gate current is required to drive the MOSFET.  Most often, the internal
capacitances cause the gain obtained in an amplifier circuit to decrease with increasing frequency. 

A model for the MOSFET valid in all regimes of operation and appropriate for moderate
frequencies includes five internal capacitors (Cgb, Cgs, Cgd, Cbs, and Cbd).  (The subscripts
indicate the two terminals each capacitor is connected between in the small-signal model).  One of
these capacitors, Cgb, is negligible if the transistor is above threshold.  This is because the
inversion layer ÒshieldsÓ the gate from the substrate when an inversion layer is present.  In the
following, we develop first-order expressions for the remaining four capacitances.  Our results will
be sufficient to gain insight into the frequency and switching speed limitations of the MOSFET.
Details of more complete models can be found in some of the references at the end of this chapter.

vs

+

+
VG

+
VB

+
VD

Fig. 21.  MOSFET biased with DC voltage sources and with a small AC signal applied to the
source.

In the most general case the MOSFET is a four-terminal device.  Suppose we bias a
MOSFET as in Fig. 21, where DC voltages are connected to every terminal except the source,
where we connect a small AC source vs.  We know that the AC source supplies an in-phase current
which flows through the channel and appears as drain current.  But in addition, it must also supply
a component of current 90 degrees out-of-phase which supplies charge to the gate and substrate.
To model this component of the current, we need to determine the capacitance between source and
gate (Cgs) and between source and substrate (Cbs).  We define
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Cgs = -qg/vs, and (5.62a)

Cbs = -qb/vs (5.62b)

where qg and qb are the AC components of the gate and substrate charges, respectively. �11 The
negative sign is required because qg and qb are the charges on the negative terminal of the
capacitor.  We can replace the ratio of small signal quantities by partial derivatives of the total
charge to get

Cgs = -¶qG/¶vS |VG,VB,VD (5.63a)

Cbs = -¶qB/¶vS |VG,VB,VD (5.63b)

and similarly with an AC voltage vd applied to the drain, we have

Cgd = -¶qG/¶vD|VG,VB,VS (5.63c)

Cbd = -¶qB/¶vD|VG,VB,VS (5.63d)

So evaluation of the (four) capacitors in the small-signal model requires that we determine qB and
qG as a function of the terminal voltages. 

G

vgs

vgsgm rd

S

D
+ 

-
Cgs

Cgd

B
Fig. 22.  Small-signal equivalent circuit (including the capacitances Cgs and Cgd) with source and

substrate connected together.  

In the following, we will emphasize the calculation of Cgs and Cgd.  For simplicity, we will
consider a transistor in which the square-law model is valid.  In such a transistor the capacitances
Cbd and Cbs are generally smaller than Cgs and Cgd and thus have only a second-order effect on the
performance.  Our calculation of Cbd and Cbs is therefore approximate and underestimates their
actual value.  For many purposes, we can neglect these two capacitances and use the equivalent
circuit shown in Fig. 22;  this circuit is a good approximation, especially if the source and substrate
are grounded.  
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1.  Qualitative behavior of Cgs and Cgd

Before proceeding with a calculation of Cgs and Cgd, we will first try to gain some insight
into the expected results.  Our definition of the capacitances is written in terms of the gate and bulk
charges qG and qB.  However, we are presently considering a device with a lightly doped substrate
in which the square-law model is a good approximation.  Consequently |qB| is small compared to
|qN|;  thus qG»-qN and we can equivalently write the capacitances as

Cgs » ¶qN/¶vS |VG,VB,VD (5.63d)

Cgd » ¶qN/¶vD|VG,VB,VS. (5.63e)

We begin with the MOSFET biased to VG<VTs (Fig. 23a).  No channel is present, so the only
capacitance between source and gate is due to the overlap between the gate and the source
diffusion.  We will designate this capacitance as COL.  So below threshold we expect

Cgs = Cgd = COL. (5.64)

Now suppose the transistor is biased above threshold and that the drain voltage is small (Fig. 23b).
If VD is small, there is no distinction between source and drain;  so by symmetry we have
Cgs=Cds.  In addition, the capacitance of the gate per unit area is Ci;  so we might expect

Cgs = Cgd = COL+CiZL/2. (5.65)

Now suppose we increase VD, causing the channel to become thinner toward the drain (Fig. 23c).
Modulating the drain voltage has less effect on the gate charge than modulating the source voltage,
so we expect Cgd<Cgs.  With the channel pinched off (Fig. 23d), a small AC voltage applied to the
drain has no effect whatever on the gate charge.  So in pinchoff we have

Cgs = COL+aCiZL, and (5.66a)

Cgd = COL (5.66b)

where a is a constant less than one which will  be determined by our detailed calculation. 
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V  <VG Ts V  » 0DdV S dVV  = 0

V  » 0DdV

V  > 0DdV

V  È 0DdV

V  + dVD

SV  = 0

SV  = 0

SV  = 0
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V  + dVD
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n+ n+

n+ n+

n+ n+ n+ n+
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n+ n+

n+ n+ (a)
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(d)

COL COL

V  >V TsG

V  <V TsG

V  >V TsG

V  >V TsG

V  >V TsG

V  >V TsG

V  >V TsG

Fig. 23.  Effect of small changes in source and drain voltages on the inversion charge qN.  Shaded
areas indicate the changes in qN.

2.  Evaluation of the capacitances Cgs and Cgd

In order to evaluate the capacitances, we need an expression for qN which will be used to
take the partial derivatives in (5.63).  Since the MOSFET is overall electrically neutral, we have

QG = -Qn-QB. (5.67)

where all charges (Qn,QG, and QB) are per unit area [coul/cm2].  For simplicity, we consider a
transistor in which the square law theory is a good approximation.  In such a transistor, QnÈQB so
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we can neglect QB.  Recall that the electron charge density in the channel is given by

Qn = -Ci(vG-VTs-v) (5.68)

we can obtain the total channel charge [coul] by integrating to yield

L L

qN = -ZòCi(vG-VTs-v)dy = -ZòCi(vG-VTs-v)(dy/dv)dv (5.69)
0 0

In order to perform this integral, we use (5.15) from before

ID = -Zmneff(dv/dy)Qn(y) = CiZmneff(dv/dy)(vG-VTs-v) (5.70)

Solving for dv/dy and substituting gives the expression

vD

ò(vG-VTs-v)2dv
vS

qN = -CiZLÆÆÆÆÆÆÆÆÆÆÆÆ (5.71)
vD

ò(vG-VTs-v)dv
vS

Performing the integrals yields 

qN = -(2/3)(CiZL)[(vG-VTs-vD)3-(vG-VTs-vS)3]/[(vG-VTs-vD)2-(vG-VTs-vS)2], (5.72)

or, in a form which more clearly reflects the symmetry between source and drain,

qN = -(2/3)(CiZL)[(vGD-VTs)
3-(vGS-VTs)

3]/[(vGD-VTs)
2-(vGS-VTs)

2] (5.73)

where we have expressed the charge in terms of the potential differences vGD=vG-vD and
vGS=vG-vS .  

Calculation of the capacitances using (5.63) and (5.73) yields the Meyer model, �12 which is
valid for all bias in which a channel is present.  The results are shown in Fig. 24, and do indeed
show the qualitative behavior expected from our earlier discussion.  

We are most interested in the capacitances with the transistor pinched off, as this is the
mode in which the transistor is operated in most analog applications and through a portion of the
digital switching cycle.  At pinch-off, we have vD=vG-VTs or vGD-VTs=0;  so 

qN » -(2/3)(CiZL)(vG-vS-VTs) (5.74)
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and evaluating the derivatives gives us the results

Cgs = (2/3)(CiZL)+COL (5.75a)

Cgd = 0+COL. (5.75b)

We have added in the overlap capacitance because it is the only component contributing to Cgd in
pinchoff.  COL is much smaller than CiZL in a well-designed transistor so it can generally be
neglected in the  expression for Cgs. 
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V  = 3 VG
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gdC

V  = 2 VG

V  = 2 VG V  = 3 VG

Fig. 24.  Calculated Cgs and Cgd for the Meyer model for a transistor with VTs = 1 V.

3.  Approximate evaluation of Cbs and Cbd

For completeness, we include here approximate expressions for the capacitances Cbs and
Cbd.  Consider first the capacitance between source and substrate.  As the source voltage is
incremented, the substrate charge changes both beneath the source junction and beneath the
channel.  We will approximate Cbs as just the capacitance of the source junction (clearly this
underestimates the capacitance as it neglects the contribution from charge beneath the channel).
The capacitance per unit area of a one-sided pn junction is given by
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C = (qNAes/2[fbi-VA])1/2 (5.76)

where NA is the doping on the lightly doped side, fbi is the built-in voltage, and VA is the applied
bias (VA>0 corresponding to forward bias).  Applying this expression to the source and drain
junctions yields 

Cbs = As(qNAes/2[fbi-VBS])1/2 (5.77a)

Cbd = Ad(qNAes/2[fbi-VBD])1/2 (5.77b)

where As and Ad are the areas of the source and drain junctions respectively.  A somewhat more
accurate expression for Cbs which takes account for the modulation of the charge beneath the
channel is �13

Cbs = As(qNAes/2[fbi-VBS])1/2+d1Cgs (5.77c)

where d1 is proportional to (2qesNA)1/2/Ci (that is, it is higher in transistors with high substrate
doping).  

Now that we have expressions for the capacitances, we are in a position to investigate the
performance of the MOSFET.  We will do this in two simple cases which offer some important
guidelines for transistor design, especially for low-power applications.  In the first section, we
obtain figures of merit for the analog performance of a transistor.  Then we discuss the use of the
transistor in digital logic circuits. 

Figure of merit for analog applications

In this section, we develop a figure of merit which is useful for comparison of different
transistor technologies and also for developing guidelines for transistor design.  We could, of
course, choose a ÒstandardÓ amplifier circuit and calculate the frequency response.  But the
standard circuit might not yield the best possible performance for a particular transistor, perhaps
because of a poor impedance match at input or output.  It is preferable to have a figure of merit
which depends only on the transistor itself. 
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Fig. 25.  Circuit for calculation of short-circuit current gain.  The gate resistor is large enough that
the AC current through it can be neglected.

The figure of merit we will develop here is the unity current gain cutoff frequency,
designated fT.  Suppose the transistor is driven by an AC current source, and suppose we consider
the short circuit current drain current as the output (Fig. 25).  (In this circuit the resistor is large
enough that the AC current flowing through it can be neglected.  It is included only to bias the
transistor).  We wish to calculate Ai(jw) = Io/Ii where Ii and Io are the phasors corresponding to
the input and output signals ii and io respectively.  The small-signal equivalent circuit is shown in
Fig. 26;  elementary circuit analysis gives for the output current

Io = (jwCgd-gm)Vg s. (5.78)

The voltage Vg s is the voltage developed across the parallel combination of Cgs and Cgd, so

Vg s = Ii /[jw(Cgs+Cgd)] (5.79)

and combining gives

Ai = Io/Ii = (jwCgd-gm)/[jw(Cgs+Cgd)]. (5.80)

Vgs

Vgsgm
+ 

-

Cgs

Cgd

IoIi

Fig. 26.  Small signal equivalent circuit for calculation of fT.

Except at extremely high frequencies, jwCgdÇgm and in pinchoff we know that CgsÈCgd;  so this
result simplifies to

The MOSFET

42 Ó D.W. Greve, 1995 (all rights reserved)



Ai = -gm/jwCgs. (5.81)

We want to find wT such that |Ai(jwT)| = 1;  taking the magnitude of (5.79) and solving yields

wT = gm/Cgs (5.82a)

or 

fT = gm/2pCgs. (5.82b)

It is most instructive to substitute the actual expressions gm=Ci(Z/L)mneff(VG-VTs) (5.58)
and Cgs=(2/3)(CiZL) (5.75a) into this expression.  A number of parameters cancel out leaving

fT = 3mneff(VG-VTs)/4pL2. (5.83)

This expression says that the performance of a transistorÐmeasured in terms of the highest
frequency at which we can get a current gain larger than oneÐdoes not depend at all on the width of
the channel or the thickness of the insulator.  This is because increasing the width or decreasing ti
increases gm but also increases Cgs by the same factor.  So what can we do to improve transistor
performance?  The mobility is essentially fixed for a particular semiconductor.  Increasing VG-VTs
increases the power dissipationÐparticularly undesirable in portable, battery-operated equipment.
However, there is a considerable performance improvement which can be achieved by decreasing
the channel length L. �14 This is one of many driving forces behind the trend toward decreasing
minimum dimension in integrated circuits.  Every decrease in L requires considerable development
of the process technology.  Nevertheless, the minimum channel length of MOSFETs has been
decreasing for decades and is expected to continue to do so. 

Example 5.7.  Estimate of fT

Consider a silicon n-channel MOSFET with L=5 mm, operated with VG-VTs=4.25 V.  Assuming a mobility
of mneff=500 cm2/Vsec, estimate fT. 

Solut ion.  We have (5.83)

fT = 3mneff(VG-VTs)/4pL2 = 3(500 cm2/Vsec)(4.25 V)/(4á3.14)(5 ´ 10-4 cm)2 = 2.0 ´ 109 Hz.

Note:  A gate length of 5 mm is of course very much greater than present technology.  However, at more
usual gate length effects such as velocity saturationÑto be discussed laterÑbecome important.  We will see
that fT continues to increase with decreasing L, although not as rapidly as suggested by (5.83).

The figure of merit fT is in fact highly optimistic and in many cases unrealistic.  As our
definition uses a short circuit load, it is clear that no power is delivered to the load by the transistor.
In a real circuit, useful performance will only be obtained up to a fraction of fT.  A good rule of
thumb is that it is desirable to have fT an order of magnitude greater than the intended frequency of
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operation.

Digital switching performance

We seek here to calculate the approximate dependence of digital switching time and power
dissipation on transistor parameters.  We consider the switching of a CMOS inverter driving a load
capacitance CL.  We will make numerous approximations with the goal of obtaining simple
expressions which represent the general trends. �15 The circuit is illustrated in Fig. 27. 

+

-

+
vi vo

VDD

C
L

VDD

VTn V     -|V   |DD Tp vo

vi

(a) (b)

Fig. 27.  CMOS inverter:  (a) circuit diagram, showing a load capacitance CL, and (b) static
transfer characteristic.

We first briefly outline the DC operation of the inverter in the ideal case.  The n channel
transistor is off when the input voltage is less than the threshold voltage of the n channel transistor
VTn.  Then the p-channel transistor is strongly on so the output voltage is pulled very near the
supply voltage VDD.  As vin is increased, the n-channel device turns on and the output voltage
begins to decrease.  For VDD-|VTp|>vin>VTn, DC current flows through the transistors and the
output voltage is between ground and VDD.  For vin>VDD-|VTp|, the p channel device is off and
vo=0.  CMOS logic is highly attractive in low power systems, in part because (at least in the ideal
case) power is dissipated only during switching.

1.  The symmetric inverter

We will now estimate the time required for switching.  We will first consider a symmetric
inverter, that is, one in which the n- and p-channel transistors have the same width and length.  We
suppose that the input is initially low and instantaneously becomes high at t=0.  The PMOS
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transistor is turned off and the NMOS transistor sinks current from the capacitive load, pulling the
output voltage down.  If we had a constant capacitance driven by a constant current, we could
write

iC = C(dvC/dt) (5.84)

and the time Dt required for a voltage change DvC would be

Dt = CDvC/iC.  (5.85)

In particular, we define the propagation delay time tPHL as the time required to drive the output
from high (VOH»VDD) to a voltage halfway between high and low (VDD/2).  Thus

tPHL = CVDD/2iC
16 (5.86)

In the present case, neither capacitance nor current is constant, so we must approximate.  We will
follow an approach commonly used for analysis of digital circuits; �17 for the charging current we
use the average current during the first part of the switching process

Iavg=(i(vo=VOH)+i(vo=[VOH+VOL]/2)/2. (5.87)

Initially the NMOS is pinched off;  so we have

i(vo=VOH) = Kn(VDD-VTs)
2/2 » KnVDD

2/2 (5.88)

where Kn=Cimneff(Zn/Ln), with Ln and Zn the length and width of the n-channel device,
respectively.  When the output is VDD/2 the transistor is no longer pinched off so

i(vo=[VOH+VOL]/2) = Kn[(VDD-VTs)VDD/2 -VDD
2/8] » 3KnVDD

2/8 (5.89)

where we have approximated VDD-VTs»VDD.  We obtain

tPHL = (8/7)(Ln/Zn)(CL/Ci)(1/VDDmneff) (5.90)

where CL is the average capacitive load on the inverter.  There are two limits to (5.90).  If the
inverter is driving only another identical inverter with similar n- and p-channel transistors, then
CL»Ci (LnZn+LpZp) and we have (for Ln=Lp and Zn=Zp)

tPHL(min) = (16/7)(Ln
2/VDDmneff) » 2(Ln

2/VDDmneff) (5.91)

This is a fundamental limit imposed by the transistor technology.  It is interesting to note
that tPHL is proportional to 1/fT of the driving transistor, indicating that a transistor with high fT
will also be a fast switching transistor.  When the load is only an inverter made with similar
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transistors, the switching speed tPHL(min) depends only on the gate length of the transistor (5.91).
On the other hand, if CL is a fixed external load, then the switching time increases above
tPHL(min) by a factor of CL/2CiZL.  In this case, we can decrease the switching time toward
tPHL(min) by increasing the width Z.  But an increase in width is accompanied by an increase in the
current drawn by the inverter.  This is illustrated in Fig. 28, where we see that there is a
fundamental tradeoff between switching time and supply current.  Considering other parasitic
components (for example, series resistances) may cause the tPHL to increase again at very high
currents.  This behavior is quite general for logic circuits;  it indicates that we should make every
effort to minimize load capacitance, and once that is done, to choose the minimum transistor width
(and thus drain current) to achieve the desired propagation delay. 

log(i          ) or log(Z)D(max)

log(t      )
PHL

tPHL(unloaded)

Fig. 28.  Effect of changing the transistor width Z in an inverter driving a fixed capacitive load CL.
Increasing the channel width also increases the current drawn from the power supply.  For very

wide channels the switching time is either constant (when transistor internal capacitances dominate)
or increasing (if other parasitic components become important)

2.  The optimized inverter

In the discussion above, we assumed that the transistors were equal in size.  This is
actually a bad idea because for the low-to-high transition the charging current is determined by the
drain current of the PMOS transistor, which will be lower due to the lower effective mobility of
holes.  A better approach is to make the p channel transistor wider.  That is, we choose

(Zp/Lp) = r(Zn/Ln) (5.92)

where r>1.  The optimum value of r depends on whether the inverter is driving another similar
inverter or a capacitive load;  when driving another inverter the optimum is r=(mneff/mpeff)

1/2.  This
modestly improves the sum of the two switching times.   

So what is the propagation delay of such an optimized inverter?  It turns out that even
(5.91) is excessively optimistic.  A more careful analysis of the inverter circuit is necessary in
order to get results which are in agreement with observations.  In such an analysis, the switching
time is further degraded by the following:
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1. Other capacitances.  We have so far neglected the capacitances between the drain
diffusions and the substrate and the overlap capacitances.

2. Short-channel effects.  The channel length in present technologies is small enough that
the theory discussed above is inadequate.  In fact, the transistor currents are lower than
predicted, leading to an increased switching time.  The consequences of short-channel
effects will be discussed later.

But the general conclusion drawn from the discussion above still remains valid;  digital
circuit performance still improves with decreasing gate length.  This is one driving force for the
continual decrease in minimum geometry which has characterized semiconductor devices for
decades. 

A good way to illustrate this improvement is by comparing the propagation delays of
inverters fabricated in different technologies.  This is commonly measured by constructing a ring
oscillator, which is a series connection of an odd number of inverters with the output of the last
stage returned to the input of the first.  Such a circuit has no stable state if the number of inverters
is large enough;  it will oscillate with a frequency given by

fring oscillator = 1/N(tPHL+tPLH) (5.93)

where N is the number of stages.  Figure 29 shows the performance of ring oscillators in three
different technologies.  As expected, the oscillation frequency increases with decreasing feature
size. 
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Fig. 29.  Ring oscillator performance (31 stages) as a function of gate length for several MOSIS
runs.  The power supply voltage was 5 V with the exception of 0.5 mm gate length which was

measured at 3.3 V.  

Example 5.8.  Estimate of ring oscillator performance

Estimate the oscillation frequency of a 31-stage ring oscillator fabricated with identical NMOS and PMOS
transistors with a 1.2 mm effective gate length.  Assume the operating voltage is 5 volts. 

Solut ion.  We have (5.91)

tPHL(min) » 2(L2/VDDmneff).

so the sum of the two delay times is

tPHL+tPHL = (2L2/VDD)(1/mneff+1/mpeff).

Using Table I, we can expect an electron mobility of the order of

mneff = m0/[1+q(VG-VTs)] » (600 cm2/Vsec)/[1+(0.1 V-1)(5 V)] = 400 cm2/Vásec

(assuming that VG-VTs»VDD) and similarly

= (190 cm2/Vsec)/[1+(0.15 V-1)(5 V)] = 109 cm2/Vsec.

So we find

tPHL+tPHL = (2)[1.2 ´ 10-4 cm)2/(5 V)][1/(mneff)+1/(mpeff)].

= 6.7 ´ 10-11 sec

and 

fosc = 1/(31)(tPHL+tPHL) = 480 MHz.

In practice ring oscillator performance is considerably worse.  As explained previously, this is a consequence
of short-channel effects and omission of some contributions to the capacitance. 

3.  Power dissipation

Propagation delay is not the only important characteristic of a digital technology.  In many
high-performance applications, the power dissipation of chips can become so high that special
thermal design of packages is necessary.  And in battery-powered systems, the limited energy
density of batteries severely limits operating time.  In this section, we will discuss the power
dissipation of digital circuits and how it depends on device characteristics.

For a digital system, the power dissipation per gate can be written 

P = a0®1EfC+IleakageVDD (5.94)
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where a0®1 is the probability that the gate switches from zero to one in a given clock period;  E is
the energy per switching event;  and Ileakage is the leakage current from VDD to ground when the
gate is not switching.  We will discuss each of the two terms in (5.94) separately. 

+

-

i

v
C

C
L

V
DD

v(i)

iC

Fig. 30.  Simplified circuit for evaluation of the switching energy while switching from high to
low at the output.  Only the PMOS transistor is on.  The PMOS devices is represented by a

nonlinear component with characteristic v(i).

We first evaluate the energy E per switching event.  Consider switching a load capacitance
CL from 0 to VDD.  Assuming that the input signal transition is ideally abrupt, �18 the NMOS
transistor is off during the switching event so we need only consider the PMOS device.  The
simplified circuit is shown in Fig. 30, where the element labeled v(i) is a nonlinear element which
represents the nonlinear characteristic of the PMOS device.  The current into the capacitor is given
by

iC=CL(dvC/dt). (5.95)

But iC=i and vC=VDD-v, so we have

i=-CL(dv/dt). (5.96)

The instantaneous power dissipation in the nonlinear element is

P(t)=iv=-CLv(dv/dt) (5.97)

and integrating over time we find for the energy EPMOS
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¥ 0
EPMOS=-CLòv(dv/dt)dt = -CLòvdv (5.98)

0 VDD

which gives the result

EPMOS=CLVDD
2/2. (5.99)

Similarly, we can show that the energy stored in the capacitor at the end of the transition is
Estored=CLVDD

2/2.  So the total energy required is the sum of these two or

Etot = EPMOS+Estored = CLVDD
2. (5.100)

For the transition from high to low, the PMOS device is off and the energy stored in the capacitor
is dissipated in the NMOS device.  So (5.100) is indeed the total energy per switching event.  

The other component in (5.94) is due to the leakage current through the transistors.  Ideally
we would like to make both n- and p-channel threshold voltages as small as possible, approaching
zero, in order to maximize the current available to charge and discharge the load capacitance.
However, as the gate voltage approaches VTs the subthreshold current strongly increases.  The
tradeoff between switching speed and steady-state power consumption becomes particularly
difficult as power supply voltages are decreased.  Presently threshold voltages of 0.3 V are
required for room temperature operation.  It is anticipated that supply voltages in portable systems
will continue to decrease until they reach approximately one volt (Fig. 31).�19
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Fig. 31.  Projected operating voltages of CMOS logic in portable systems (from B. Davari, R.H.
Dennard, and G.G. Shahidi, IEEE Proc. 83, 595 (1995)].
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Example 5.9.  Power dissipation in a digital circuit

A chip operates with VDD=5 V and has 106 gates.  Calculate the power dissipation if each gate is loaded by
20 fF, the clock frequency is 100 MHz, and each gate switches every period.

Solut ion.  According to (5.98), the energy per transition is 

E = CLVDD
2 = (20´10-15 F)(5 V)2 = 5´10-13 J/transitionágate

and so the power dissipation attributable to switching alone is (5.94)

P = Na0®1EfC = (106 gates)(1)(5 ´ 10-13 J/transitionágate)(108 transition/sec) = 50 W.

This is a rather large amount of power;  in fact, an impossible power dissipation for a portable system.  So
which assumptions are invalid?  The number of gates is smaller than that in present high-end
microprocessors.  The load capacitance is also impractically small and amounts to a load of at most a few
gates with no wiring capacitance.  So clearly reasonable power dissipation can only be obtained by
designing circuits so that most of the gates do not switch in each clock cycle;  that is, so that a0®1Ç1.
Developing design methodologies for accomplishing this is the subject of much current research.  

There is also much to be gained from device design.  Reducing the operating voltage has a major effect on
the switching energy, and decreasing the device size reduces CL as will be discussed later.

Characteristics of Scaled MOSFETs

Scaling in general

Suppose we have a mature process for fabricating MOSFETs with a minimum gate length
L, which was chosen to be the smallest manufacturable photolithographic feature.  Now
improvements in process technology make it possible to manufacture devices with a smaller gate
length L/a, where a>1.  How should we change the process to take advantage of the improved
lithography?

We can use the results obtained above to predict the consequences of particular scaling
approaches.  These predictions will, of course, be correct only if the equations remain valid and no
new physical phenomena become important.  In the following, we will first outline two
straightforward approaches for device scaling and we will then discuss various new physical
phenomena which need to be considered. 

Until recently, power supply voltages were regarded as fixed at VDD=5 V and as a result
constant voltage scaling was generally used.  In constant voltage scaling all dimensionsÐincluding
insulator thickness tiÐare scaled by 1/a;  voltages are kept constant;  and impurity concentrations
are scaled by a factor of 1/a2.  With these assumptions, for the load capacitance CL (whether due
to another device or an interconnect line) we have

CL ~ LZ/ti ~ 1/a. (5.101)
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For the drain current of a MOSFET

ID ~ (Z/L)CiVDD
2 ~ aÿ (5.102)

and since Iavg~ID we have for the propagation delay time

tPD ~ CLVDD/2Iavg ~ 1/a2. (5.103)

Since the switching speed is increased, the clock speed can be increased;  assuming this is done,
and neglecting steady-state power consumption, the power dissipation scales as

P ~ IavgVDD ~ a. (5.104)

As the size is reduced by a factor of 1/a2, the power dissipation per unit area increases by a factor
of a3.  These results are summarized in Table IV. 

Constant voltage scaling is impractical for a number of reasons, some of which will be
discussed in more detail below.  First of all, the increase in power density leads to major
difficulties in cooling.  In addition, the increase in power dissipation for the same function is
highly unattractive for circuits intended for portable systems.  Although our analysis suggests that
the switching speed improves according to 1/a2, we will see below that velocity saturation effects
prevent us from actually realizing all of this improvement.  Finally, the electric fields in the device
increase with a in constant-voltage scaling and this leads to considerable difficulties with device
reliability due to hot electron injection into the gate oxide, which is also discussed below. 

parameters constant voltage constant field

dimensions (Z,L,ti)ÿ 1/aÿ 1/a

voltages (VDD, VTs) 1 1/a

doping (NA, ND) a2 a

capacitances (CL, CiZL)ÿ 1/aÿÿ 1/aÿ

currents (ID, Iavg)ÿ aÿÿ 1/a

propagation delay (tPHL, tPLH) 1/a2 1/a

power (P) a 1/a2

power density (P/ZL) a3 1

Table IV.  Consequences of different scaling scenarios (valid for long-channel devices)

Another possible scaling scheme is constant electric field scaling .  In this approach the
voltages (power supply and threshold voltages) are also scaled by 1/a.  The consequences of this
approach are presented in Table IV, again subject to the assumption that the equations derived
above remain valid.  Constant electric field scaling has the desirable properties that (1) switching
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speed still improves, although less than with constant voltage scaling;  (2) power consumption and
power density decrease;  and (3) reliability is considerably improved.

Future devices will probably be designed to be somewhere between these two extremes.
One way to look at this is to imagine scaling electric field and linear dimensions by two different
factors.  In Fig. 32, we illustrate the dependence of VDD/L (which is proportional to the maximum
channel electric field) as a function of channel length L in one proposed scheme for scaling of
MOSFETs . �20 For high-performance applications, the channel electric field increases strongly with
decreasing channel length although not as strongly as in constant-voltage scaling.  For power-
critical applications, the electric field increases even less strongly.  
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Fig. 32.  Two different proposed scaling schemes for high performance and low power devices.
Points are labeled with the corresponding supply voltage VDD.

Hot-carrier injection 

Consider electrons moving in a semiconductor in a large electric field (Fig. 33).  Between
scattering events, electrons gain energy in the electric field and thus move to higher energy states in
the conduction band.  Frequent scattering events cause the electrons to lose this kinetic energy and/
or randomize the velocity so that the typical path of an electron is as indicated by (i).  However,
scattering is a probabilistic process and as a result some electrons (ii) may gain considerable
amounts of kinetic energyÐpossibly a few electron volts.  These are called hot electrons because
their kinetic energies would be observed in equilibrium only at far higher temperatures.  Such
electrons may initiate comparatively unlikely processes such as avalanche generation.

In the channel of an MOS transistor, hot electrons can cause reliability problems.  This can
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be understood by referring to Fig. 34, which shows a detail of the pinched off region of the
channel near the drain.  Note that the component of electric field due to the gate provides a force on
the electron toward the oxide. Electrons with sufficiently high kinetic energy may surmount the
barrier at the interface and be injected into the oxide.  Most of these electrons are collected at the
gate but a few become trapped in the oxide, leading to an accumulation of negative oxide charge.
This has the effect of shifting the threshold voltage in the positive direction (5.27).  A similar
phenomenon can occur in p-channel devices involving holes. 

EV

EC

(i)

(ii)

Fig. 33.  Electron motion in a large electric field showing (i) electron experiencing frequent
scattering events and (ii) electron which gains a large kinetic energy before scattering.
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Fig. 34.  Hot electron injection:  (a) detail of the pinched off region of the channel and (b) the
energy band diagram in the pinched-off region showing an electron with sufficient kinetic energy

to surmount the barrier DEC.
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Hot carrier injection is a comparatively unlikely event and even after injection most of the
electrons do not become trapped in the oxide.  Nevertheless, hot carriers are a major reliability
problem, and can lead to eventual failure of a circuit.  The lifetime of a device is a complex function
of the maximum channel electric field, the transient terminal voltages during switching, and is also
influenced by the processing of the oxide.  It might be expected that reducing the supply voltage
below the barrier height DEC/q (»3 V) would prevent hot carrier injection.  Experimentally, hot
carrier injection is considerably reduced but not eliminated for VDD<3 V.  Thus reliability
considerations favor constant-field scaling over constant-voltage scaling.  

Hot carriers can also scatter from the interface causing bond breakage and thus the creation
of interface states.  This causes a degraded subthreshold slope which can also be a reliability
problem. 

Velocity saturation

As the channel length L is decreased, the details of carrier transport through the pinched off
region become more important.  We will see that for short devices the current is no longer
proportional to 1/L.  This has major consequences for device scaling.

Figure 35 illustrates the behavior of the electron velocity as a function of electric field.  For
small fields we have

v = mneffE (5.105)

where mneff is the familiar effective electron mobility.  For high fields additional scattering
mechanisms become important and the electron velocity saturates approximately at vs»6 ´ 106 cm/
sec. �21 We can make a piecewise linear approximation to this curve (also shown in Fig. 35)

mneffE E<vs/mneff
v = { (5.106)

vs E>vs/mneff.
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Fig. 35.  Electron velocity as a function of electric field.  The velocity saturates at the value vs for
high electric fields.
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Fig. 36.  Potential drop along channel for three different drain voltages.  The slope of the channel
potential and thus magnitude of the electric field increase with VD.  For high VD, the electric field

is large enough to cause velocity saturation near the drain.

Now consider the behavior of the potential drop along the channel V(y).  For small drain
voltage, the channel charge Qn is nearly uniform;  the channel has uniform resistivity and electric
field (Fig. 36). As the drain voltage increases, the drain current rises and thus the slope of V(y)
near the source must increase.  In addition, the channel begins to decrease in thickness near the
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drain, causing V(y) to curve upwards near the drain.  So the magnitude of the electric field
increases (because Ey=-dV/dy), especially near the drain.  At least for small electric fields, we have
v=mneffE so the velocity of carriers in the channel also increases. 

Eventually we attain v=vs close to the drain.  A further increase in VD cannot increase ID
any further, because all the carriers available are already moving at their saturation velocity.  This is
the real mechanism of ÒpinchoffÓ in the MOSFET.  We expect the drain current to saturate when the
electric field becomes high enough to reach the saturation velocity, or when 

dV/dy|drain = vs/mneff. (5.107)

To calculate the drain voltage which corresponds to this condition, we must express dV/dy in terms
of VD and solve for the drain voltage at saturation.  Using (5.70) we have

ID = CiZmneff(dV/dy)(VG-VTs-V) (5.70)

and substituting the expression for ID below pinchoff and solving for dV/dy yields the equation for
VDsat

[(VG-VTs)VDsat-VDsat
2/2]/[VG-VTs-VDsat] = Lvs/mneff. (5.108)

This quadratic can be solved in general but it is more useful to investigate two limits.  For vs®¥
we have a solution when the denominator is zero or when

VDsat
S = VG-VTs (5.109)

which is the saturation condition we used previously.  We label this limit with the superscript ÒSÓ
for Shockley as this was the approach used in his original theory.  However, for small vs we
obtain another limit

VDsat
vs = Lvs/mneff (5.110)

where the superscript ÒvsÓ indicates that this is the result when velocity saturation is considered.
In the velocity saturation limit, we obtain for the drain current

ID = ZvsCi(VG-VTs). (5.111)

So the result is that in the velocity saturation limit the drain current is independent of channel length
L and increases more slowly with gate voltage than in long-channel devices.

The implications of these results can be seen most clearly in Fig. 37, where we plot the
drain current in saturation as a function of 1/L for a MOSFET with VG=VDD.  For a given supply
voltage, the drain current initially increases as the channel length decreases.  When velocity
saturation sets in, further decreases in channel length have no effect on the drain current.  The
channel length at which velocity saturation effects become important is given approximately by
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Lcrit » VDDmneff/vs. (5.112)
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Fig. 37.  Drain current in saturation as a function of L.  For long-channel devices the drain current
increases with decreasing L.  When the channel length becomes small enough, velocity saturation

causes the drain current to remain constant.

Example 5.10.  Velocity saturation onset

Determine the channel length at which velocity saturation effects become important in n channel transistors
when VDD=5 V. 

Solut ion.  The effective electron mobility is approximately 400 cm2/Vásec (Example 5.8).  So we have
for Lcrit (5.112)

Lcrit = VDDmneff/vs = (5 V)(400 cm2/Vásec)/(6 ´ 106 cm/sec) = 3.3 ´ 10-4 cm.

Velocity saturation is therefore likely to be important in many current technologies and essentially all future
technolgies. 

Due to velocity saturation, the scaling predictions of Table IV must be modified.  The
results are presented in Table V, with the changes from Table IV in boldface.  Velocity saturation
strongly influences the effect of constant voltage scaling but has no effect on the consequences of
constant field scaling.  It is important to note that it remains advantageous to scale devices and that
improvements in both speed and power are possible under some scenarios. 
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parameters constant voltage constant field

dimensions (Z,L,ti)ÿ 1/aÿ 1/a

voltages (VDD, VTs) 1 1/a

doping (NA, ND) a2 a

capacitances (CL, CiZL)ÿ 1/aÿÿ 1/aÿ

currents (ID, Iavg) 11 ÿ 1/a

propagation delay (tPHL, tPLH) 11 //aa 1/a

power (P) 11 1/a2

power density (P/ZL) aa 22 1

Table V.  Consequences of different scaling scenarios when the effect of
velocity saturation is included.

Short- and narrow-channel effects

Almost all of the discussion above treated the MOSFET using a quasi-one dimensional
approach, namely, using the gradual-channel approximation.  (The single exception was our
discussion of channel length modulation, which indeed is one of the short-channel effects).  In this
section, we describe some possible approaches for further improvement of models for short and
narrow devices.  The approaches we will discuss are approximate in nature and have been
developed to improve the accuracy of model predictions without performing a full two- or three-
dimensional calculation.  Higher accuracy can of course be obtained by numerical calculations but
these are beyond the scope of this text.�22

Short-channel threshold voltageÐqualitative discussion

As an example of a case in which the gradual-channel approximation is insufficient,
consider a short-channel transistor.  In Fig. 38 we contrast short and long channel devices, for a
gate voltage such that the long-channel device is just below threshold.  Electric field lines originate
on positive charges in the source and drain depletion regions and the gate and terminate on  ionized
acceptors in the depletion region.  In a long channel device (fig. 38a), the central portion of the
depletion region is so far from the source and drain regions that the electric field lines are nearly
vertical and the depletion width is determined only by the gate voltage.  In this case, the one-
dimensional MOS equations can be used to calculate the gate voltage required to attain inversion.  

For the short-channel device (Fig. 38b), the situation is very different.  Some of the electric
field lines from source and drain terminate on the depletion region charge, or alternatively, we can
say that the depletion region charge is in part controlled by the source and drain.  The influence of
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the source and drain increases the depletion width beneath the channel, and this has the effect of
bringing the all parts of the device closer to inversion. 

V  »� 0D
V  <VG TsV  »� 0D

V  <VG Ts

n+n+ n+n+

(a) (b)

Fig. 38.  Comparison of depletion regions in long- and short-channel devices with the same
applied gate voltage (VG<VTs).  The short-channel device is closer to inversion for the same gate

voltage.

In principle we could calculate the threshold voltage by performing an appropriate two
dimensional calculation (or three dimensional, if we model at the same time the consequences of
finite channel width).  Such calculations are possible and are frequently performed to design and
model short-channel devices.  These calculations cannot be performed analytically but must instead
use advanced numerical techniques and frequently a considerable amount of computing power.
The approach we will take here is to  ÒrepairÓ our one-dimension model so that it works reasonably
well in circumstances in which the underlying assumptions are not valid.  We will model the
influence of source and drain by modifying the expression for the threshold voltage.  It is
important to note that these calculations cannot be justified rigorously;  the final justification is
really that good agreement with experiment is obtained. 
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Fig. 39.  Two approaches for charge partitioning in short-channel devices:  (a) deep source and

drain diffusions and (b) shallow diffusions.
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�

Evaluation of the short-channel threshold voltage

Recall that the threshold voltage VTs in a long-channel device is given by

VTs = fs(inv)+(2qesNAfs(inv))
1/2/Ci = fs(inv)-QD/Ci (5.113)

where QD is the depletion region charge density [coul/cm2] at the threshold of strong inversion.
Since the effect of the source and drain is to increase the depletion region width, in a short-channel
device less gate charge is required to bring the device to the edge of strong inversion.  This is
illustrated in Fig. 39, which shows a device which is at the edge of strong inversion.  For
simplicity we have assumed W0»WT=W and we have approximated the shape of the depletion
region by straight-line segments.  Some portions of the depletion region are controlled by the
source and drain, and thus only the smaller shaded region must be depleted by the gate to reach
inversion.  The depletion region charge controlled by the gateÐaveraged over the length of the
gateÐis given by

QDÕ = -qNAW(L-W)/L. (5.114)

We obtain a corrected expression for the threshold voltage by replacing QD in (5.113) by QDÕ.  So
difference in threshold voltage between short and long-channel devices can be written

DVTs = VTs
(short)-VTs

(long) = -QD
Õ/Ci+QD/Ci. (5.115)

Since QD = -qNAW we find using (5.114) 

DVTs = -(W /L)(2qesNAfs(inv))
1/2/Ci. (5.116)

As expected, the threshold voltage decreases with decreasing channel length, and the shift in VTs
becomes significant when W»L.

The diagram of Fig. 39a illustrates only one of many possible ways to divide the depletion
region charge into charge controlled by the gate and charge controlled by the source and drain.
One alternate approach is illustrated in Fig. 39b, where the depletion region shape is approximated
by a circle with a radius W .  The resulting expression for DVTs is different but same qualitative
result is obtained, that is, the threshold voltage is decreased for short-channel devices.  The model
chosen might depend on the process;  for example, the approach of Fig. 39b might be more
appropriate for very shallow junctions. 

Finally, the reader may wonder what happens when the drain voltage is increased in a
short-channel device.  Clearly the depletion region near the drain is increased in thickness, which
in turn results in a further decrease in the gate charge required to bring the device to the edge of
inversion.  Thus the threshold voltage continues to decrease with increasing VD, leading to an
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increase in ID even after the channel is pinched off. �23 It is important to note that this is in addition
to channel length modulation, which also results in an increasing ID.  As both effects become more
important as the channel length decreases, short-channel devices tend to exhibit very weak
saturation.

Narrow-channel effects

We can now use a similar approach to investigate the consequences of narrow channels.
Fig. 40a shows a simplified drawing of a gate of width Z.  In addition to depleting the region
beneath the gate, it is necessary to deplete laterally a region of width approximately equal to the
thickness of the depletion region.  The additional charge contained in this region becomes an larger
proportion of the total as the gate width Z is decreased.  Consequently, we expect the threshold
voltage to increase as as the gate width Z is decreased. 

Following an approach similar to that used for the short-channel case, we write the
depletion charge averaged over the width of the gate as

QDÕ = -qNAZW-qNApW2/2. (5.117)

Comparing this with the average charge QD=-qNAW for the wide-channel case, we find

DVTs = +(pW /2Z)(2qesNAfs(inv))
1/2/Ci. (5.118)

Z

W

Z

(a) (b)
Fig. 40.  Narrow-channel devices:  (a) idealized case, and (b) more realistic representation of an

oxide-isolated device.

In practice the geometry of the channels is quite different from that indicated in Fig. 40a.  A
more realistic case is illustrated in Fig. 40b, where selective oxidation has been used to define the
channel.  As suggested by the drawing, the our previous calculation tends to overestimate the
additional charge and thus the shift in the threshold voltage.   A common approach is to write the
threshold voltage as
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VTs = VTs
0-a1/L+a2/Z (5.119)

where a1 and a2 are fitting parameters determined by experiment and VTs
0 is the threshold voltage

of a long and wide device.

Advanced MOSFET designs

In this section we will discuss some aspects of present MOSFET structures which differ
from the ÒclassicÓ self-aligned transistors discussed up to this point.  In this textbook it is not
appropriate to cover all the details of device design.  Instead, a few selected topics will be
discussed which illustrate some of the issues which face the device and circuit designer.  

Lightly doped drain (LDD) structures

We have noted that hot carrier effects are a major reliability concern.  The lightly doped
drain (LDD) structure has been developed to reduce hot-carrier effects (given a particular supply
voltage and transistor dimensions).

The development of the LDD structure was motivated by the observation that the hot carrier
effects were strongly dependent on the maximum channel electric field Ey(max) which is found
close to the drain of the transistor.  In the LDD structure, the profile of the dopants forming the
drain is tailored to reduce the field.  In simple device structures, the drain is quite heavily doped (»
1020 cm-3) and as a result the drain forms a one-sided junction with the substrate being the lightly
doped side.  It can easily be shown that for a given junction voltage drop, graded junctions have a
lower junction electric field than abrupt junctions.  So all LDD structures seek to provide a degree
of dopant grading at the drain junction.  

One possible approach for forming an LDD structure is shown in Fig. 41, where we
illustrate fabrication of an n-channel device.  As usual, the gate oxide is grown and the polysilicon
gate is photolithographically defined.  Then, a low-dose implant is performed, using the
polysilicon gate as a mask (Fig. 41a).  Next, a sidewall spacer is formed, by depositing a
conformal oxide layer Fig. 41b) and then performing an anisotropic etch (Fig. 41c).  The figure
shows the result of imperfect selectivity for etching silicon dioxide with respect to silicon;  a small
amount of silicon is removed from the exposed source and drain.  Finally, a high-dose implant is
performed (Fig. 41d) and followed by an anneal to remove implant damage.  Due to the presence
of the spacer a thin region of lightly doped material is present between the heavily doped drain and
the channel which has the effect of reducing the field.  

One liability of the LDD structure is the increased source resistance which results due to the
lightly doped region near the source.  Source resistance has the effect of reducing the drain current
(or mutual transconductance, in small signal applications).  Consequently transistor design
involves a tradeoff between hot carrier degradation and device performance.
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Fig. 41.  Formation of lightly doped drain (LDD) structure:  (a) formation of gate and self-aligned
implantation of lightly doped source and drain regions;  (b) deposition of SiO2;  (c) spacer layer

remaining after anisotropic etching;  and (d) implantation of the source and drain.
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Gate metallization for n- and p-channel transistors

In the process described in Chapter 2, the gate material for both n- and p-channel
transistors is n+ doped polysilicon.  This is accomplished by using a heavier dose for the n-
channel source and drain and arranging the process so the p-channel gate is implanted with both
types of dopants.  In this way, the polysilicon is all n-type and no pn junction is formed in the
polysilicon.  In this design, p-channel devices have a positive threshold voltage before the
threshold-adjust implant is performed.  To fabricate the enhancement-mode devices desired for
most logic circuits, it is necessary to perform an p-type threshold adjust implant.  This implant can
be sufficiently heavy to form a buried channel (rather than a surface channel) device.  (This is
similar to the formation of a buried channel in CCD devices, as discussed in Chapter 4).  

Buried channel devices have a number of liabilities.  The transconductance is reduced
because placing the channel beneath the surface is equivalent to an increase in gate insulator
thickness.  In addition, more pronounced short-channel effects are generally observed and the
subthreshold slope is also worse than surface-channel devices. 

In order to reduce these difficulties, some advanced processes use p+ polysilicon gates
which yield enhancement-mode devices before the threshold-adjust implant is performed.  (A low-
dose threshold-adjust is still used to tailor the threshold voltage to exactly the desired value).  In
current processes a silicide or other refractory material is used on top of the gate polysilicon and
this has the effect of shorting pn junctions in the polysilicon. 

Silicon-on-insulator MOSFETs

Another aspect of MOSFET design is the optimization of the substrate profile.  Low
substrate doping has the effect of minimizing the capacitances between the MOSFET terminals and
the substrate and in addition improves the subthreshold slope.  However, light doping also
aggravates short-channel effects.  And in any case, the substrate doping cannot be uniform for all
transistors;  for one transistor type, and possibly both, the transistor must be formed in a non-
uniformly doped well.  In practice multiple implants may be performed to optimize the profile.

One very attractive alternate approach, particularly for scaled processes, is to fabricate
transistors in a thin crystalline layer (a few thousands of angstroms thick).  This is known as a
silicon-on-insulator or SOI substrate.  Two techniques are being seriously explored for creation of
SOI substrates.  In the SIMOX (or Separation by IMplantation of OXygen) process a silicon wafer
is subjected to an extremely high-dose oxygen implant.  After implantation, the peak of the
implanted oxygen profile is beneath the surface and subsequent high-temperature annealing results
in the formation of a buried SiO2 layer. 

In contrast, the BESOI process (for Bond and Etch SOI), two oxidized silicon wafers are
bonded together by bringing them in intimate contact followed by heating.  Under well-controlled
conditions a void-free SiO2 layer is formed between them.  Then one wafer is etched and/or
polished to form the active layer. 
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Both methods for making SOI substrates are presently quite expensive and do not yet
match the perfection of single-crystal substrates.  Nevertheless, the advantages of SOI, particularly
for low-power, scaled devices, make this approach a strong contender for the future.

Examples of MOSFET processes

In 1995-96, state-of-the-art production processes were beginning to use 0.35 mm
lithography for critical dimensions, including the minimum gate width.  Due to diffusion of source
and drain contacts, the electrical (or effective) channel length is less than this, perhaps 0.25 mm.
The corresponding gate insulator thickness is of order 80 �, with source and drain junction depths
typically of order 0.20 mm or less.  The processes used to fabricate these devices many features in
common with the simple CMOS process we described in Chapter 2.  However, there are many
differences in detail which are necessary in order to fabricate scaled devices.

A MOSFET with 0.5 mm gate length is shown in Fig. 42.  Fig. 42a is an image obtained by
scanning electron microscopy which shows two NMOS transistors from a 64 Mb DRAM
manufactured by IBM/ Siemens.  The various parts of the transistor structure are identified in Fig.
42b.  As discussed earlier, the source and drain are self-aligned with respect to the gate by using
the gate as an ion implantation mask.  The gate itself consists of two layers:  a lower layer of
heavily doped polysilicon and an upper layer of titanium silicide.  The silicide helps reduce the
resistance when the gate material is used as local interconnect.  In this process, there is a thick
deposited insulator on top of the gate and also a thinner sidewall insulator.  Isolation is by shallow
trench isolation (filled with silicon dioxide) which permits closer transistor spacing than the
recessed selective oxide isolation described in Chapter 2.  Gate metallization which is used as local
can be seen on top of the trench insulator.

In state-of-the-art processes, planarization is used extensively to provide the flat surface
necessary for high-resolution photolithography.  Figure 42 shows the use of a tungsten plug to
contact the transistor source and drain and multiple deposited insulator layers which result in a
planar surface for the first layer of metallization.  Metallization is aluminum (two layers can be seen
in Fig. 42) and connections (or vias) between layers are also by tungsten plugs.

The MOSFET

66 Ó D.W. Greve, 1995 (all rights reserved)



(a)   (b)

Figure 42.  NMOS transistors (gate length 0.5 mm):  (a) scanning electron microscope photograph
and (b) key labeling various parts of the transistor.  The white and black bars are 1 mm long.

[Photograph by Integrated Circuit Engineering Corporation;  used by permission].

Typical device characteristics for a more aggressive process (patterned gate length L=0.20
mm) are shown in Fig. 43. �24 These devices have approximately 35 � SiO2 gate insulators and use
n+ and p+ polysilicon gate electrodes for the n- and p-channel devices.  When operated with a
supply voltage of VDD=2.0 V a frequency divider circuit was reported to operate up to 5.8 GHz.

Figure 43a shows n- and p-channel drain characteristics for 0.20 mm channel length
devices.  The magnitude of the threshold voltages are near 0.3 V as is required for operation with
low supply voltages.  For both types of transistors, the drain current in saturation is roughly
linearly dependent on gate voltage, as expected for short-channel devices exhibiting velocity
saturation.  Figure 43b shows the drain current plotted on a logarithmic scale as a function of gate
voltage.  Subthreshold slopes of both n- and p-channel transistors are approximately 78
mV/decade.   The n-channel device in particular shows an increase in subthreshold current with
drain voltage.  This is due to a phenomena known as drain-induced barrier lowering (DIBL),
another phenomenon which occurs in short-channel devices. 
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Figure 43.  Measured characteristics of devices with a 0.2 mm drawn gate length:
(a) drain current plotted as a function of VD and VG, and (b) drain current plotted 

on a logarthmic scale as a function of VG.

Future Prospects

The past few decades have seen phenomenal progress in the complexity and performance
of integrated circuits.  Figure 44 shows a plot of historical data for the minimum feature size, along
with the projections of the Semiconductor Industry Association roadmap. �25
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Figure 44.  Predictions for minimum lithography resolution from the semiconductor industry
roadmap (historical data from http://www.research.ibm.com/0.1um/home.html).

A major factor in past progress has been the continual decrease in photolithographic
minimum dimension indicated in Fig. 44. Other important factors include increases in chip size
(made possible by decreases in defect density), increased wafer size, and many innovations in
device and process design. 

So can we expect this progress to continue?  The answer to this question has major
consequences for the future of the electronics industry.  The availability of more, and cheaper,
digital circuitry not only makes it possible to have new, faster computers;  it also opens up the
possibility of numerous new applications.  The projections in Fig. 44 are just thatÐprojections.
Could they be too optimistic?  

The fundamental, and practical, limits to device scaling have been the subject of many
investigations over the years. �26 In many cases, projected limits have turned out to be too
pessimistic, although clearly there must be some limit.  At best, we can progress to the point that
we meet a fundamental limitÐperhaps one imposed by quantum uncertainty or thermodynamic
fluctuations.  It is more likely that we will encounter a practical limitÐthe smallest economically
manufacturable minimum dimension, for example. 

For at least the next decade or so, we can see a pathway for scaling which does not reach
any fundamental physical limits.  There will be changes, some of which are likely to be difficult
and expensive.  For example, optical lithography is expected to reach a practical limit in this time
period, to be replaced either by X-ray or e-beam lithography.  But at least over this time frame,
continued progress in integrated circuit complexity and performance is likely.  
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Appendix 1ÐThe 4-terminal small signal model

The four-terminal small signal model is shown in Fig. A1.
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Fig. A1.  The 4-terminal small signal model.

This is model is valid when VG>VT (when the transistor is OFF, another capacitor between
gate and substrate Cgb becomes important).  The transconductance gmb accounts for modulation of
the channel by the substrate bias;  in general it is given by 

gmb = (¶iD/¶vBS)|Q = (¶iD/¶VTs)(¶VTs/¶vBS)|Q.  

Using (5.22) we can show that in pinchoff

(¶iD/¶VTs)|Q = -gm

and (5.9) can then be used to find

(¶VTs/¶vB) = (2qesNA)1/2/2Ci(2fF-VB)1/2 = c

where c is a dimensionless number usually less than one.  So we get the final result

gmb = cgm.  

The expressions for the other small-signal parameters are collected below. 

gm = K(VG-VTs). (5.58)

Cgs = (2/3)(CiZL)+COL (5.75a)

Cgd = 0+COL. (5.75b)
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Cbd = Ad(qNAes/2[fbi-VBD])1/2 (5.77b)

Cbs = As(qNAes/2[fbi-VBS])1/2+d1Cgs (5.77c)

where COL is the overlap capacitance at the source and drain;  As and Ad are the area of the source
and drain junctions, respectively;  and d1 is a constant. 

Appendix 2ÐComputer simulation (SPICE) models for the MOSFET

Many readers of this book will use SPICE (Simulation Program, Integrated Circuit
Emphasis) for simulation of MOSFET circuits.  SPICE contains models for the MOSFET (and
also other devices such as bipolar junction transistors, MESFETs, etc.).  In this appendix, we
briefly discuss the different types of MOSFET models and their relation to the theory.  

Various model types

There are several different levels of MOSFET models.  Generally speaking, the accuracy of
the model (and the number of parameters which need to be provided!) increase with the level
number from LEVEL 1 to 4 (or 13).  Details of the various models, together with the equations
implemented by the simulator, are most easily found in the documentation of particular versions of
SPICE.  A particularly complete discussion, which includes all model equations and a comparison
of accuracy of different models, can be found in the HSPICE UserÕs Manual, Volume 2. �27 The
most commonly used models are as follows:

LEVEL 1

Implements the Shichman-Hodges model.  This is a square-law model including channel length
modulation but not including other short-channel effects such as velocity saturation. 

LEVEL 2

This model uses the bulk-charge expressions for the MOSFET drain current.  It is a physics-based
model which includes effects such as velocity saturation and mobility degradation.  

LEVEL 3

This model is computationally more efficient than LEVEL 2, and models drain-induced barrier
lowering and two-dimensional effects.  This model is used for channel lengths at least as small as
0.8 mm.  

LEVEL 4 (Berkeley SPICE);  LEVEL 13 (HSPICE)
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These two models (there are some differences between them) are empirical rather than physically-
based, as are LEVELs 1-3.  These models use polynomials to make a good approximation to
measured characteristics.  An empirical model may provide a better fit to the measured
characteristics, but the parameter values have no intuitive meaning.  These models are preferred for
submicron gate length processes.  (These models are derived from the BSIM, or Berkeley Short-
channel IGFET Model). 

================================================================

N73D SPICE LEVEL3 PARAMETERS

.MODEL CMOSN NMOS LEVEL=3 PHI=0.700000 TOX=9.8000E-09 XJ=0.200000U TPG=1
+ VTO=0.6621 DELTA=9.1890E-01 LD=1.5990E-08 KP=1.7763E-04 
+ UO=504.1 THETA=1.9730E-01 RSH=1.6330E+00 GAMMA=0.5470 
+ NSUB=1.1190E+17 NFS=7.1500E+11 VMAX=2.9400E+05 ETA=2.6040E-02 
+ KAPPA=3.3860E-01 CGDO=4.0920E-10 CGSO=4.0920E-10 
+ CGBO=3.7749E-10 CJ=5.8371E-04 MJ=7.2033E-01 CJSW=2.0000E-11 
+ MJSW=6.6799E-01 PB=9.9999E-01 

================================================

N73D SPICE BSIM1 (Berkeley Level 4; HSPICE Level 13) PARAMETERS

*NMOS PARAMETERS
*
.MODEL PC1_NM1_DU1 NMOS LEVEL=13 VFB0=
+ -6.80607E-01,-6.86681E-02, 4.50008E-02
+  8.47613E-01, 0.00000E+00, 0.00000E+00
+  6.01443E-01, 7.82031E-02,-2.18716E-02
+ -2.77338E-02, 7.00395E-02,-1.77697E-02
+ -1.89669E-03, 1.09188E-02, 9.05089E-04
+  4.71732E+02,1.82845E-001,4.69842E-001
+  1.90363E-01, 1.37876E-01,-9.87009E-02
+  3.38185E-02, 3.34934E-02,-6.54824E-03
+  1.09437E+01,-8.00677E+00, 1.07092E+01
+  4.84646E-04,-5.52111E-03, 3.67962E-03
+ -1.80652E-04,-2.33361E-03,-4.76699E-04
+ -3.39029E-03,-8.77004E-03, 1.34775E-02
+ -2.58969E-04, 2.45025E-03,-2.55828E-03
+  5.02851E+02, 2.78575E+01,-1.65152E+01
+ -6.61169E-01, 7.73249E-01, 7.33160E+00
+  6.22713E+00, 5.97490E+00,-3.21173E+00
+  1.22964E-02, 4.45897E-04,-3.52587E-03
+ 9.80000E-003, 2.70000E+01, 3.30000E+00
+ 4.83207E-010,4.83207E-010,4.33370E-010
+ 1.00000E+000,0.00000E+000,0.00000E+000
+ 1.00000E+000,0.00000E+000,0.00000E+000
+ 0.00000E+000,0.00000E+000,0.00000E+000
+ 0.00000E+000,0.00000E+000,0.00000E+000
+ 2.3,    5.837100e-04,    2.000000e-11,    1e-08,    0.99999
+ 0.99999,    0.72033,    0.66799,    0,    0

Fig. A2.  NMOS model parameters for MOSIS run N73D:  (top) LEVEL 3 parameters and
(bottom) parameters for empirical models (LEVELs 4 or 13).

The difference between empirical and physically-based models is clearly illustrated in Fig.
A2, where the extracted SPICE parameters for a 0.5 mm process are compared.  The LEVEL 3
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parameters have a direct relationship to the physical parameters of the transistor.  (In fact, the
parameters will be identified with specific physical processes in the discussion below).  

Characteristics of SPICE models

Models for circuit simulation must satisfy a number of requirements.  In the discussions in
this chapter, we have designated a particular diffusion (the most negative for an n-channel
transistor) as the source.  A model for a circuit simulator must give the correct result regardless of
which terminal is more negative.  That is, it must be symmetric with respect to interchange of
source and drain terminals.  In addition, the model must give accurate results for any terminal
voltages and must be continuous over the entire range of interest.  In fact, it is desirable that
derivatives of currents with respect to various voltages also be continuous;  if this is not so,
inaccuracies can result in the simulation.

Models also must include all capacitances which exist in any regime of operation.  For
example, when the transistor is below threshold there is no inversion layer and the capacitance
Cgb between gate and substrate is nonzero.  The requirement that all capacitances be included and
that the models be valid for arbitrary bias leads to expressions which are complex and difficult to
interpret.  For this reason we do not present these equations here;  they may be found in the
documentation for particular versions of SPICE.  In the following, we will enumerate the
important parameters in LEVEL 3 and indicate their physical origin. 

Parameters in LEVEL 3 MOSFET model

In this section, we will classify the main parameters in the LEVEL 3 model and describe
their physical origin.  The parameters listed are those which are typically supplied by MOSIS.  In
most cases, the unit of length is meters and the unit of capacitance is Farads. 

1.  Process and dimensional parameters

name units default description/origin

TOX m 1E-7 gate oxide thickness
XJ m 0 metallurgical junction depth (source and drain junctions)
NSUB cm-3 1E15 substrate doping concentration
DELTA - 0 factor for width dependence of threshold voltage
TPG - 1 gate material;  TPG=1 is polysilicon gate of same type as channel

2.  Device size parameters

name units default description/origin

L m - drawn channel length
W m - drawn channel width
LD m 0 (0.75*XJ) lateral diffusion beneath gate from source and drain junctions
WD m 0 reduction of channel width from drawn value
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3.  Basic DC parameters

name units default description/origin

VTO V (calculated) threshold voltage with zero substrate bias
KP A/V2 2.0E-5 intrinsic transconductance parameter
GAMMA V1/2 0.5276 body effect factor (if not specified, calculated from NSUB)
ETA - 0.0 static feedback factor;  models drain-induced barrier lowering
KAPPA V-1 0.2 saturation field factor (influences channel length modulation)
PHI V 0.6 surface inversion potential

4.  Mobility/ velocity saturation parameters

name units default description/origin

UO cm2/Vsec 600 (n) 250 (p) low-field effective surface mobility
THETA V-1 0.0 mobility degradation parameter
VMAX m/s 0.0 saturation drift velocity (value of zero corresponds to no saturation)

5.  Capacitance parameters

name units default description/origin

CGDO F/m 0.0 gate-drain overlap capacitance
CGSO F/m 0.0 gate-source overlap capacitance
CGBO F/m 0.0 gate-bulk overlap capacitance
CJ F/m2 0.0 zero-bias junction capacitance
MJ - 0.5 grading coefficient for junction capacitance
CJSW F/m 0.0 zero-bias sidewall junction capacitance
MJSW - 0.3 grading coefficient for sidewall capacitance
PB V 0.8 bulk junction potential

6.  Other important nonidealities

name units default description/origin

RSH W /square 0 source and drain sheet resistance
NFS cm-2V-1 0 interface state density (determines subthreshold slope)

The above is not an exhaustive list of all the parameters accepted by SPICE.  These do represent a
set of process-dependent parameters which generally yield a reasonable fit to the actual
characteristics.  

Users of SPICE need to understand that this program is designed for very flexible data
input.  In particular, the default values within the program are sufficient to yield a valid device
model.  A further complication is that some parameter values can be derived in different ways;  for
example, either insulator thickness TOX or insulator capacitance COX can be specified.  
Comparison with measured characteristics
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We will now illustrate the use of SPICE models for the MOSFET.  In the following, we
compare measured data with the characteristics predicted by the SPICE models using parameters
extracted from the same run .  We will also illustrate the consequences of omitting some of the
parameters.  Note that we cannot expect an exact agreement because of wafer-to-wafer variations
and measurement errors.  The results below are for an n-channel transistor with a drawn channel
length L=3 mm and drawn channel width Z=12 mm in a 0.5 mm process (MOSIS run N73D).  The
measurements are identical to those which appear on the textbook website.  
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Figure A3.  Comparison of SPICE models with the measured characteristics of an n-channel
MOSFET (L=3 mm, Z=12 mm, VDS=3.3 V, VBS=0 V).  The squares represent the measured data

where the minimum current of about 10-9 A is a measurement artifact.  The best fit is obtained
when the extracted interface state density NFS=7.15 ´ 1011 cm-2V-1 is used to model accurately

the subthreshold current (solid line).  When NFS is set to zero, the transistor is modeled accurately
above threshold but the subthreshold slope is too great (dotted line).  

Figure A3 shows the logarithm of the drain current ID measured as a function of gate
voltage for VDS=3.3 V.  The data plotted in this way illustrates the accuracy of a model over a wide
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range of drain currents including the subthreshold region.  A good fit to the measurements is
obtained when the correct interface state density is used to model the subthreshold current.  

Figure A4 compares the measured and modelled characteristics for large VGS.  The
accuracy of a model in this region is strongly dependent on the accuracy of the mobility model.  A
good fit is obtained, expecially in saturation, when the gate voltage dependence of the mobility and
velocity saturation are included.  When these are neglected, the predicted currents are far too high. 
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Figure A4.  Comparison of SPICE models with the measured characteristics of an n-channel
MOSFET (L=3 mm, Z=12 mm, VGS=1 V, 2 V, and 3 V, and VBS=0 V).  The squares are the

measured data.  The data is modeled most accurately when the gate voltage dependence of mobility
and velocity saturation are included (solid lines).  When these factors are omitted, the predicted

currents are too high, especially for large VGS (dotted line).

In the interest of completeness, Figure A5 shows the simulated capacitance of the same n-
channel MOSFET for VDS=1 V.  All components of the capacitance are plotted (Cgs, Cgd, Cgb,
Cbs, and Cbd).  As this transistor has a relatively long channel, the junction capacitances are
dominated by Cgs, Cgd, and Cgb.  Note that for VGS<VTs, the gate-substrate capacitance rises as
the surface of the channel becomes accumulated.  Cgs and Cgd have low values due to the gate to
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diffusion overlap capacitance in this region.  When the channel turns on, Cgs rises while Cgb
drops.  Initially the channel is pinched off so Cgd remains small.  However, for large VGS, the
channel is no longer pinched off.  When this is the case, Cgd increases and Cgs decreases.  
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Fig. A5.  Capacitances of an n-channel MOSFET as calculated by SPICE (L=3 mm, Z=12 mm,
VDS=1 V and VBS=0 V).  The SPICE parameters used in the calculation are shown in Fig. A2.
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Suggested Reading

Basic introductions to the MOSFET 

R.F. Pierret, Semiconductor Device Fundamentals, (Addison-Wesley, 1996).

B.G. Streetman, Solid State Electronic Devices, Fourth Edition (Prentice Hall, 1995).

Advanced phenomena (often treated in a rather mathematical fashion)

Y.P. Tsividis, Operation and Modeling of the MOS Transistor,(McGraw-Hill, 1987).

S. Wolf, Silicon Processing for the VLSI Era:  Volume 3-The Submicron MOSFET, (Lattice
Press, Sunset Beach, CA, 1995).

J.R. Brews, Physics of the MOS Transistor, in Applied Solid State Science, Supplement 2, Part
A, D. Kahng, editor, (Academic Press, 1981).

A less mathematical discussion of advanced phenomena

J.R. Brews, The Submicron MOSFET , in High-speed Semiconductor Devices, S.M. Sze, editor
(J. Wiley, 1990).
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Problems

(Assume room temperature and SiO2 gate insulator unless otherwise indicated.  Mathcad listings
used in this chapter and data sets below are available on the website

http://www.ece.cmu.edu/afs/ece/usr/dwg/course/course.html 

Most problems use relatively long gates; velocity saturation and short-channel effects
should be ignored unless otherwise stated). 

1.  An n-channel MOSFET has VT=-2V (that is, it is a depletion-mode transistor).  With
VG=VS=0, sketch the depletion regions and channel for the following bias conditions:

a)  VD=0 V, VB=0 V.
b)  VD=1 V, VB=0 V.
c)  VD=3 V, VB= 0V.
d)  VD=3 V, VB=-2 V (assume the channel is still present near the source).

2.  Evaluate the threshold voltage of a MOSFET with an n+ polysilicon gate for the following
parameters:

a)  ti=200 �, NA=5x1015 cm-3 (n-channel transistor).
b)  ti=5000 �, NA= 1017 cm-3 (typical for a parastic n-channel transistor beneath isolation

oxide).
c)  Is it likely that the parasitic transistor will be turned on in normal operation with VDD=5 

V?

3.  An n-channel MOSFET is fabricated with ti=200 � on a substrate with nominal doping
concentration of NA=4 ´ 1015 cm-3.  An implant of 5 ´ 1011 cm-2 acceptors is performed to adjust
the threshold voltage, and the process typically has Dit = 1010 cm-2eV-1 and Qf = 1011 q/cm2.
Evaluate the change in threshold voltage DVT resulting from:

a)  variation in substrate doping from 3 ´ 1015 to 5 ´ 1015.
b)  variation in oxide thickness by ±8 �.
c)  an increase in Dit from 1010 cm-2eV-1 to 1011 cm-2eV-1.
d)  an increase in Qf from 1011 q/cm2 to 3 ´ 1011 q/cm2.
e)  variation in implant dose by ±5%.

4. An n-channel MOSFET has ti=200 �, NA=1016 cm-3, mneff=600 cm2/Vsec, and VFB=-0.50 V.
Consider a device with Z=10 mm and L=5 mm.

a)  Evaluate the threshold voltage VTs with VB=0 V. 

The MOSFET

79 Ó D.W. Greve, 1995 (all rights reserved)



b)  Using the square law theory, obtain an expression for the current in pinchoff.
c)  Calculate the current in pinchoff at (i) VG=0, (ii) VG=2 V, and (iii) VG=4 V. 

Note:  The following 3 problems require numerical analysis using a program similar to Mathcad.
The results of Problem 4 will be useful in checking the order of magnitude of answers.

5.  Write a program to plot the ID(VD) characteristics of the n-channel MOSFET of Problem 4 for
VG=0, 1, 2, 3, and 4 V.  Use the square-law theory and assume the substrate is grounded.  Your
program should produce a plot which is correct both above and below pinchoff.

6.  Write a Mathcad worksheet to plot the ID(VD) characteristics of the n-channel MOSFET of
Problem 4 for VG=2 V as a function of the substrate bias VB.  Your plot should show the results
for VB=0, -2, and -4 V. 

7.  Write a Mathcad worksheet to compare ID(VD) for the bulk-charge and square-law theories
using the parameters of Problem 4.  Your program should produce a plot of ID(VD) for VG=0, 1,
2, 3, and 4 V and VB=0 V.  Describe the differences (if any) between the two models in (a) current
in pinchoff;  (b) drain voltage at pinchoff;  and (c) channel conductance near the origin.  

8.  Validity of the gradual-channel approximation.  Consider the n-channel transistor of Problem 4.
We wish to compare Ex and Ey to determine whether the gradual-channel approximation is valid.
Consider the bias condition VG=4 V and VD=2.5 V (close to, but not beyond, pinchoff).

a) Using the depletion approximation, determine the depletion width beneath the channel
near the drain.

b)  Using the depletion approximation, evaluate the x component of the electric field near
the drain.  (This is actually the electric field just beneath the inversion charge).

c) Use the expression (5.15) to evaluate the y component of the electric field near the
drain. 

d)  Compare Ex and Ey.  Is the gradual channel approximation valid in this case?
e) Will the gradual channel approximation also be valid near the source for this bias

condition?  Why?

Note:  a somewhat more accurate value of Ex can be obtained by calculating the electric field at the
middle of the inversion layer.  By GaussÕ law, that is given by Ex = (Qn/2-qNAW)/es.

9.  Consider the expression for the subthreshold current (5.46) 

log10(ID(subthreshold)) = C+(q/kT)log10(e)[VG-V0{[1+2VG/V0]1/2-1}]

We wish to evaluate the subthreshold slope when NA is not small. 
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a) Evaluate the slope d(log10ID)/dVG.  Your result will be an explicit function of VG. 
c)  Express the result in terms of fs by substituting for VG from (3.35a) and evaluate at

fsm, a surface potential near the middle of the subthreshold region.  (Recall that Qn will
be negligible in (3.35a) in the subthreshold region).

d) Show that the subthreshold slope can be written

1/S = (59.6 mV/decade)(1+CD/Ci)

where CDeff=(qesNA/2fsm)1/2.

(in this expression note that VG is VG(ideal)).

10.  Use the result of Problem 9 to predict the subthreshold slope to be expected if NA=5 ´ 1015

cm-3 and ti=200 �.  For fsm use the value 3fs(inv)/4.

11.  A commonly used figure of merit for high-performance transistors (especially those intended
for power applications) is the transconductance per unit width gm/Z.  In the interests of uniformity
and easy comparison, this is conventionally expressed in the units millisiemens/millimeter.

a)  Calculate the normalized transconductance per unit width for an n-channel MOSFET 
with ti=200 �, mneff=500 cm2/Vsec, and L=5 mm operated at VG-VTs=5.0 V.  Assume
that the square-law expression (5.22) is valid, and consider a device with L=5 mm.

b)  Suppose L=0.5 mm.  What do you predict for the transconductance per unit width using
the square law expression?  

c)  Do you expect the prediction of b) to be valid?  Why or why not?

12.  Consider an inverter fabricated using transistors with L=2 mm, ti=400 �, mneff=500 cm2/Vsec,
and mpeff=160 cm2/Vsec.  The power supply voltage VDD= 5 V. 

a)  Estimate the propagation delays tPHL and tPLH if the inverter is driving another similar
inverter.

b)  Suppose the inverter is driving a capacitive load of 0.10 pF.  What are tPHL and tPLH
transistors with Zn=Zp=5 mm?

c)  Determine the required transistor widths if the delay times with a 0.10 pF load are to be
within a factor of 2 of the results of part a). 

13.  A 31-stage ring oscillator is fabricated from inverters which present a load of 50 fF to the
preceding stage.  The oscillator operates at 80 MHz with a power supply voltage of 5 V. 

a)  Calculate the energy required when an inverter switches from LOW (at the output) to
HIGH. 
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b)  Repeat when an inverter switches from HIGH to LOW. 
c)  Evaluate the power dissipated by the ring oscillator.

14.  Suppose an n-channel transistor has ti=170 �, L=0.8 mm, Z=5 mm, and VTs=0.75 V, and is
operated with VD=5 V.  Assume mneff=500 cm2/Vsec and vs=6 ´ 106 cm/sec.

a)  Are velocity-saturation effects expected to be significant in this transistor?
b)  With VG=5 V and VB=0 V, at what VD does the drain current reach saturation?
c)  What is the drain current at saturation? 

15.  Consider n-channel transistors fabricated in a process with ti=200 � and NA=1016 cm-3.  The
threshold voltage of a long-channel device is 0.75 V.  The substrate bias is zero.

a)  Obtain an expression for VTs as a function of channel length L.
b)  Plot VTs as a function of L. 
c)  At what channel length does the threshold vary by 50 mV from the long-channel value?
d)  Sketch qualitatively how you would expect the plot of part a) to change if the substrate

bias was -2 V. 

The following _ problems use a data set on the course website.  The data set contains
ID(VD,VG,VB) data for NMOS and PMOS transistors with three different gate lengths.  Gate
insulator thicknesses are 98 � in both cases.  Other details of the transistor dimensions and format
are on the website, together with an example of the use of Mathcad to read and analyze the data.
All problems can be done for both NMOS and PMOS. 

16.  The method for evaluation of mneff and VTs suggested in Fig. 9 assumes that the mobility is
nearly constant.

a)  Evaluate mneff and VTs for an NMOS transistor with nominal 3 mm gate length (VB=0).
b)  Is a constant mneff a good fit to the data?  
c)  Repeat for VB=-1 V and VB=-2 V, and extract the substrate doping concentration.

17.  Apply the method of Fig. 10 to an NMOS transistor with nominal gate length of 3 mm, using
VD=0.1 V. 

a)  Evaluate mneff and VTs, assuming a constant mneff.
b)  Is a constant mneff a good fit to the data?

18.  Extract the subthreshold slope for NMOS transistors with gate lengths of 3 mm and 0.6 mm,
and for drain voltages of 0.1 and 3.0 V.  Does the drain voltage have any effect on the subthreshold
slope?  Why?
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19.  The concept of effective saturation velocity is sometimes used to compare different MOSFET
technologies.  Suppose almost all of the increment in gate charge is reflected by an increase in
inversion charge;  if so, then

Qn = -Ci(VGS-VTs)

and if all of those charges are moving with a velocity vs,eff, then from (5.111)

vs,eff = ID/ZCi(VGS-VTs).

a)  Analyze the data from an NMOS transistor of nominal gate length 0.6 mm to determine 
the threshold voltage VTs.  Use the method of Fig. 9.  (The results we will obtain are not 
strongly dependent on the value of VTs, which justifies using the square-law model to 
extract an approximate VTs).

b)  Use the data on the course website to plot vs,eff as a function of VD/L (approximately 
the channel electric field).  Note that you must use ID in saturation;  evaluating ID at 
VD=3.3 V is a simple choice here). 

c)  How closely does this transistor approach the ideal value vs=6 ´ 106 cm/sec?
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